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PREFACE 


This textbook is written strictly in accordance with the latest physics 
syllabus for class XII prescribed by the Central Board of Secondary 
Education, New Delhi, under the 10 + 2 + 3 pattern of education. 

The National Policy on Education, adopted in 1986, lays consider- 
able emphasis on student-oriented rather than teacher-oriented books. 
According to this policy, books must be designed in such a way that 
a student is able to read and understand on his own without undue 
reliance on formal classroom instruction. The student must play an 
active role in the learning process and the teacher a passive one, 
serving only as a guide. Merely reading about the experiences and 
observations of others is not stimulating. If students are to understand 
and enjoy physics, they must have some of these experiences themselves. 
To encourage this kind of direct experiences with reality, I have 
recommended easily performed “home” experiments in the main body 
of the text. The student is advised to perform these experiments 
which require easily. available material. 

The objective of this book is to present physics in an interesting, 
understandable and enjoyable manner. An appreciation, rather than a 
working knowledge of physics is intended to be inculcated. Therefore, 
stress has been laid on the concepts of physics, rather than the mathe- 
matical aspects or techniques. Although calculus has been used, the 
mathematics involved is quite simple. The physical meaning of the 
mathematics used is clearly explained, thus enabling the student to 
appreciate the important part mathematics plays in the development 
of physics. Stress has been laid on practical applications throughout 
the book. The language is kept as simple as possible. 

The coverage of topics is more or less traditional, but I have 
departed from the conventional approach in which general principles 
or laws are stated first and various results are deduced from them. To 
introduce a physical concept, I have begun with commonplace obser- 
vations of our daily experience and cited concrete examples and then 
proceeded to suggest generalizations or laws that unify these observa- 
tions. A study of the history of science reveals that this approach is 
more in keeping with how science is actually practised. 

The introduction of each new concept is followed by a number of 
solved numerical examples. The book contains 200 solved examples. 
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It is my earnest hope that these examples will enable students to master 
a concept or a technique before they move on to the next. The physi- 
cal concepts are amply illustrated by means of diagrams and graphs 
wherever possible. The book contains over 450 illustrations. 

Tam conscious of the fact that some students can learn much more 
rapidly and can assimilate more difficult concepts, as compared to the 
average students. These better and brighter students often do not find 
a subject challenging enough. To sustain and stimulate the interest of 
such students, some thought-provoking topics are discussed as supple- 
ments at the end of each chapter. The average student may omit these 
supplements at first reading; this will not affect his or her learning 
process. 

The questions at the end of each chapter have been carefully 
designed. The numerical problems have been graded in order of the 
level of difficulty and the answers to all problems are given at the end 
of the book. The book contains over 300 numerical problems. For a 
quick recapitulation, a summary of the salient features is included at 
the end of each chapter. 

_No scientific theory is born ina vacuum. Each scientist builds on 
the work of his predecessors or contemporaries. Therefore, a brief 
historical development of ideas has been included in the body of the 
text wherever necessary. 

I wish to express my deep sense of gratitude to my colleagues and 
students whose encouragement and cooperation have been a source of 
inspiration. It is a pleasure to thank Mr, Vineet Bajaj for going 
through the solutions of the numerical problems and making helpful 
suggestions and comments. Finally, I would like to thank my wife 
Mrs. Kamlesh Bajaj whose dedication and encouragement made this 
book possible. 

Suggestions for the improvement of .the book would be most 
welcome. 


N K BAJAJ 
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A NOTE TO THE STUDENT 


The main objective of this book is to present physics in an interest- 
ing, understandable and enjoyable manner so that you can understand 
the physical phenomena of the world around you. Each phenomenon 
is very carefully described by citing concrete examples from our every- 
day experience and a rational scientific explanation is provided for 
each phenomenon starting from fundamental principles. It is my 
earnest hope that a careful reading of the text in each chapter, and 
going through solved examples and working out the problems at the 
end of each chapter, will contribute immensely towards your under- 
standing of the finer points of the subject of physics. 

The somewhat bulky size of the book should not scare you. The 
book has assumed this size because of its following salient features: 


l. The detailed steps of all mathematical derivations are given, 
starting from fundamental principles and bringing out clearly the 
mathematical logic and technique involved. 

2. The introduction of each new concept is followed by a number 
of solved numerical examples. The book contains as many as 181 
solved examples which will enable you to master a concept before you 
move on to the next. The examples have been carefully graded. We 
begin with simpler examples and gradually go on to more difficult ones 
involving the use of more than one concept or one formula. 

3. The physical concepts are illustrated by means of a large number 
of diagrams and graphs. The book contains about 295 illustrations. 

4. To sustain the interest of brighter students, supplements are 
appended at the end of a chapter which deal with more challenging 
and thought-provoking topics. The average student may omit these 
supplements at first reading. 


The book contains about 400 questions and numerical problems. 
The numerical problems have been graded in order ofthe level of 
difficulty and the answers to all problems are given at the end of the 
book. You are strongly urged to solve as many problems as you can. 
Do not despair if you cannot solve all of them; some are quite difficult. 
If you are unable to solve a particular problem, read the relevant text 
more closely, especially the solved examples. You should develop the 
habit of working out at least 2 or 3 problems regularly. This is of the 


viii A Note to the Student 


utmost importance. Only then will you be able to enjoy, appreciate 
and comprehend the subject of physics. Problem-solving not only 
sharpens your intellect and intuitions but can also be a source of 
immense fun and satisfaction. So keep solving problems! 


NK BAJAJ 
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ELECTROSTATIC FORCE AND 
ELECTROSTATIC FIELD 


1.1 INTRODUCTION: FRICTIONAL ELECTRICITY 


The word electricity is derived from the Greek word elektron which 
means amber. In the sixth century BC, a Greek philosopher Thales 
found that when a piece of amber (a kind of resin) is rubbed with fur, 
it acquires a remarkable property; it attracts small pieces of leaves, 
cork or dust. Today we know that many other materials, such as hard 
rubber, nylon, plastic, glass, sealing wax, etc. show the same effect, A 
substance which exhibits this effect is said to be electrified or charged. 

You can see this kind of effect by doing a simple experiment. On a 
dry day, place a few tiny pieces of paper on a table. Take a plastic 
ruler or comb and rub it with dry hair or a piece of wool and bring it 
near the pieces of paper, You will observe that the pieces of paper are 
attracted towards the rubbed ruler or comb. 

You may have experienced this attraction while combing your hair 
when dry or taking off a shirt made of synthetic fibre on a dry day. In 
each case the object is charged by the rubbing process (i.e. by friction) 
and it is said to possess frictional or static electricity. 

No significant advance was made in the understanding of the science 
of electricity until about AD 1600 when William Gilbert (1540-1603), 
court physician to Queen Elizabeth I of England, undertook a detailed 
study of the kinds of material that would behave like amber. In his 
book De Magnete published in 1600, he gave the name electrica to 
substances like amber which when rubbed with suitable materials 
attracted tiny objects. 


1.2 TWO KINDS OF ELECTRIC CHARGE 


The next important step in the development of the science of electricity 
came about 100 years later when Du Fay showed that there are two 
kinds of charges. By rubbing various kinds of materials together, he 
was able to show that, under some conditions, they repel each other. 
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You too can show this effect. Rub a glass rod with silk and suspend 
it from a thread. Now bring another glass rod rubbed with silk near 
it as shown in Fig. 1.1. You will notice that the two glass rods repel 
each other. Similarly two ebonite rods rubbed with fur will also repel 
each other. But an ebonite rod rubbed with fur and a glass rod rubbed 
with silk will attract each other. 


: Ni ttraction f 

~Repul ion Atire ~ Repulsión 
Glass 

Aar W Ebonite Ebonite 


a 
Fig. 1.1 Like charges repel, unlike charges attract 


The above observations clearly suggest that the kind of charge 
developed on the glass rod when rubbed with silk must be opposite to 
the kind of charge developed on the ebonite rod when rubbed with 
fur. Benjamin Franklin (1706-1790), an American Physicist, suggested 
the convention that the charge on the glass rod when rubbed with 
silk be called positive and that on the ebonite rod when rubbed with 
fur be called negative. This convention is followed to this day. This 
choice was a historical accident and an unfortunate one since the 
electron (so fundamental and important to all the chemical and physi- 
cal properties of matter in bulk) turns out to have a negative charge. 
We could as well have adopted the convention that the charge of an 
electron be taken to be positive. There is nothing intrinsically negative 
about the charge of an electron. 

Glass and ebonite are not the only materials that can be charged by 
rubbing. In fact, any substance rubbed with any other substance, under 
suitable conditions, will become charged to some extent. The kind of 
charge developed on a substance can be found by testing it for repul- 
sion when brought near a charged glass rod or a charged ebonite rod. 
When different materials are tested, it is found that they fall into the 
following two categories: 


1. Some developed the same kind of charge as that developed on a 
glass rod when rubbed with silk. Conventionally, these materials are 
said to have acquired a positive charge, i.e. they are positively charged. 

2. Others developed the same kind of charge as that developed on 
an ebonite rod when rubbed with fur. Conventionally, these materials 
are said to have acquired a negative charge, i.e. they are negatively 
charged. 

These experiments verify a fundamental law of static electricity, 
namely, like charges repel, unlike charges attract. 
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One fundamental property of electric charge is that it exists only in 
two (not three or more) varieties, positive or negative. The experimen- 
tal fact is that all charged bodies can be divided into just two classes 
such that all members of one class repel each other and attract members 
of the other class (see Table 1.1 below) 


Table 1.1 Frictional electricity leading to two 
kinds of charge 


Class I Class II 
(Positive charge) (Negative charge) 
Glass rod Silk cloth 
Fur cap Ebonite rod 
Woollen cloth Plastic pen 


Woollen carpet 


Rubber shoes 


Note: If we have three charged bodies A, Band C, then experiment 
shows that if A and B repel each other and if A attracts C then we 
always find that B attracts C. Thus like charges always repel and unlike 
charges always attract and not the other way round. Physicists do not 
have a definite answer to why this universal law prevails. 


1.2 QUANTIZATION OF ELECTRIC CHARGE 


In Franklin’s time electric charge was thought of as a continuous fluid, 
The atomic theory of matter, however, has shown that fluids them- 
selves, such as water and air, are not continuous but are made up of 
atoms. Experiments have shown that the electric charge is not conti- 
nuous. Any charge, small or big, comes only in discrete ‘lumps’. or 
‘packets’ of a certain minimum charge. We use the symbol e for this 
fundamental unit of charge which is the charge on a proton. The 
charge on an electron is —e. We shall state its numerical value later. 
The charge on a neutron is zero. 

Any charged body, large or small, has a total charge which is some 
integral multiple of e: +e, +2e, +3e, . . . , tne wherenisan integer, 
This experimental fact is called the quantization of electric charge. 
Thus the carbon nucleus, for example, always has a charge of +6e, 
never 5.972e or 6.013e.* 


not been detected in any experiment. However, if some day they are detected, 
that would not alter the fact that charge is quantized—it would merely reduce 
the size of the basic unit of charge. 
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When a physical property exists in discrete ‘packets’ rather than in 
continuous amounts, the property is said to be quantized. Electric charge 
is quantized. The existence of atoms and particles such as electrons 
and protons indicates that mass is also quantized. Many other physical 
quantities (such as energy and angular momentum) prove to be 
quantized when suitably examined on the atomic scale. 

The fundamental quantum (or unit) of charge e is so small that the 
‘graininess’ of charge does not show up in large-scale experiments, 
just as we do not realize that the air we breathe or the water we drink 
are made up of atoms. 

Note: The fact that the charge on a proton is numerically equal 
(but opposite in sign) to that on an electron has been checked experi- 
mentally to an astonishingly high degree of accuracy of one part in 
10%. We do not yet understand why their charges should be equal to 
such a fantastically precise degree. It appears that the quantization of 
charge is a deep and universal law of nature. 

The quantization of charge cannot be explained on the basis of classi- 
cal electromagnetism. But it is a fact of nature and must always be 
borne in mind while dealing with electromagnetic phenomena at a 
microscopic level. Our study of electricity and magnetism will be 
restricted to large-scale (macroscopic) phenomena for which the 
quantization of charge can be ignored. We shall, therefore, treat the 
charged bodies simply as carriers of charge which can change conti- 
nuously. If the amount of charge on a body is a huge integral multiple 
of the basic unit e, we can ignore the structure (or graininess) of the 
charge and imagine it to be continuous. 


Electric Charge is Additive 


Just as the total mass of an extended body is the sum of the masses of 
the particles of which the body is made, the total electric charge of an 
extended body is the algebraic sum (i.e. the sum taking into account 
the sign of the charges) of charges located at different points of it. Thus 
two equal positive charges +q and +q add up to +24, two equal 
negative charges —q and --q add up to —2q, but two equal and 
opposite charges +q and —q add up to zero. In other words, the 
electric charge is additive. 


1.4 CONSERVATION OF ELECTRIC CHARGE 


When a glass rod is rubbed with silk, a positive charge appears on the 
rod. Measurements show that a negative charge of an equal magnitude 


mai a 
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appears on silk. This suggests that rubbing (or friction) does not create 
charge but merely transfers it from one object to the other. Thus 
charge can neither be created nor destroyed. The total electric charge 
of an isolated system cannot change; it is fixed for all time. This is the 
principle of conservation of charge. This principle has been subjected 
to close experimental scrutiny both for large-scale phenomena and for 
those at the atomic or even nuclear level; no exceptions haye been 
found to date. Charge conservation is a global law; the total charge of 
the universe is fixed for all time. 

We will come across examples of conservation of electric charge 
when we study electrolysis, chemical effects of electric current, radio- 
active decay and nuclear reactions in subsequent chapters of this 
book. 

Note: We have stated two properties of electric charge, namely, 
the quantization and conservation of electric charge, There is a third 
interesting property of electric charge which is worth mentioning. The 
electric charge on a body does not depend on its speed. Einstein’s 
special theory of relativity tells us that the mass of a body depends 
on its speed: in fact the mass of a body increases as its speed increases. | 
But the charge of a. body moving anywhere in the universe with any 
speed will remain constant. 


1.5 ELECTRIC CHARGE ORIGINATES IN THE ATOM 


According to the atomic theory, matter is made up of atoms. An atom 
is made up of a dense positively charged nucleus, surrounded by a 
cloud of electrons. The nucleus varies in radius from about 1 x 10-!5 m 
for hydrogen to about 7x 10-5 m for the heaviest atoms. The outer 
diameter of the electron cloud (i.e. the diameter of the atom) varies 
from about LX 10710m to about 3 x 10-!° m, about 105 times larger 
than the nuclear diameter. 

The nucleus of an atom consists of positively charged protons and 
uncharged neutrons, As stated earlier, the amount of the positive 
charge on a proton is equal to the amount of the negative charge on 
an electron. In a normal atom, the number of protons is equal to the 
number of electrons, so that the atom as a whole is electrically neutral. 
This is an astonishing fact of nature. It is indeed remarkable that, in 
bulk matter, the positive and negative changes occur in exactly equal 
amounts to fantastic precision, so that their effects completely cancel, 
If this were not so, matter would be subjected to enormous forces. A 
potato, for example, would explode violently if the cancellation were 
incomplete by as little as one part in 10!°. 
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The electrons can be transferred from one body to another. If a 
body loses one or more electrons, the body as a whole is left with a 
positive charge. Ifa body gains electrons, it will then have an excess 
of electrons and hence, will have a negative charge. It must be clearly 
understood that a body cannot, by ordinary methods, lose or gain 
extra protons which remain inside the nuclei of the atoms and cannot 
move from place to place. 


Explanation of Electrification by Rubbing (or Friction) 


All the phenomena of static electricity can be explained in terms of a 
transfer of electrons. The electrons in some materials, such as glass, 
are held less tightly than those in others, such as silk. Thus, when a 
glass rod is rubbed with silk, some electrons are transferred from glass 
to silk. Consequently, the glass rod develops a positive charge (due to 
deficiency of electrons) and silk develops an equal negative charge 
(due to excess of electrons). Similarly, the electrons in ebonite are more 
tightly bound than those in fur. Thus, when an ebonite rod is rubbed 
with fur, electrons are transferred ‘from fur to ebonite. Hence, the 
ebonite rod acquires a negative charge and fur, an equal and opposite 
Positive charge. Thus while the electric charge is indeed conserved, it 
can certainly be transferred from one body to another, basically by 
transferring electrons. 

Note: It may be mentioned that the frictional forces are electrical 
in origin. The only way to pull an electron from an atom is to make a 
Sufficiently strong electric force act on it. Friction provides this force. 


1.6 COULOMB’S LAW OF ELECTRIC FORCE 


The first quantitative measurements of the magnitude of electric forces 

i between charged bodies were made 
by a French scientist, Charles 
Augustin de Coulomb in the year 
1785. His apparatus, known as 
Coulomb’s torsion balance, shown 
in Fig. 1.2, resembles the hanging 
rod of Fig. 1.1, except that the 
charges in Fig. 1.2 are confined to 
small spheres A and B. Sphere B is 
fixed in position and Sphere A is 
movable as shown, 

When A and B are charged, the 
electric force on A will make it 


Fig. 1.2 Coulomb’s torsion balance 
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move thus twisting the suspension fibre. Coulomb cancelled out the 
twist by turning’ the suspension head through an angle @ required 
to keep the sphere at a particular known distance apart. The value of 8 
then gives a measure of the electric force acting on A. He repeated the 
experiment with different charges on A and B and for different known 
distances between them. 

On the basis of his measurements, Coulomb arrived at a law, known 
after his name as Coulomb’s law, which states that the magnitude of 
the electric force between two charges is directly proportional to the pro- 
duct of the magnitudes of the charges and inversely proportional to the 
square of the distance between them, i.e. 


qıq2 
Fa aaa, 
pe 
or F= ko (1.1) 


where F is the magnitude of the electric force, which each charge exerts 

on the other qı and q2 are the magnitudes of the charges, 7 is the dis- 

tance between them and k is a constant of proportionality, Coulomb's 

law holds for charged bodies whose sizes are much smaller than the 

distance between them. Strictly the law holds only for point charges. 
Coulomb’s law (1.1) resembles the law of gravitation 


BRY EFA 

which was discovered by Newton about 100 years earlier’ The charge 
plays the same role for electric force as mass does for gravitational 
force. These two forces are not related but are entirely independent 
phenomena. The gravitational force is always attractive but the electric 
force is attractive if qiqg2< 0 (i.e. unlike charges) and repulsive if 
qiq > 0 (i.e. like charges). This corresponds to the fact that there are 
two kinds of charges but apparently only one kind of mass. 


Coulomb’s Law in Vector Form 


Suppose two bodies labelled | and 2 having charges qi and q2 respecti- 
vely are separated by a distance r. We assume that the bodies are 
much smaller in linear dimension than the distance 7 and are situated 
in a vacuum. We have seen that if qiq2 > 0, they repel each other and 
if qiq < 0, they attract each other (Fig. 1.3). In vector form, 
Coulomb’s law is written as follows: 


Se Nae ee heme) ai ae ae LA 


F21 = force on 2 due to 1 = KEP tn (1.2a) 
— | Perri io 
fiz 21 12 Fo, 
fe i 


{a) (b) 
Fig. 1.3 Coulomb's law: (a) attraction, (b) repulsion 


where ri = r12/r, is the unit vector pointing from | to 2. Also 


a 


Fi2 = force on 1 due to 2 = k TE ta (1.2b) 


where ra unit vector pointing from 2 to |. It is obvious that 
Tat = —112 
Thus Fa = —Fr 


Notice that the forces exerted by the two charges on each other are 
equal and opposite, i.e. they obey Newton’s third law of motion. The 
forces are parallel to the line joining the two charges. 

The value of the undetermined constant k in Eg. (1.1) depends 
upon the system of units we decide to choose for F, r and q and is to 
be determined experimentally. You are familiar with the SI units of F 
and r, they are newton and metre respectively. It now remains to 
determine the units of k and g. There are two alternatives: (i) k is 
arbitrarily given some fixed numerical value and Eq. (1.1) is used to 
determine the unit of charge, or (ii) the unit of charge may be taken 
as some arbitrary value and then k determined by experiment. The 
Système International (SI), which will be used throughout this book, 
uses the second alternative. An arbitrary unit of charge called the 
coulomb (symbol C) is chosen for charge and the force F(in newtons 
or N) between two charges kept at a known distance r(in metres or m) 
is experimentally measured; then Eq. (1.1) is used to determine k. The 
experimentally measured value is 

k = 8.9875 x 109 Nm? C= 
For practical calculations we can take k = 9x 10° Nm? C72. Equa- 
tion (1.1) gives us a definition of a coulomb of charge. If q= q2 = 1 
coulomb, r = 1 metre, then F= k newtons = 9X 109 N. Thus, one 
coulomb is that quantity of charge that exerts a force of 9x 10° newtons 


ee ee 
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on an equal charge placed in vacuum at a distance of 1 metre from it. 
In the SI system & is written as 1/4770, where €o is called the ‘permitti- 
vity of vacuum’ and its value is 
e = qh = 8.854% 10-12 C2 N! m? 
47k 
A more convenient name for the unit C2 N-! m? is farad per metre 
(F m™). Then Coulomb’s law appears as 


1 qiq 
Fl = a pt? (1.3a) 
Magnitude of force is 
— 1 ag 
F= eran (1.3b) 


Although this complicates the expression for Coulomb’s force, the 
factor 47 is deliberately introduced to simplify other equations that 
are used more extensively than Coulomb’s law, as you will see later. 

If the charges are situated in a medium other than vacuum, the 
quantity o in Eqs (1.3) is replaced by e, the permittivity of the 
medium. The ratio €, = €/eo is the relative permittivity which is also 
called the dielectric constant of the medium, the meaning of which 
will be explained in the next chapter. The value of e, for vacuum is 
unity by definition, for air ey ~ 1 and for water e, œ 81. 

The coulomb defined above is a very big unitof charge. Two charges 
of } C kept Im apart in air will repel each other with a force of 
9 X 10°N which is an enormous force. The charge of an electron can 
now be expressed in terms of the coulomb. In the year 1917 R.A. 
Millikan (1868-1953) performed the famous oil-drop experiment for 
the determination of the charge on an electron. The accepted value is 


Charge on an electron = —e = —1.6 X 1071C. 


which means that 6.2x10!8 electrons together will have a negative 
charge of 1 C. 

Note: Coulomb’s law has been tested directly or indirectly over an 
enormous range of separations (7), from nuclear dimensions r~10-'5m 
to several kilometres. It is found that the inverse square dependence 
on separation holds for more than 18 orders of magnitude in distance. 


1.7 ELECTROSTATIC INDUCTION 


At the beginning of this chapter we have stated that a plastic ruler 
when rubbed with hair or fur attracts pieces of paper. You may now 
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wonder why acharged plastic ruler attracts a piece of paper that has 
no charge on it, because according to Coulomb’s law, if one of the 
bodies has zero charge, the force on it must be zero, The atomic 
theory tells us how an attraction can exist in this case. When a nega- 
tively charged plastic ruler is brought near a neutral object, such as a 
piece of paper, the electrons in the object will feel a repulsive force. 

Plastic ruler The electrons, will, therefore, move 
away from the end of the object 
nearer the plastic ruler to the 
opposite end which is farther from 


GIEF the ruler. Hence the nearer end 

FFE of the object will have a positive 

= Ez) charge (due to a deficit of electr- 

(a) (b) te) ons) and the farther end will have 
Fig. 1.4 Electrostatic induction a negative charge (due to an 


excess of electrons) [Fig. 1.4(b)]. 

The object, as a whole, still has a net charge of zero, but there is a 
separation of charge. This charge separation is said to be induced by 
the charged ruler. Referring again to Fig. 1.4(b), we see that the 
negatively charged ruler must exert an attractive force on the positive 
end of the object and a repulsive force on the negative end. Because 
the positive end is closer to the ruler, Coulomb’s law tells us that the 
attractive force must be greater than the repulsive force. Thus the 
net force on the object is attractive. 

Some materials have practically no free electrons. Paper is an 
example of such material. How then is a piece of paper attracted by 
a charged ruler? The answer is that, although the electrons of paper 
atoms are not free to move in the body of the paper, they are still 
free to orient themselves within each atom. Whena negatively charged 
ruler is brought near a piece of paper, charge separation occurs with- 
in each atom as shown in Fig. 1.4(c). The positive part of each atom 
will be closer to the ruler and again the net result is an attraction. 


1.8 CONDUCTORS AND INSULATORS 


We have seen above that electrons can migrate or travel within the 
body of a substance. The number of such electrons which are free to 
move is different for different substances. In nature, nearly all sub- 
stances can be classified into two categories, namely, conductors and 
insulators, 

Substances which have a large number of free electrons are called con- 
ductors of eletricity, They are called conductors because they can be used 


tae 


= 
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to carry or conduct electric charge from one place to another. Metals 
are good conductors of electricity. Silver is one of the best conductors, 
Examples of good conductors are silver, copper, aluminium, iron, 
mercury, coal, acids, alkalis, salts, earth, human body, etc. 

On the other hand, substances which have a negligibly small number 
of free electrons are called non-conductors or insulators, They are very 
poor conductors of electricity. They are called insulators because they 
can be used to prevent charge from going where it is not wanted. 
Some common insulators are glass, wood, rubber, plastic, ebonite, 
mica, wax, paper, etc. 

It is interesting that nearly all substances fall into these two cate- 
gories, with very few exceptions which are neither good conductors 
nor insulators. These intermediate substances, such as germanium, 
carbon, silicon, etc. are called semiconductors. They play a very impor- 
tant role in solid state electronic devices. 


1.9 TWO METHODS OF CHARGING CONDUCTORS 


There are two methods by which an uncharged conductor can be 
charged, (a) by conduction and (b) by induction. 


1, Charging by Conduction (or Contact) 


A conductor can be charged by bringing it in contact with another 
charged conductor as shown in 
Fig. 1.5. The conductor B to be 
charged (say positively) is placed 
Handle on an insulating stand. A posi- 
tively charged conductor A (pro- 
vided with an insulated handle) 
is made to touch the uncharged 
conductor B. Some positive 
charge of A will be transferred to 
Fig. 1.5 Charging by conduction B. Conductor A is now removed, 

(contact) Conductor B will be left with a 

positive charge. 

This can be explained as follows. Since conductor A is positively 
charged, it hasa deficiency of electrons. When it is brought in con- 
tact with a neutral conductor B, the free electrons of B will flow to A 
to make up for its deficiency. Due to a loss of electrons in B, it 
becomes positively charged. 

On the other hand, if conductor B is to be negatively charged, a 
negatively charged conductor A is made to touch it. In this case the 


Insulator 
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transfer of electrons takes place from A to B. Thus, in conduction, 
the charges are shared and the kind of charge developed is the same as 
that on the charging body. 

It may be mentioned that insulators cannot be charged by conduc- 
tion because they do not contain any free electrons. Hence no transfer 
of charge can take place in insulators. 


2. Charging by Induction 


Electrostatic induction may be used to charge an uncharged conduc- 
tor. Figure 1.6 shows how a conductor B can be positively charged by 
induction. The conductor is mounted on an insulating stand and a 
negatively charged rod A is brought close to it (without touching it) 
(Fig. 1.6(a)]. The nearer end P of conductor B acquires a positive 
charge and the farther end Q a negative charge. This happens because 
the negatively charged rod A will repel some free electrons of B so 
that they are pushed from the nearer end P to the farther end Q. The 
nearer end, having lost some electrons, becomes positively charged 
while the farther end, the one that has gained those electrons, becomes 
negatively charged. In this process, no charge is transferred from the 
inducing body A to the induced body B, only a separation of charge takes 
place in B because of the presence of A. Hence if the rod A is remov- 
ed, the negative charge at Q will be attracted by the positive charge 
at P. Therefore, the electrons will travel from Q to P, thus neutralis- 
ing the charge on B which becomes uncharged. To prevent this, the 
electrons at Q must somehow be removed. This is done by connect- 
ing the end Q to the earth or by touching it with a finger while the 
rod A is held in place, as shown in Fig. [1.6(b)]. The electrons at Q 
are then repelled to the earth, the repulsion being caused by the 


Free Brief electron flow 
electron fromB to garth 


Fig. 1.6 Charging by induction 
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negative charge on A. The earth connection is now broken [Fig. 1.6 
(c)] and the inducing rod A is then removed [Fig. 1.6(d)]. The posi- 
tive charge at P now spreads in the conductor B which is, therefore, 
charged positively. 

Thus to charge a conductor positively the inducing charge must be 
negative and vice versa. It may be mentioned that electrostatic induc- 
tion may be used to obtain an almost unlimited charge from a single 
inducing charge. This is possible because, unlike charging by conduc- 
tion, the charging by induction does not involve any transfer of charge. 


Example 1.1 An electron has a negative charge of 1.6 X10-!9 C and 
a mass of 9.1 X 1073! kg. A proton has a positive charge of 1.6 1072C 
and a mass of 1.7 x 10-27 kg. Together they make up the hydrogen 
atom. Compare the electric force and the gravitational force between 
them. Given eo = 8.85 X 10-?C2N-Im=? and G = 6.67 10-1! Nm? 
ker, 

Solution: The electric force of attraction. between the electron and 
the proton is 


Rete BE poela 
e fno r 4neo 7? 
The gravitational force between them is 
mim MeMp 
FR =G: 72 G 2 


Fe 2 1 


Fg 4769 Gmemp 


Substituting the given values of the various quantities we get 
Fe 
= = 2.4 1039, 
F, 4x10 


Thus the electric force is 39 orders of magnitude stronger than the 
gravitational force. Hence, while considering electric force between 
bodies of ordinary masses, the gravitational force can always be 
ignored, 


EXAMPLE 1.2 A polythene piece rubbed with wool is found to have a 
negative charge of 8 x 1077C. (a) Does wool acquire any charge in this 
process? If so, how much? (b) From which substance to which other 
are the electrons transferred? Estimate the number of electrons trans- 
ferred. (c) Is there any transfer of mass in this process? 


Solution: (a) Since the total charge is conserved, the wool will acquire 
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an equal and opposite charge. Thus wool acquires a positive charge 
of 8x 1077C. 

(b) Since polythene acquires a negative charge due to rubbing with 
wool, it is obvious that electrons are transferred from wool to poly- 
thene. Since the magnitude of the charge on an electron is 1.6 x 107!9C, 
the charge of 8x 1077C corresponds to 


8x10-7 


Texto 7 5x 10!2 electrons 


Hence 5 x 10!? electrons are transferred from wool to polythene. 

(c) Since the mass of an electron is finite but very small (~10->° 
kg), there is a transfer of a finite (though negligibly small) mass from 
wool to polythene. 


EXAMPLE 1.3 (a) Two insulated charged metallic spheres A and B 
have their centres separated by a distance of 50cm in air. Calculate the 
force of electrostatic repulsion between them if the charge on each is 
+5.0 x 10-8 C. The radii of A and B are negligible compared to the 
distance of separation. (b) What is the force of repulsion if (i) the 
charge on each sphere is doubled and the distance between them is 
halved; and (ii) the two spheres are placed in water? Dielectric cons- 
tant of water = 81. 


Solution: (a) 
qı = q2 = +5.0x 10-8C r = 50cm = 0,50 m 


The force of repulsion is given by 


= lL an ; 
lai i T 2 (i) 


where €o = 8.85 x 10-!2C?N-!m-2 
Substituting the values of the various quantities we get 
F=9.0X105N 


(b) (i) If the charge on each sphere is doubled and the distance 
between them is halved, then Coulomb’s law tells us that the force F 
would become 16 times, i.e. 


F= 1.4x10 N 
(ii) If the spheres are immersed in water, the force between them is 


_ 1 un 
Pane r? 


lit at an th 
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where € is the permittivity of water. The dielectric constant (or rela- 
tive permittivity) is 


1 age 


RE nos A 
It is given that e = 81. Hence if the two charged spheres are immer- 
sed or water (whose e = 81), the force of repulsion would decrease 
by a factor of 81. Hence 


=! 
Frater = oe = 1.1X10-6N 


EXAMPLE 1.4 Suppose the charged metallic spheres A and B in 
Example 1.3 above have identical sizes. A third metallic sphere of the 
same size, but uncharged, is brought in contact with sphere A and 
removed, It is then brought in contact with sphere B and remoyed. 
What is the new force of repulsion between A and B? 


Solution; Let the charge of each sphere A and B be +q which is 
given to be +5.0 x 1078C. We have seen that the force of repulsion 
between them is F = 9.0 x 1075 N. 

When two identical metallic spheres are brought in contact, the 
charges on them are equalized due to the flow of free electrons.. Thus 
when an uncharged sphere C is brought in contact with sphere A 
having a charge +q, and then removed, the total charge q is equally 
shared between the two so that the charge left on A is +q/2 and that 
developed on C is +q/2. 

The sphere C carrying a charge +q/2 is now brought in contact 
with sphere B which is already carrying a charge +g. The total charge 
is q/2 +q = +3q/2 which must distribute equally on B and C. Thus 
when C is removed, B will have a charge of +3q/4 and C also has a 
charge of +3q/4. Hence when C is removed from both A and B, 


New charge on A = +— 


New charge on B = + “ 


Since force is proportional to the product of the charges, it follows 
that the new force of repulsion between A and B is 3/8 of the earlier 


_ force (F). Hence, the new force of repulsion between A and B is 


$x9.0% 10-5 = 3.4X10-5N, 
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ExAmpie 1.5 Two uncharged metal spheres A and B are supported 
on insulating stands and placed 
in contact as shown in Fig. 1.7. A 
negatively charged ebonite rod is 
placed near A but not in contact 
with it. Describe what happens 
when (a) the sphere B is momen- 
tarily touched with the finger (or 
earthed) and then the ebonite rod 
isremoved, and (b) the ebonite 
rod is made to touch the sphere A. 
Solution: (a) When a negatively charged ebonite rod is brought near 
A, it induces a positive charge on the side of A near the rod and a 
negative charge on the side of B remote from the rod. When the 
sphere B is earthed or touched with the finger, the negative charge on 
B flows to the earth due to the repulsion of the negative charge of 
the rod, If now the earth connection is broken and the inducing rod 
removed, the positive charge on A will spread to B so that both A 
and B have a positive charge. 

(b) The charges on A and B remain unchanged if the ebonite rod 
is made to touch A since ebonite is an insulator and hence no 
charge can flow from it to the sphere A. 


1.10 FORCES AMONG MANY CHARGES: THE 
SUPERPOSITION PRINCIPLE 


Coulomb’s law (1.3a) gives us the forces which two tiny (point) 
charges exert on each other when they are in vacuum and there is no 
other charge around them. How can we compute the force experienced 
by acharge if there are more than two charges? Suppose there are 
many point charges qi, 92, q3, q4, .. . Situated at points Pi, P2, Ps, 
P4, . . . in space as shown in Fig. 1.8. We wish to find out the total 
force that acts on one of these charges, say, qı at Pi due to all the 
other charges. 

The answer to the problem is obtained by using the so-called 
principle of superposition which states: that the total force on a given 
charge is the vector sum of the individual forces exerted on it by all 
other charges, each individual force calculated from Coulomb’s law. The 
essence of the principle is that the force between any two charges is 
completely unaffected by the presence of other charges. This principle 
has been Verified experimentally. Thus to find the total force on charge 
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qı'due to charges q2, q3; g4,... 
you should proceed as follows: 
using Coulomb’s law (Eq: 1,3a) 
calculate the force Fi2 on qi due 
to q2 alone (ignoring all other 
charges), then calculate the force 
Fıs on qı due to g3alone and next 
calculate the force Fig on gi due 
to q4, and so on. Finally find the 


azy vector sum of all the individual 
Ps forces'using the rules of vector 


: addition you have already learnt 
Fig. 1.8 Total force on charge q due in class XI (see Fig. 1.8). Thus the 


to charges Qa, Qa and Qa, i i 
charge qi is repelled by G; total force on charge gi is given 
and qs and attracted by qa. bY 


F = Fs} Fi, Fi = Fit Pu 


= Fiat Fisih Fie Eia ee eiae Pi ee a 
1 q2 i cS EEN Ni iri QA jA ) 
-p A E A rij 4 ay rab, (1,4) 


Where Pai, Tat, rat, ... are the unit vectors pointing from g2 to qi, q3 

to qi, q4 to qi, etc. and rai, rsi, r4i,... are the distances between q2 

and qi, q3 and qi and q4 and qi, etc,, respectively. Figure 1.8 shows 

how the resultant force Fi is obtained; the forces Fiz and Fi3 are 

repulsive (i.e. charges q2 and q3 are of the same sign as charge qı) and 

force Fig is attractive (i.e. charge gs has sign opposite to charge q1). 
Similarly the total force on charge q2 is given by 


Fy = Fat + Fna + Fo +. 
: (24 Tia Hoge te + pte + £ ) (1.5) 


Amey P 


We can. use ‘a more compact Se a to represent the force acting 
on a charge. Suppose we have N point charges q1, q2,.. ., qn labelled 
n= 1, 2,...,.N (we could call them ‘source’ charges) and we wish to 
find the total force F on a charge go (which we could call the ‘test’ 
charge) due to all the n charges (see Fig. 1.9). The total force can be 
written compactly, using the summation notation, as 


FSF t+ Fst. J. 


E ea E TE 
re tee E ne 
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ol? ne 
qe ° Ty ‘Test’ charge 
L] eae = e 
° 
ate an 


‘source’ charges 
Fig. 1.9 Force ona ‘test’ charge qo due ton 
discrete ‘source’ charges 


where fn is the unit vector pointing from the nth charge to the test 
charge go and rn is the distance between them. 


Extension to a Continuous Charge Distribution 


So far we have discussed situations involving only point charges. We 
can easily extend Eq. (1.6) to include more general situations where 
the charge is spread over a region instead of being concentrated at 
particular points. We have mentioned earlier that charges are quantized 
and that the minimum magnitude of nonzero charge is that on an 
electron or a proton. Thus, in this sense, ultimately all charges in 
nature are quantized and charges less than a minimum value do not 
exist. But in classical or macroscopic situations we deal with charges 
which are much greater than the electronic charge. For such situations 
we may ignore the fact that charge is quantized and imagine the possi- 

bility of continuous distributions 

do of charge. 

Suppose we have a point charge 
qo which is near a region of conti- 
nuous charge distribution as 
indicated in Fig. 1.10. To 
calculate the total force F on qo, 
we divide the total charge in the 
Fig. 1.10 Calculation of the force on neon e9 gees ot large number 

a charge due to a conti- of very tiny charges dq distributed 
nuous distribution of charge OVET the region and add up (or 
integrate) vectorially all such 

contributions. Thus we should write 


ro (SS 


eee a fa (1.7) 


4reg} r? neo J r? 


where r = r/r, is a variable unit vector that points from each ele- 
mentary charge dq toward the location of the charge qo. 


Electrostatic Force and Electrostatic Field 19 


Different Kinds of Continuous Charge Distributions 


There are three kinds of continuous charge distributions that we can 
think of (see Fig. 1.11): a quantity. of charge distributed (i) in a three- 
dimensional volume or region V of space, (ii) over a two-dimensional 
surface S in space and (iii) along a one-dimensional curve or line / 
in space, These are respectively called volume, surface and line 


distributions. 
do, 
do 
f 
NEL 
> ae dq=Adt 
dq=ods 


Fig. 1.11 The three kinds of continuous charge distributions and their 
densities 


For each kind of charge distribution we define the corresponding 
density of charge. If the charge is continuously distributed inside a 
volume V (e.g. a sphere or a cube) we define what is called the volume 
density of charge, It is denoted by the symbol p and is defined as 
charge per unit volume, i.e. 


f= aw 
The SI unit for p is coulomb per cubic metre (C m=), Similarly if 
the charge is spread continuously over some area S (e.g. a membrane) 


we define the surface density of charge (symbol a) as the charge per 
unit area, i.e, 


aja 


o wai 


which is expressed in Cm7? in the SI system. And if the charge is 
uniformly distributed along a line (e.g: a straight line or the circum- 
ference of a circle) we define the Jinear density of charge (symbol A) as 
the charge per unit length, i.e. 


Equation (1.7) of Coulomb’s force on a ‘test’ charge qo due to the 
three kinds of continuous charge distribution can now be written in 
terms of the density of charge of each distribution. 
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(i) For volume charge distribution: 


ssh Cag Gileg 
Fy ae ý 2 rdV (1.8) 
where we have used what is called the volume integral which means 
that the integration is to be carried out over all the points in 
volume V. 


(ii) For surface charge distribution: 
= if. | Sr ds (1.9) 
S 


where the surface integral means that the integration is to be carried 
out over all the points on the surface, 


(iü) For linear charge distribution: 
Fia f Ata (1.10) 


The line integral implies that the integration is to be carried out for 
all points on the line. 

It may be mentioned that the value p, 7 or A may be different at 
different points. In the special cases where density is uniform, P, ¢ and 


A have the same value at every point. Remember t =1/ris a variable 
unit vector directed from each point in the volume, surface, or line 
towards the location of the point charge qo. 


‘Total Electrostatic Force 


If the ‘test’ charge go finds itself in a region which has all kinds of 
charge distributions such as those shown in Fig, 1.9 (discrete charges) 
and Fig, 1.11 (three kinds of continuous charge distributions), then 
the total electrostatic force experienced by the charge qo due to all 
these charge distributions can be obtained by the grand application of 
the principle of superposition and is given by the vectorial sum of 
forces given by Egs (1.6), (1.8), (1.9) and (1.10), Thus 


(Bota = F + Fv + Fs + Fi 


poe z 
a (1.11) 


The student is advised to refer to Appendix I at the end of the book 


ash Nt ae 
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where the ideas about line, surface and volume integrals have been 
explained. 

Note: It is easy to understand why the principle of superposition 
holds for forces that obey Coulomb’s law which states that the force 
on a ‘test’ charge is proportional to the total ‘source’ charge. If the 
force were proportional to the square (or any other power different 
from 1) of the total source charge, the principle of superposition 
would not hold, since (gı + q2)? 4 gi. g2, and the ‘cros? terms’ 
would have to be considered. 

We will now illustrate the principle of superposition by working 
out a few examples. The resultant of the forces acting on a point 
charge is equal to their vector sum obtained according to the rules of 
vector addition. The resultant F of several concurrent forces Fi, Fz, 
Fs, . . . is given by 


=F + F2+ Fat... 
If the forces are coplanar, say in the x-y plane, the x and y compo- 
nents of the resultant force are given by 
Fx = Fi cos «1 +- Fz cos #2 + F3 cos ag +... 
and Fy = Fy sin % + Fz sin #2 + Fy sina +... 


where %1, %2, %3... respectively are the angles the forces Fi, F2, Fs, 
. .. subtend with the positive x-axis. 
The magnitude of the resultant vector F is given by 


F= VF + F 
and its direction is given by 
Fy 


tan % = F. 


where « is the angle subtended by the resultant with the p 
x-axis. 


EXAMPLE 1.6 Three point charges +5.0 x 1076 C, —4.0 x 10-6 Cand 
-4.0 x 1076 C are placed at the vertices P, Q and R of an equilateral 
triangle of side 10 cm. Find the magnitude and the direction of the 
total (resultant) force on (a) the charge at P due to charges at Q and 
R, (b) the charge at Q due to charges at P and R and (c) the charge 
at R due to charges at P and Q. 

Solution: (a) Force on charge at P due to charges at Q and R 
Referring to Fig, 1.12(a), the magnitude of the attractive force at P 
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due to the charge at Q is (ignoring the signs of charges, since we are 
determining the magnitude of the force) 


wie L „(5.0 x 1076)(4.0 x 10-6) 
e 43.14 x (8.85 x 10712) (0.1)? 


= 18 N directed P to Q 
Similarly, the repulsive force on P due the charge at R is 


Fer = 18 N directed from R to P 


The x and y components of the resultant force F on the charge at P 
are given by [refer to Fig. 1.12(a)] 


Fx = Fea cos % + Fer cos %2 (i) 
Fy = Fra sin % + Fer sin %2 (ii) 


Fig. 1.12 


where æt = 180° + 60° = 240° and «2= 90° + 30° = 120°. Notice 
that the angle for each force is measured in the counter-clockwise sense 
with respect to the positive x-axis. Substituting the values of the 
forces and the angles in (i) and (ii) we get 


Fx = 18Xcos 240° + 18Xcos 120° = —18 N 
(the —ve sign shows that Fy is along the — ve x-axis) 
Fy = 18 X sin 240° + 18% sin 120° 
=0 
Therefore, the magnitude of the resultant force on P is 
F= VF? + F2=18N 


and its direction is along the —ve x-axis. 
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(b) Force on charge at Q' due to charges at P and R Referring to 
Fig. 1.12(b), we have 
For = 18 N directed from Q to P 
For = 14.4 N directed from Q to R 


The x and y components of the resultant force Fon the charge at 
Qare 


Fx = 14.4 cos 0° + 18 cos 60° 
= 23.4N 

Fy = 14.4 sin 0° + 18 sin 60° 
= 15.6 N 


F=VF FF = 28,1 N 


The angle « subtended by the resultant with the +ve x-axis is given by 


giving 
; a= 33,7° 


(c) Force on charge at R due to charges at Pand Q Referring to 
Fig. 1.12(c), we have 


Fre = 18 N directed from P to R 

Fro = 14.4 N directed from R to Q 
Fx = 18 cos 300° +- 14.4 cos 180° = — 5.4 N 
Fy = 18 sin 300° + 14.4 sin 180° = —15.6 N 


F= VFP = 165N 


Laka sI5.6 
Ehlers San = 2.9 
giving 
æ = 70,9" > 71° 


EXAMPLE 1.7 Two negative charges each of magnitude $x 10-8 C 
and a positive charge q are placed along a straight line. At what 
position and for what value of q will the system be in equilibrium. Is 
the equilibrium stable or unstable? 
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Solution; Let the positive charge q be placed at R at distances rı and 
r2 respectively from the two negative charges (qo = 8x 1078 C) at 
P and Q as shown in Fig. 1.13. 


=qo +q “Ip 
Foo P Fer Fre R Fra For Q Fop 
aaa irasa A Maca 
Fig. 1.13 
Equilibrium of q For charge q to be in equilibrium, it must lie 


between P and Q and the forces on it exerted by the charge qo at P 
and Q must be co-linear, equal and opposite, i.e. 


| Fre | = | Fre | 
Vr. qo 1, ggo 
or 4neo n?  4re9 re 


giving rı = r2 = r (say). Hence charge gq should be equidistant from 
P and Q. 

Equilibrium of qo at P and Q For the system to be in equilibrium, the 
charge go at P and Q must also be in equilibrium, i.e. 


| Fer | = | Fro | and | For | = | For | 


Both these conditions give q = qo/4. Thus for qo at P and Q to be in 
equilibrium, the value of charge 


Stability of equilibrium A slight displacement of q towards P increases 
the magnitude of Frp and decreases the magnitude of Fro. Con- 
sequently, the displacement of q will increase still further towards P. 
The three charges are no longer in equilibrium. Hence the original 
equilibrium is unstable for displacement along the line joining the three 
charges. 

For a displacement of q along a direction perpendicular to the line 
joining P and Q, the resultant of the two forces of attraction Fre and 
Fro acting on charge q will bring it back to its original position. The 
equilibrium is stable for displacement in the direction perpendicular 
to the line joining the three charges. 


EXAMPLE 1.8 Two small identical balls P and Q, each of mass 0.20 g, 
carry identical charges and are suspended by two threads of equal 
lengths, At equilibrium, they position themselves as shown in Fig. 1.14. 
Find the charge on each ball. Given g = 9.8 ms72. 
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Fig. 1.14 


Solution: Let us consider the ball, say, Q. There are three forces 
acting on it: (i) tension T in the thread, (ii) the force mg due to gravity 
acting vertically downwards and (iii) the force F due to Coulomb’s 
repulsion in the +-x direction. 
For equilibrium, the sum of the x and y components of these forces 
must be zero, i.e. 
T cos 60° — F = 0 (i) 
and T sin 60° — mg = (ii) 
From (ii) we have 


mg i (020x10x98 zL 
Sin 60° 0.866 PIPADA 


Substituting this value of 7 in (i) we get 
F = T cos 60° = (2.26 x 10-3)x 0.5 = 1.13 x 10-3 N 


Let the charge on each ball be g. The Coulomb's force of repulsion 
between them is F = 1.13 10-3 N. Hence 


poai 


1 È 
x YS eg a 
1.13.x 10 PLR 


Now r = 50 em = 0.50 m and z = 9x 10°Nm? C. Substituting 


these values, we get 
q = 1.77. X 1077 & 1.8% 1057.C 


1.11 THE ELECTRIC FIELD: A USEFUL CONCEPT 


Most of the forces that we come across in daily life are the so-called 
‘contact’ forces. There is a contact between the object that exerts the 
force and one that feels it. For example, a man pushing a table, a 
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hammer driving a nail or a bat hitting a ball, etc. In other words, 
when an object feels a force, ‘something’ has to be ‘there’ to exert a 
force. 

However, we have come across two forces, namely, the gravitational 
force and the electric force, which do not require any contact. These 
forces exist even when the bodies involved are not touching. Thus, they 
act at a distance. For example, two bodies anywhere in the universe will 
experience gravitational force and two charges situated anywhere will 
experience electric force. The early thinkers found it difficult to accept 
the idea of a force acting at a distance. 

The difficulty can be reduced if we introduce the idea of a field. We 
imagine that an electric charge gives rise to an electric field in the 
entire space around it. Therefore, the force that one charge exerts on 
another can be described as the force that one charge experiences due 
to the electric field set up by the other. The electric field may be 
regarded as a modification of the space brought about by the presence 
of a charge. It is a space property. Thus, when a charge feels a force, 
‘something’ must be ‘there’ to exert the force. This ‘something’ is the 
electric field of some other charge (or a collection of charges). The 
usefulness of this concept lies in the fact that even if we could not see 
the charged body (it may be behind a wall) we could still feel its 
existence because of its electric field. 

To find out whether there is any electric field at any point in space, 
we place a test charge at that point and observe whether it experiences 
any force. If the test charge does not experience any force, there is no 
electric field at that point. If the test charge experiences a force, there, 
must exist an electric field at that point (due to some other charge 


somewhere). re 


Definition of Electric Field 


To give an operational definition of electric field, let us consider the 
analogy of gravitational force. With every point in space near the earth 
we can associate a gravitational field g(r). This is the gravitational 
acceleration that a test body placed at that point would experience. If 
mis the mass of the body placed at r, F is the gravitational force 
acting on it, the gravitational field g(r) is given by 


g(t) = = (1.12) 


Similarly, with every point in space surrounding a charge, we can 
associate an electric field. In the same way we speak of a magnetic 
field at every point in the space surrounding a magnet. The electric and 
magnetic fields are central concepts in classical electromagnetism. 
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To define the electric field, we place a test body carrying a test 
charge go (assumed positive for convenience) at the point in space 
where the electric field is to be found, and we measure the Coulomb’s 
force F (if any) that acts on the test charge due to the source charge, 
The electric field E(r) at the point r is space is given by 


F 
E(t) = a (1.13) 


E is a vector because F is a vector, go being a scalar, The direction of 
Eis the direction of F, i.e. it is in the direction in which a resting 
positive charge placed at the point would tend to move. The gravita- 
tional field g defined by Eq. (1.12) is also a vector field. 

Notice from Eqs (1.12) and (1.13) that the definition of electric field 
E is similar to that of gravitational field g, except that the charge of 
the test body, rather than its mass, is the quantity of interest. The 
symbol E(r) is used to indicate that É depends upon the position r of 
the test charge. 

Although the unit of g is usually written as ms, we could also 
write it as newtons per kilogram (N kg). The SI unit of electric field 
E is similarly newtons per coulomb (NC™), Thus both g and E are 
expressed as a force divided by the relevant property (mass or charge) 
of the test body. Remember that E is the electric field ‘created’ by a 
‘source’ charge which could be a discrete (Fig. 1.9) and/or a continu- 
ous distribution (Fig. 1.11). 

A critical reader will immediately find ¿a flaw in our definition of 
electric field. He will ask: will the test charge go not have its own 
electric field? Will it, therefore, not modify the electric field of the 
source charge? The answer is that it certainly will. The charge go would 
definitely exert a Coulomb force on every charge constituting the 
source which might make the latter move and change their positions. 
To minimise and ultimately remove this effect, the electric field E(r) 
should, strictly speaking, be defined as 


F 
= Limit — 1.14 
E(r) Limit 7; (1.14) 


where the test charge go is so small that its effect on the electric field 
of the source charge can be neglected. The idea of taking the limit 
qo —> 0 is that the electric field E(r) is more and more exactly defined 
as the value of go is made smaller and smaller, and finally vanishes. 
Notice that go cannot be exactly equal to zero for then it would not 
experience any Coulomb force and there would be no way of measur- 


ing the electric field. 
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The idea of taking the limit go > 0 conflicts with the fact that in 
nature there is no smaller positive charge than that on a proton 
= 1.6 x 107! C). However, as stated earlier, while dealing with macro- 
scopic (classical) situations, we can safely ignore the fact that ‘charge 
is quantized and that a charge smaller than a minimum value cannot 
exist. We imagine that the charge can approach zero in a continuous 
way. 


Physical Significance and Use of Electric Field 


In principle the electric field E(r) can be calculated if all the source 
charges and their locations are known. The idea of the electric field, 
defined all over the space around the source charge (say Q), is just a 
convenient way of knowing in advance what force would act ona 
charge go if it were placed at different positions in space because 
F(r) = qoE(r) 

Thus we can visualize the electric field playing an intermediary role in 
the forces between charges. The source charge Q sets up an electric 
field E(r) at all points r in the space around it, the value of this field 
at any point then determines what force a test charge go at that point 
will experience, i.e. we think in terms of 

Charge = Electric field = Charge 
It is in this sense that the concept of electric field is useful. 

In Chapter 5 we will use a similar method to define magnetic field. 
We have so far dealt with stationary charges so that the field due to a 
charge is a static field whose value at each point does not change with 
time. If the only problem in electromagnetism was that of forces 
between stationary charges, we would have never used the field concept 
at all. When we discuss electromagnetic induction (Chapter 7) and 
electromagnetic waves (Chapter 9) we will have to work with more 
general vector fields which are not static, i.e. their values at each point 
of space could change with time. 

Let us consider an example of a time-varying field. Suppose that 
the source charge Q suddenly moves towards the test charge go. How 
quickly will the charge qo ‘learn’ that the charge Q has moved? Elec- 
tromagnetic theory predicts that go ‘learns’ about the motion of Q 
by a field disturbance that starts from charge Q and travels with the 
speed of light. Experiments also show that the information about Q's 
motion is not instantaneously communicated to go (see Chapter 9). 
Accelerating electrons in the antenna of a radio transmitter influence 
electrons in a distant recéivingantenna only after a time x/e where x 
is the distance between the two antennas and c is the speed of light. 
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EXAMPLE 1.9 Figure 1.15 shows.a point charge qi = -+ 1.0 x 10°C 
ata distance / == 10 cm from another point charge q2 = +2.0x 108C. 
At what point on the line joining the two charges is the electric field 
zero? 


rrop 
P 


qı qo 192 
iain a E 
Fig, 1.15 


Solution: The electric field will be zero at a point where the forces 
exerted by qı and g2 ona test charge qo are equal and opposite. This 
point P must, therefore lie between the charges. If Fi is the force due 
to qı and Fa that due to q2, we must have 


Fi = Fa 
4 1 e 1 | gon 
4neo x 4reo (1 — xy? 


where x is the distance of P from qı and / = 10 cm = 0.1 m. Thus we 
have 


Putting the values of q1, q2 and / we get 
x? + 0,2x — 0.01 =0 

The two roots of this quadratic equation are 

x = 0.041 m and —0.241 m 
The negative root is inadmissible because it corresponds to a point 
to the left of qz at a distance 0.241 m from it where the electric 
field cannot be zero. Hence the 
electric field is zero at a point P 
between the two charges ata 
distance of 0.041 m= 4,1 cm 
from charge qı, 


EXAMPLE 1.10 Two point charges 
qi(= +2.0 uC) and go(= +1.0 uC) 
are placed at distances a = 2.0 m 
and b = 1.0 m from the origin on 
the x and y axes as shown in Fig. 
1.16. Find the electric field E at 
Fig. 1.16 point (a, b). 
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Solution: The electric field E1 at (a), (b) due to qı has a magnitude 


and is directed along the -+x — axis. 
The electric field E2 at (a, b) due to q2 has a magnitude 


and is directed along the + y — axis. 
Since the two vectors E; and E2 are at right angles to each other, 
the magnitude of the resultant electric field E is given by 


ESNE iE 


- fay E)” 
Gre \a? b2 


Substituting the values of qi, q2, a, b and €o we get 
E= 7,8 103 NC7! 


The angle @ subtended by the resultant field E with the x-axis is 
given by 


giving 6 = 63.4". 


Examete 1.11 (a) An electron is placed in a uniform electric field 
near the surface of the earth. What must be the magnitude and the 
direction of the electric field so that the electron. experiences an 
electrical force equal to its weight? (b) What will happen to a proton 
placed in this field? Given, mass of an electron (me) = 9.1 x 107°! kg, 
mass of a proton (mp) = 1.67 10-27 kg, charge on an electron 
= —1.6 x 10-9 C, charge on a proton = +1.6 10719 C. 

Solution: (a) The charge on an electron is negative and has a magni- 
tude e= 1.6 x 1079 C, In an electric field of magnitude E, it will 
experience an electric force F given by 


F=eE» 
but F = meg where g is the acceleration due to gravity = 9.8 ms“. 
Hence Æ is given by 


e e 1.6 10719 
= 5.6x 10-!! NCI 
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Since the charge on an electron is négative and the electric force must 
be vertically upwards (so that it can balance its weight acting verti- 
cally downwards), the direction of electric field must be vertically 
downwards. By definition, the direction of E is the direction in which 
a positive charge would move when placed in that field. 

(b) When a proton which has a positive charge is placed in this 
electric field, it will experience a downward electrical force given by 


(Fetec). = eE 
= 1.6% 10-9 x 5.6%, 107! 
8.96 10-39 N 


Il 


It addition, it will experience another downward force due to the 
gravity of the earth 


(F)gray. = Mp AE = 16TA 9.8 
= 1.64 10-76 N 


Thus the electrical force on the proton is negligible compared to the 
gravitational force. Hence the proton will fall almost freely at an 
acceleration of 9.8 ms~*. The downward acceleration due to the electric 
force is 


(a) _ (Fheee _ 8.96 x 10730 
set Fe ute LETZ 10-27 


= 5.4% 1073;ms7 
Notice that the acceleration of a charged body in an electric field 


depends upon its mass, but its acceleration due to gravity does not. 


Example 1.12 An oil drop having 12 excess electrons is held stationary 
under a uniform electric field of 2.55 104 Vm~ in Millikan’s oil 
drop experiment. The density of the oil is 1.26 gem’. Estimate the 
radius of the drop. Given g = 9.81 ms~?, e = 1.60 x 107" C, 


Solution; Charge on the oil drop (go) = 12e = 121.60 10719 
= 192x1078 C 
Density of oil (P) = 1.26 g cm™°? = 1,.26Xx 10 kgm™? 
Mass of the oil drop (m) = volume x density 


ea 
EAA 
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where r is the radius of the drop in metres. The electric field is 
E ='2.55X 104 Vm = 2.55 x 104 NC=4 
_. _Joule, NM 3 ee “4 
(vor = ee ay ny ae NC! = Vm 


The field is directed vertically downwards so that the negatively charg- 
ed drop experiences an upward force due to the electric field. This 
force is 


Fe = QE 
The downward gravitational force on the drop is 

Fs = mg 
The drop will be stationary if 

Fe = Fg 
or E = mg 
or E = Mpg 
rh a 

or FN anag 


Substituting the values of qo, E and P we get 
r = 9.811077 m = 9.81 x 10-4 mm 
Note: We have ignored the buoyant force on the drop compared to 
Fe or Fg. Since the volume of the drop is very small and the density 
of air (= 1.29 kgm~) is negligible compared to that of oil, the buoyant 
force will be too small to influence the drop. 


Examece 1.13 In a cathode ray oscilloscope, an electron accelerated 
through 25 kV enters a deflecting plate system as shown in Fig. 1.17. 


Fig. 1.17 An electron projected in a uniform electric field 
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The magnitude of the deflecting field (Æ) is 20 kVm=!. The length of 
the plate (/) is 5.0 cm and the screen is 18 cm (D) away from the 
nearer end of the plate. (a) What is the nature of electron’s trajectory 
in the region between the plates? (b) At what point does the electron 
hit the fluorescent screen? 


Solution: (a) Let an electron of mass m and charge e be projected 
with a velocity vx along the x-axis between two plates where a uniform 
electric field exists pointing downward as shown in Fig. 1.17. The 
motion of the electron is similar to that of a projectile fired horizont- 
ally in the earth’s gravitational field, except that it moves upwards 
against the electric field. The horizontal a and vertical (y) motions 
are given by 


X = Uzt 
3 I T T 
and y= 7” SFA 


where f is the time taken by the electron to reach a point A and a is 
its acceleration (directed upwards) at this point. Eliminating f yields 


eB. , 
+x i 
2mo% o 


This is the equation ofa parabola. Hence the trajectory of the electron 
(OAB) within the plates is a parabola. 
(b) Potential difference between plates (Vo) = 25 kV 
= 25x103 V 
Kinetic energy of the electron at entry (4 mvs) 
= eVo (ii) 
When the electron emerges from the end B of the plates, it has suffered 
a deflection yı given by [see (i)] 


eE 2 
am Imvz fag 
A aur (o x=] 
2mvx 
Using Eq. (ii) we have 
EBPs EP (iii) 


V= eVo 4o 


When the electron emerges from the plates (point B), it travels essen 
tially in a straight line tangent to the parabola at the exit point B. 
The effect of gravity is negligible since the mass of an electron is very 
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small, Let it strike the screen at point P2. P2B produced will meet the 
x-axis at point C almost mid-way between the ends of the plates, i.e. 
CD = 1/2. The total deflection.y of the electron consists of two parts 
(see Fig. 1.17). 

(i) deflection yı within plates and (ii) deflection y2 outside the plates 


yoyt ya 
Now the triangles P2BP; and BCD are similar. Hence 
Po BD 
PoC CD 
2 ARDA 
‘ (+2 ” 
2 
= Dp 4. +) i 
or AT (2 Pa (iv) 
Using (iii) in (iv) we get 
_ El E 
p= sal? itr +) (v) 


Now E = 20 kVm™! = 20x 103 Vm™!, Vo = 25x 10° V 
L= 5.0 cm = 5.0 X 107? m, D = 18 cm = 18x10? m. 


Substituting these values in Eq. (v) yields 
y= 41 mm 


EXAMPLE 1.14 A conducting rod of negligible thickness and length L 
carried a total charge q which is uniformly distributed on it. Find the 
electric field at a point located on the axis of the rod at a distance a 
from the nearer end. 


pep og 
! dx i 1 7% 


or — ' PE 
A i B Pi € ‘axis of the 
f x rod. 
Fig. 1.18 


Solution: Let us consider a small element dx of the rod located at a 
distance x from point P where the electric field is to be determined. 
Since the charge q is distributed uniformly on the rod of length L, the 
charge of the element of length dx is 


dq = fax 
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Hence the force on a test charge go at P due to dq is 


The magnitude of the total force on go due to the entire rod is 


given by 
AI A ERANA qqo dx 
ne [or =f hro L X£ 
qo fF dx 


T dreoL. Ja P 


_ 440 
4neoa(L + a) 
Hence the magnitude of the electric field at P is 
R A 
qo  4neoalL + a) 
If the charge q is positive, the direction of the field will be from left 
to right. If L € a, the expression for E reduces to 


pi e Lr 
Ai 4reoa? 


E= 


which varies inversely as the square of the distance a. This is expected 
since when L < a, the rod can be regarded as a point charge. 


EXAMPLE 1.15 A loop of wire of negligible thickness has a radius r. 
It carries a charge q distributed uniformly over the loop. Find the 
electric field at a point P located at a distance x from the centre along 
the line perpendicular to the plane containing the loop and passing 
through its centre. 


Solution: Let us suppose that the loop of the wire is placed such that 
the plane of the loop is perpendicular to the x-axis as shown in 
Fig. 1.19. Consider a small element (of length d/) of the loop. Since the 


Fig. 1.19 
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total charge q is distributed uniformly, the charge dq on the element 
dl is 
TENE Bar, i 
dq Tr dl (i) 
The magnitude dE of the electric field dE at point P due to charge 
dq is (see Fig. 1.19) 


dE = reo a Gi) 
where a = (x? + 7?)"2. Using Eq. (i) in (ii) we have 
ESS) dł 


GE = Greg’ 2m, (E+) oe 
The total electric field E at P is found by adding, vectorially, the dE 
vectors for all the elements that make up the loop. At first sight, it is 
a difficult task because the vectors do not lie in the same plane. How- 
ever, the symmetry about the axis of the loop makes our job very easy 
indeed, Only the components of dE that lie along the axis contribute. 
The components that are perpendicular to this axis add up to zero. 
The axial components are all collinear, so the vector addition becomes 
a scalar addition of parallel axial components. 

The axial, i.e. the x-component of dE, from Fig. 1.19, has a magni- 
tude dE, = dE cos 8, where cos @ is given by 


e 
cos 0 = (ap Ia 
Thus from Eq (iii) we have 


dEx = dE cos 0 
E ERUS i 
neo 27r (r? + 2P (iv) 


To add the various contributions, we need to add only d/’s. Thus the 
addition yields 


E = Z dEx = l 


Regs 1 
Ameo 27r (r+ 2 Zd 
Now 2 dl = 27r. Hence 


A qx 
oS et G+ Bat ) 


Notice that at the centre of the loop (x = 0), there is no electric field, 
as expected. Also for x > r, we have 

SULA 

Ameo x? 
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which implies that for points on the axis located at distances much 
larger than the dimensions of the loop, it can be regarded as a point 
charge. 


1.12 THE ELECTRIC DIPOLE 


A pair of equal and opposite point charges separated by a vector distance 
a is called an electric dipole or simply a dipole, The vector a is drawn 
from the negative to the positive charge and is along the axis of the 
dipole. The axis of the dipole is the line joining the two point charges. 
Calculation of the electric field of a dipole is an easy problem as we 
show below; it does not involve integration because only point charges 
are involved. Why is this particular configuration of two charges so 
important as to merit special consideration? The reason is that dipoles 
are a common occurrence in nature. A molecule made up of a posi- 
tive and a negative ion is an example of an electric dipole. Also, a 
complicated array of charges can be described and analysed in terms- 
of dipoles. 

We will now calculate the electric field of the dipole at a point (i) on 
its axis and (ii) on the perpendicular bisector of the line joining the 
charges. For convenience, let us place the dipole along the x-axis at 
the origin of the coordinate system as shown in Fig. 1.20. By sym- 
metry, the results along the y and z axes will be identical, so we 
restrict our discussion to the x and y axes. 


———<S— 9 —— p> XK 
E P Ep E 


Fig. 1.20 Calculation of electric field of a dipole of moment 
p=qa 
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Electric Field at a Point on the Axis of a Dipole 


We first calculate electric field at a point P ata distance rı from the 
centre of the dipole. The electric Er at P due to charge +q has a 
magnitude 


| q 


ey 
2 
and is directed along BP. 
The electric field Ez2at P due to charge —q has a magnitude 


z, 1 q 
Ja PE N A 
4reo ay 
(x + 3) 


and i is directed along PA, 
The resultant electric field et at P due to two charges at A and B is 


E aT “Fl 


p (qa), ENEE 
he aa mem Arreo. (i Dir Rasy (1.15) 
4 


which is directed along BP. 


Ai = 


Electric Field at a Point on the Perpendicular Bisector of a Dipole 


Next, we calculate the electric field at a point Q on the perpendicular 
bisector of a dipole. We denote the fields at Q due to +g and —q by 
E, and E- respectively as shown in Fig. 1.20. The y-components of 
these fields cancel and their x-components add up to give the resultant 
field Eo. Thus, the magnitude of the resultant field at Q is 
Eo = E+ cos 0 + E- cos 9 
‘Sian Tint panied) q 
where Ey = reo (QB)? meo (2, 2) 
d (ż + T) 


pipa, T ES q A 

4reo (QA) 4rre0 (2 y 7 ) 

and cos 6 = Erm 
(4+ 


4 
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The substitution of these expressions yields 


rae RDNA 77) 
Toig 470 ( i ey" (1:16) 
r2 4 


which is directed along QR. 


Electric Dipole Moment 

The expressions (1.15) and (1.16) are simplified if the points of interest 
are far from the dipole compared with the dipole dimension a. When 
rı > aand r2 > a, the term a?/4 may be dropped in the denominators 
and we get much simpler expressions. 


= 1 Aga _ _1 2» 
Ep = diay Taney (1.17) 
gt al eR) Ee ele Gee 
Eo = Presse Olay | (1.18) 
where = qa. (1.19) 


This approximation is of great practical importance. In atomic, mole- 
cular and solid state physics, we are often interested in fields of dipoles 
at distances very large compared with the dimensions of atomic 
dipoles. For such situations, Eqs (1.17) and (1.18) hold. 

An essential feature of the dipole field is that the magnitude of the 
charge q and the separation a appear only as product. We have used 
the symbol p for this product (qa). This means that if we measure E 
at various distances from the dipole (assuming r > a), we can never 
deduce g and a separately but only the product qa; if q were doubled 
and a reduced to half, the electric field at large distances from the 
dipole would not change, i.e. the field of relatively large charges close 
together is the same as that for smaller charges at larger separation, 
All that matters is the product: charge x separation. It is for this 
reason that we have used a special symbol p for this product (i.e, 
p = qa) in Eqs (1.17) and (1.18). 

The product (ga) is called the electric dipole moment; its SI unit is 


coulomb metre (Cm). Notice that the dipole field drops off as 4, 


whereas the field due to an isolated point charge drops off as 1/r?. ` 


A Dipole in an Electric Field 


The electric dipole moment can be regarded as a vector p whose 
magnitude p is the product of the magnitude of either charge q and the 
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distance a between the charges. The direction of p is taken to be from 
the negative to the positive charge, i.e. the separation a is a vector 
from the negative to the positive charge. Thus 


p= qa (1.20) 


Suppose a certain electric field has been produced by some external 
sources and a dipole of dipole moment p is placed in that field. Let 
us consider the electric field to be uniform, i.e. it has the same cons- 
tant magnitude and direction at all points. For a general orientation 
of the dipole, it will make a certain angle @ with the electric field E. 
This is the angle between the dipole moment p and E as shown in 
Fig. 1.21. 


-q 
Fig. 1.21 An electric dipole in a uniform electric field 


To find out what forces act on the dipole, we can picture a dipole 
configuration as a thin, rigid insulating rod of length a with charges 
+4 and —gq stuck at its ends, as shown in the diagram, The electric 
field E exerts a force F = gE on charge +q and a force F = — qE on 
charge —q. These two forces at the end are equal and opposite and 
add up to zero. So the net force on a dipole in a uniform electric field 
is Zero. 


Torque on a dipole in a uniform field 


A very important property of an electric dipole is the torque exerted 
on it by a uniform electric field. Although the two forces acting at the 
ends cance] each other, they act at different points and hence give rise 
to a torque on the dipole. Since the net force on the dipole is zero, it 
cannot have any translational motion. We can, therefore, assume that 
the centre (of mass) of the dipole remains at rest. The torque will 
rotate the dipole so as to reduce the angle ô to zero (see Fig, 1.21), 
i.e. p will tend to align with E. Thus the torque on a dipole due toian 
external electric field tends to align the dipole moment parallel to the 
electric field. 
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The magnitude 7 of the torque T with respect to the centre of the 
dipole is the sum of the two forces times their'moment arms: 


= (4 sin o) + r(4 sin 0) 
= Fa sin @ = qaE sin 0 
or 7T = pE sin 0 (1.21) 


Equation (1.21) is incomplete because it does Not state explicitly the 
sense of the torque for all relative orientations of p and E. It is more 
useful, therefore, to cast this equation into the vector form which is 
completely explicit. The definition of vector product of two vectors 
can be used to write Eq. (1.21) in vector form as 


7 =pXxE (1.22) 


The magnitude of the torque vector T is PE sin ô and its direction 
is given by the right-hand screw rule which tells.us that the torque 
vector points along the axis of rotation (which would be produced by 
the torque) and is positive in the direction of advance of a right-hand 
screw. Thus, the torque, in Fig. 1.21, being clockwise, is indicated by 
a vector pointing into the page away from the reader which is denoted 
by a cross in a circle; the cross representing the back of an arrow 
with its tip pointing into the page. 

We have seen that the effect of an electric field E is to make a dipole 
align itself along E. This means that if we were to rotate it from this 
orientation (8 = 0) to a general orientation (9 # 0), work must be 
done by an external agent against the electric field, This work. is 
stored as potential energy in the system consisting of the dipole and 
the arrangement used to set up the field. We will examine this type of 
potential energy in Chapter 2, 

We can summarise and Say: in a uniform electric field no net force 
acts on a dipole; only a torque acts on it which tends to align it along 
the field. To learn what happens to a dipole when. it is placed in a 
nonuniform field, refer to the supplement on ‘Dipole ina nonuniform 


4 


field’ at the end of this chapter, 


1.13 ELECTRIC LINES OF FORCE 


The lines of force of a field (or field lines) is a very useful concept in 
physics. Lines of force are a pictorial representation of a field. Let us 
begin with the simplest example of an electric field due to a single 
point charge q placed, say, at the origin of the coordinate system in 
space. The electric field at a general point r away from O is given by 
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Fig. 1.22 Pattern of electric field lines around a charge 


We get a very simple picture of the field if we sketch a few represen- 
tative vectors in the space around the charge. Because the field falls 
off as 1/r?, the veetors get shorter and shorter as we go away from the 


origin; they always point radially outward (if q > 0) or inwards (if 


q < 0) as shown in Figs 1.22(a) and (b) respectively. The length of a 
yector at a point represents the magnitude of the force which a ‘test’ 
charge would experience if placed at that point. The direction in which 
the arrow points is the direction of the force (which is the same as 
that of the field) at that point. A much nicer way to represent this 
field is to connect up the arrows to form continuous lines, as shown 
in Figs 1.22(c) and (d). You might think that, by doing this, we have 
lost information about the strength of the field which was contained 
in the length of the vectors. But actually we have not. The magnitude 
of the field is indicated by the density of the field lines, the field is 
strong near the origin where the field lines are close together, and weak 


Oa Ss es 
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farther out, where they are far apart. Obviously, this field shows radial 
or spherical symmetry, i.e. it ‘looks’ the same in all directions, as seen 
from q. 


Note: The field-line diagrams shown in Figs 1.22(c) and (d) are 
apparently misleading, when they are drawn on a two-dimensional 
surface (such as the plane of a paper). The density of lines passing 
through a circle of radius r is the total number (n) of lines divided by 
the circumference (277) is (n/2ar) which goes like (1/r) and not (1/r2). 
But we imagine the model in three dimensions (a pincushion with 
needles sticking out in all directions) then the density of lines is the 
total number divided by the area of the sphere (n/47r?) which does go 
like (1/r?), 

Such diagrams are also convenient for Tepresenting more complicat- 
ed fields such as those due two or more point charges, for which the 
field lines will, in general, be curved because the fields will not be 
radially symmetric unless the observation point is far away from the 
charges [Eqs (1.17) and (1.18) ofa dipole field]. 

To draw a line of force in a region where an electric field exists, we 
Proceed as follows. Take any point P in space where an electric field, 
say E, exists. Move from P by a small distance to a nearby point Pı 
in the direction of E. Let the electric field at Pı be Ei. Then move 
from Pi to a nearby point P2 in the direction of E; and so on from 
P2 to Ps to P4,... in the direction of E2, Es, ... . (see Fig, 1.23). By 
bringing these points closer and closer, we get a continuous curve 
Starting out at P in the direction of E. 


Fig. 1.23 Constructing a line of force 


We can also go in the opposite direction from P to points Pj, P4, 
P3, . . „eto, so the curve extends on both sides of the starting point 
P. The point P is arbitrarily chosen; we could take any point on the 
curve as a starting point. The basic property of this curve is that the 
tangent to the curve at any point is parallel to the electric field at that 
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point. Such a curve in space is called an electric line of force or electric 
field line. 

In a similar way, any number of lines of force can be drawn in the 
region of the electric field. The number of lines should be enough to 
give an accurate description of the field. Figures 1.23(a) and (b) show 
the lines of force of the electric field due to (a) two equal unlike 
charges (i.e. a dipole) and (b) two equal like charges. 


(a) (b) 


Fig. 1.24 Lines of force for (a) two equal and opposite charges and (b) two 
equal positive charges 


The lines-of-force ‘pattern helps us visualize the nature of the elec- 
tric field (its ‘sense and strength) in a region of space. They originate 
on a positive charge and terminate on a negative charge. It is easy to 
see that no two lines of force can ever cross because, if they did, the 
electric field would have two different directions at the point where 
they cross—which is not possible. 

It may be mentioned that the lines of force do not really exist; they 
are hypothetical lines. Yet the concept of the lines of force of a field 
is a very useful one. Michael Faraday (1791-1867) was the first to use 
the idea of the lines of force and he gave simplified explanations of 
many phenomena in terms of lines of force. For him the lines of force 
were more real than for most scientists. Do you almost ‘see’ the 
charges being pulled together in Fig. 1.23(a) and pushed apart in 
Fig. 1.23(b) by the lines of force? 


Properties of Lines of Force 


The relationship between the lines of force and the electric field is 
obtained by the following properties of the lines of force: 


1. The tangent to a line of force at any point gives the direction of the 
field at that point. 

2. The density of lines in a given region is proportional to the magni- 
tude (strength) of the field in that region. The density of lines means 
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the number of lines per unit area cutting a surface perpendicular to 
the direction of the lines at any given point. 

3. All lines originate from a Positive charge and terminate on a nega- 
tive charge, 

4. The number of lines originating from or ending on a charge is pro- 
Portional to the magnitude of the charge. Thus if, say, 10 lines are 
shown originating from a charge g, then 20 lines should originate from 
a charge 2q. 

5. No two lines of force ever cross each other. 


SUPPLEMENT 


Electric Dipole in a Nonuniform Electric Field 


A non-uniform electric field E(r) is the one that changes from point 
to point, either in magnitude or in direction or both. The lines of 
force of a nonuniform field are not parallel to each other. The field 
due to a single point charge or a dipole are nonuniform. When a 
dipole is placed in a nonuniform 
field; the expression for the torque 
on the dipole remains unchanged; 
it just depends on the location rof 
the dipole, the position r being 
the centre of the dipole. 


Tt = pxK(r) 
But now the net force F is not 
zero since the positive and negative 
charges are at different positions, 


Because the electric field is different 
at these positions, the two charges 


z do not experience equal and 
Fig. 1.25 Force on a dipole in a opposite forces and hence a net 
nonuniform field force F acts on the dipole in a 


nonuniform field, 

We shall first derive the expression for the x-component of the 
force F, Let the negative charge —q of the dipole be located at a point 
A in space whose position vector is r(x, y, z) while that of the positive 
charge at B is r’(x’, y’, 2’). The vector separation between the charges 


is a whose x, y and z components are ax, ay and a-. Let Ey be the 


OE, OE, OE, 
x-component of the electric field E at A. Let rae on and ae be 
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the rates at which Ex changes with x, y and z respectively. For a short 
dipole (where a is very small) these rates may be treated as nearly 
constant as we go from one end A of the dipole to the other end B. 


į ASt, 3 ð ô 
Notice that we use partial derivatives =, 57, g7 rather than total 
ax’ dy’ Oz 


derivatives i A: ce in accordance with the convention that if a 
dx’ dy’ dz 

quantity depends on more than one variable, we use partial deriva- 
tives. Here Ex depends upon three variable x, y and z, i.e. Ex(x, y, z). 
The simple rule is: let y and z be fixed and treat Ex, for the moment, 
as a function of x alone, calculate @£x/@x and so on. 

Now let us find the x-component of the electric field (Ex) at the 
other end B of a very short dipole. 


Ex = Ex + 8Ex 


where SZ; is a small change in Ex as we go from A to B. Remember 
Ex is also a function of three variables x, y and z. Since GEx/0x is 
the rate (treated constant as a first approximation over a short dipole) 


at which Æx changes with x, in a distance ax the change will be“ Ea 


Similarly in a distance ay the change will be z -ay and so on for the 


z-direction. Hence 
, _ (2Ex OEx OFx 
sex = (Fes + (5 Jo + rag 
Thus the electric field at the end B of a short dipole is 


t OE, OEx Be 
EL = Ex + (E) + (E Jas + (= Je 


The x-component of the net force F on the dipole is, therefore, 
Fy 


1 


—qEx + qEx 


ESE) aE] 


Since the dipole moment p = qa, we have 
— „(2Ex Ex oF, 
= oe) +0) + 0) 
a ô ô é 
or Fx = (0. iy + Pig, + ree) Bs (1.23) 


where Px, Py and pz are the components of p along the three axes. 
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We can now easily obtain the expressions for the y and z compo- 
nents of F. To obtain Fy we simply replace Ex in Eq. (1.23) by Ey and 
to get F: we replace Ex by Ez. Thus 


ț] ô ð 
F; = (2 ax aD D T rae) E (1.24) 
ô ô o] 
and F: = (os ox + Piy + rege) (1.25) 


Equations (1.23), (1.24) and (1.25) can be written in a compact 
vector form as 


a eg naa) 
F = rug + Prey b Pg )E (1.26) 


where Px P. Py py and Ds are the three components of the unit vector P= pip 
along the three axes. 

Thus a dipole in a nonuniform field experiences a nonzero force and a 
nonzero torque. In the special case when the dipole is parallel to the 
field (9 = 0) (see Fig. 1.24) the torque becomes zero (since 7=pE sin 8) 
and only the force remains. It is clear from Eq. (1.26) that if the field 
were uniform (i.e. ĝE/ôx = OR/dy = ôE/ðz = 0), the force on the 
dipole will be zero, as already seen in Sec. 1.12. 


` SUMMARY 


Electric charge is quantized. The magnitude of charge on a charged 
body is a certain integral multiple of the fundamental minimum 
charge e = 1.6 x 1071? C. The total charge of the universe is fixed for 
all time, i.e. charge is conserved. 

Coulomb’s law of electrostatic force between two point charges 
states that the force between two charges is directly proportional to 
the product of the two charges and inversely proportional to the square 
of the distance between them. 

The principle of superposition states that the total force on a given 
charge is the vector sum of the individual forces exerted on it by all 
other charges; the force between two charges being completely un- 
affected by the presence of other charges. 

A pair of equal and opposite point charges (+q) separated by a 
vector distance a is called a dipole. The quantity p = ga is the dipole 
moment. When a dipole is placed in a uniform electric field, it 
experiences no net force but a nonzero torque. The torque exerted on 
the dipole by the field tends to align it parallel to the field. When a 
dipole is placed in a nonuniform electric field, it experiences a nonzero 
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force and a nonzero torque. In the special case when the dipole 
moment is parallel to the field, the dipole experiences a zero torque 
but a nonzero force. The torque is given by T = pXE; its SI unit is 
N m; the SI units of p and E are Cm and NC“! respectively, 

The line of force of a field is a curve, the tangent to which at any 
point gives the direction of the field at that point. The density of lines 
of force in a given region is a measure of the magnitude of the field 
in that region. 


EXERCISES 


A, Short Answer Questions 


ty 
2 
3 
4, 
5 
6 


12. 


13, 


14. 
15. 


‘Electric charge is quantized’. What does this statement mean? 


. What/do you understand by ‘conservation of electric charge’? 
. State Coulomb’s law of electrostatic force. 


State, with unit, the value of permittivity of free space. 


. Define a coulomb of charge. 
. Distinguish between a conductor and an insulator. Give one example 


of each. 


. State the principle of superposition in relation to forces acting on a point 


charge. 


, ‘The force between two charges is completely unaffected by the presence of 


other charges’, Comment. 


. What do you understand by electric field? What is its SI unit? 


What is an electric dipole? Define dipole moment. 


. ‘A dipole in a uniform field experiences no net force’. Is this statement true 


or false? Give the reason for your answer. 

‘The torque exerted on a dipole in a nonuniform field is independent of the 
orientation of the dipole with respect to the field’. Is this statement true or 
false? Give the reason for your answer, 

Will a dipole have a translational motion when it is placed in a nonuniform 
field? Give the reason for your answer. 

State two properties of the lines of force of a field. 

No two lines of force ever cross each other, Why? 


B. Long Answer Questions 


dy 


2, 


w 


How will you explain electrification by friction in terms of the atomic 
theory. 
How can a charged body (a plastic comb rubbed with dry hair) attract an 


uncharged body (a tiny piece of paper)? Explain, describing the phenomenon 
involved. 


. Describe (with explanation) the two methods of charging conductors. 
. State the principle of superposition and use it to obtain the expression for 


the total force exerted on a point charge due to an assembly of N discrete 
point charges, 


(C) 
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. Name the three kinds of continuous charge distributions and write down 


the expression for the force exerted on a test charge by each distribution. 
What do you understand by the term ‘electric field’? How is it defined and 
measured? What is the usefulness and physical significance of this concept? 


. Obtain the expression for the electric field of a dipole at a point: (a) on its 


axis and (b) on the perpendicular bisector of the line joining the two 
charges. Discuss the limiting case of a point far away from the dipole. How 
does the electric field in this case compare with that of a single point 
charge? 


. Deduce the expression for the electric field at a point on the axis of a con- 


ducting charged rod of negligible thickness. Hence show that, for points far 
away, the rod behaves as though it were a point charge. 

A circular loop of wire of radius r and negligible thickness carries a charge 
q which is distributed uniformly over the loop. Find the electric field at a 
point situated at a distance x from the centre along the line perpendicular to 
the plane containing the loop and passing through its centre. 


. An electric dipole is placed at rest in a uniform external electric field. 


Discuss its motion. 


. Find the net force acting on a short dipole placed in a nonuniform electric 


field, 
Define the line of a force of a field. How is this concept useful? State the 


properties of lines of force. 


. Show, in a diagram, the pattern of the lines of force in the space around: 


(a) a positive point charge, (b) a pair of equal positive charges and (c) an 
electric dipole. 


. Ifa point charge q of mass m is released from rest in a nonuniform electric 


field, will it follow a line of force? Give the reason for your answer. 


Multiple Choice Questions 


Choose the correct answer or answers from the following: 


A: 


The SI unit of electrical permittivity is 


(a) C2? N+ m (b) N m? C-* 
(c) F m (d) N C~ 
What is the SI unit of electric field? 

(a) A m~! (b) Vm~ 

(c) Cm (d) NC 


. Two point-charges, 3.0x10-8 C and 8.0X10-* C, repel each other with a 


force of 6X 10-8 N. What is the force between them if each is given an addi- 
tional charge of —6.0x 10-8 C? 

(a) 1.5x 10-8 N (attractive) 

(b) 1.5107 (repulsive) 

(c) 2.4% 10-2 N (attractive) 

(d) 2.4x 10-2 N (repulsive) 

Three point-charges 4q, Q and q, are placed in a straight line of length / at 
points distant 0, //2 and / respectively. What must be the value of Q so that 
the net force on charge q is zero? 


(a) —4 (b) —2q 


© -7a (@) 44 


50 Physics for Ciass XII 


5. Which of the patterns shown in Fig. 1.26 cannot possibly represent electro- 
static field lines? 


= fh, 


T KK 


Fig. 1.26 


4 
3 
À 
) 


6. When an electric dipole is placed in a uniform electric field, it experiences 


(a) a force as well as a torque 
(b) a torque but no force 

(c) neither a force nor a torque 
(d) a force but no torque. 


7. When an electric dipole is placed in a nonuniform field, it experiences 


(a) a force as well as a torque 
(b) neither a force nor a torque 
(c) a torque but no force 

(d) a force but no torque, 


8. When an electric dipole is placed in a uniform electric field with its dipole 
moment parallel to the field, it will experience 


(a) a torque but no force 

(b) a force but no torque 

(c) a torque as well as a force 
(d) neither a force nor a torque. 


D. Numerical Problems 


(Take eo = 8,85 x 10712 C:N“m-?, e = 1.6x 10- C and g = 9.8 ms-? 
wherever necessary.) 


1, An alpha particle is a helium nucleus having two protons and two neutrons, 


Calculate the electrostatic force between two alpha Particles separated by a 
distance of 10- m, 
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2. Three charges q, = —1.0 HC, 92 = +3.0 pC and g, = —2.0 pC are placed 
as shown in Fig. 1.27. What is the force acting on q,? 


q Sem d% 


=—I5cm— 


Fig. 1.27 ; Fig. 1.28 


3. Two small identical balls are suspended on threads so that their surfaces are 
in contact. A charge of 4x10-7 C is given to each ball which makes them 
repel each other to an angle of 60° between the threads. Find the mass of 
each ball if the distance from the point of suspension to the centre of a ball 
is 20 cm. 

4. Two charged conducting plates are 15 cm apart in vacuum (Fig. 1.28). The 
electric field between the plates has a magnitude 3000 NC-!, An electron 
is released from rest at a point close to the negative plate. How long will 
it take to reach the other plate? What is its speed just before it hits the 
plate? 

5. Two small identical balls, each of mass m, are hung from a common point 
by silk threads of length / and carry similar charges, At equilibrium, the 
angle between the threads is 26 and the separation between the balls is a) 
Assuming that 0 is so small that tan @ can be replaced by sin 8 show that 


gil 1/3 
x= (i) 
2reomg 


If/ = 100 cm, m = 5.0 8g, What value of q will produces a separation 
x)= 2.5 cm? 


6. The electrostatic force of repulsion between two Positively charged ions, 
carrying equal charge, is 3.7 10-® N when they are separated by a distance 
of 5.0 10-# m. How many electrons are missing from each ion? 

7. Two small positively charged spheres have a combined charge of 5.00 
X10-" C. When they are 2.00 m apart, the force of repulsion between them 
is 1.00 N, Find the charge on each sphere. 

8. Find the magnitude and the direction of the electric field at the centre of 
a square 2m on each side, if three charges of + 8 pC each are placed at 
three of the corners of the Square. 

9. Two equal point charges Q = 4-4/2 #C are placed at each of the two 
opposite corners of a square, A point charge q is placed at each of the other 
two corners. What must be the value of g such that the resultant force on 
charge Q is zero? 
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10. Two oppositely charged small copper spheres of the same size attract each 
other with a force of 1.08x10-1 N when separated by 50 cm, The spheres 
are connected by a conducting wire without their locations being changed. 
The wire is then removed. The spheres now repel each other by a force of 
3.60 x 10-2 N. What were the original charges on the spheres? 5 

11. A point charge q produces an electric field of magnitude 2,0 NC~ at a point 
distant 0.5 m from it. What is the value of q? 

12. Two point charges +2.0x10-® C and +-8.0x 10-® C are 10 cm apart. (a) Find 
the magnitude of the electric field that each charge produces at the site of 
the other. (b) What is the force acting on each? 

13. Two positive point charges are separated by a distance a as shown in 
Fig. 1.29, Show that the electric field E at point P in the caser > a is 
given by 


What is the direction of E. Compare this result with that of a dipole field 
for large value of r. 


P 
r 
+4 90° +q 
nee eae OO ap 
pie S -q 5cm +2q 
Fig. 1.29 Fig. 1.30 


14, Four point charges are placed at the corners of a square of side 5.0 cm as 
shown in Fig. 1.30. If g = 1.0X 10-8 C, find the magnitude and the direction 
of the electric field at the intersection P of the diagonals. 

15. What is the magnitude and direction of an electric field that will balance 
an alpha particle? ' 

16. A particle having a charge of —2.0 x 10-° C experiences a downward electric 
force of 3.0x10-° N in a uniform electric field. What is the magnitude and 
direction of the force which a proton will experience in that field? 

17. Two identically charged spheres are suspended by strings of equal lengths, 
The strings make an angle of 30° with each other, When suspended ina 
liquid of density 800 kg m=, the angle remains the same, What is the dielec- 
tric constant of the liquid? The density of the material of the spheres is 
1600 kg m=*. 

18, A charge of +3 uC is placed at x = 0 anda charge of —5 uC at x = 40cm. 

Where must a third charge q be placed on the x-axis such that it experiences 

no force? 

Equal charges of +4 uC are placed at the three corners of an equilateral 


triangle of side 2 m. Calculate the magnitude and direction of the force on 
one of the charges. 


19. 


2 


ELECTROSTATIC POTENTIAL AND 
CAPACITANCE 


2.1 INTRODUCTION 


In the previous chapter we learnt about forces between charges and 
introduced the very important concept of the electric field due to an 
isolated point charge or a distribution of charges, We have seen how 
the electric field around a charge can be described in terms of a vector 
quantity E. In this chapter we will first learn how the electric field 
around a charge can also be described by a scalar quantity ¢ called 
the electrostatic or electric potential. The close relationship between 
potential and electric field is demonstrated, and some examples are 
developed which show the usefulness of the potential as a means for 
learning about the electric field. 

The concept of electric potential can be best understood in terms of 
a very important property of an electrostatic field, namely, that it is 
conservative. You have already learnt in Class XI that the gravitational 
field is conservative, i.e. the work done in climbing a hill does not 
depend upon the route we take; it depends only on the starting and 
end points of the route. This is perhaps expected since both Coulomb’s 
law and the law of gravitation obey the inverse square dependence on 
distance. 


2.2 AN IMPORTANT PROPERTY OF ELECTROSTATIC FIELDS 


Let us suppose that there is a system of electric charges (an assembly 
of discrete point charges or continuous charge distributions) which 
produces an electric field E in the space surrounding the system 
of charges. Consider any two points A and B in space and connect 
them by a continuous curve L running from A-to B. Let us 
construct the line integral of E from A to B along L (refer to ‘line 
integral of vector fields’ in Appendix I at the end of the book). We 
now ask the question: Will the value of the line integral depend upon 
the path (or route) that we take to go from A to B (of course keep- 
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ing A and B fixed)? We show in the following that it will not; the line 
integral will simply depend upon the starting and end points A and 
B and not on L. This is the basic property of electrostatic fields which 
we state explicitly first and then proceed to prove it: 


For electrostatic fields, the line integral 


B 
E-dl is the same for all paths L, depending only on the (2.1) 
along L end points A and B. 

We will establish this property first for the electric field produced by 
a stationary point charge. For convenience, we assume that the charge 
is located at the origin of the coordinate system in space. We choose 
any two points A and B and connect them by the curve L. Let ra and 

ra/be the position vectors of A and B respectively (Fig. 2.1). 


> 


Fig. 2.1 Line integral of the electric 
field of a point charge 


We will now evaluate the line integral (2.1). We know that electric 
field E due to a point charge q at a point r is given by 


| aN eR RD 


B 

Eare rdl 2 
pp 
along L Arcola L uy 
In order to evaluate the integral in Eq. (2.2) we divide the curve L 
into a very large (infinite) number of very small (infinitesimal) seg- 
ments such as PQ (which has been exaggerated in the diagram for 


a eT ae ee? 
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convenience). Let r and r’ be the position vectors of P and Q respec- 
tively. It is clear from Fig. 2.1 that the vector dr is given by 


dr=r'—r 
or r’=r+dr (2.3) 


Now, as point Q moves closer and closer to point P, the vector dr 
becomes more and more equal to the vector dl representing the line 
element and in the limit Q —> P, 


dr = dl 
so that . r=rtdl (2.4) 


It must be remembered that the line element dl is so small the 
square of its magnitude (which will be even smaller) can be neglected. 


“To this approximation, we have, from Eq. (2.4). 


r’? = rer = ( + dl)-(r + dI) 
= r'r + 2r-dl + di-dl 
= 7? + 2r-dl + (dl)? 
œr? + 2r-dl 


or redi = + (r3 = 7) 


=e) 


Now r’ = r + dr where dr is small and its square can be neglected 
to our approximation. Therefore 


r-dl = +e + dr + rr + dr — r) 


= (: + + ar) dr 
or r-d] = rdr (2.5) 
Using Eq. (2.5) in (2.2) we get 


are ee [eee 
ise 07 SEG i r? 


along L along L 
AE EA E BY ES +) 
4neo rir, 47e\ra re (2.6) 
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where ra and rp are the distances of points A and B from the point 
charge q (at origin). This result shows that the line integral as we 
move from A to B is independent of the particular path L taken and 
depends only the positions of A and B, the end points of the path. In 
fact, all that matters is how far A and B are from the charge located 
at the origin. The same result (2.6) holds if the charge is located at 
any general point rather than at the origin. 

We have seen that the line integral of the electric field due to a 
single stationary charge is independent of the path taken. We can easily 
extend this result to an arbitrary electrostatic field due to any system 
of charges. It follows from the principle of superposition that the 
electric field at a point, due to any system of charges, is the vector 
sum of many Coulomb like contributions, one from each charge, each 
of which obeys the result (2.6). Since each term is independent of the 
path taken, the sum (i.e. superposition) of all the terms is also inde- 
pendent of the path. This means that the general result (2.1) is true 
for any arbitrary electrostatic field. Thus the basic property of any 
general electrostatic field is that the line integral of the electrostatic 
field is path-independent, depending only on the end-points of the path. 


Note: The result (2.1) does not hold if the electric field is not 
electrostatic, e.g. fields due to moving charges. Thus if the electric 
field were varying with time or were a function of the velocity of 
charges, the line integral of such a field would not be independent of 
the path. We will come across such more general electric fields (other 
than electrostatic ones) in Chapter 7. 

There is an equivalent way in which we can express the content of 
our basic result (2.1). The line integral of an electrostatic field around a 
closed path is zero, i.e. 


$ E-dl =0 (2.7) 


where we have used a special symbol (a circle on the integral sign) 
which represents integration around a closed path. This can be under- 
stood as follows: 

Consider a closed path (a loop) in space as shown in Fig, 2.2. The 
loop starts at a point A and finally ends at A itself. Let us divide the 
total path into two parts Lı (from A to a point, say B) and L2 (from B 
back to A). Then from Eq. (2.6) we have 


Edi = rom On 2al: 
A 4neo\ra TB 
along Lı 
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x 


Fig. 2.2 Line integral of an electric field 
around a closed path is zero 


A 
and E-dl= A Sih 
B 4meo\re TA 
along La 
angi (ols 
o Ameoa rB 
B 
=— E-dl 
A 
along Li 
B A 
Thus E:-dl = J E-dl + E-dl 
along loop aigle ta HAAA 


B B 
=| ea- | E:dl = 0 
A A 


which is our result (2.7). This result holds for a loop starting from 
any point A, going out anywhere in space and finally returning to the 


same point A. 
i 


j 2.3 ELECTROSTATIC POTENTIAL AND POTENTIAL 
( DIFFERENCE 
The fact that the line integral of an electrostatic field is independent 
of the path leads us to a physically important and useful concept— 
the electrostatic potential, This fact is expressed by Eq. (2.6) which 
may, be rewritten as 


F E-dl = (4 — $2) (2.8) 
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P gee Aged 2 

where Bam e r (2.9) 
Ties ak, 2 

and $B = grabs (2.10) 


Here ¢ is a scalar function which depends upon r, the position of the 
point and q, the source charge which has produced the electric field. 
Thus, given some electrostatic field E, we see in Eq. (2.8) that the line 
integral of E from point A to point B is the difference in the values of 
some scalar function ¢ at points A and B. Usually the point A is 
chosen to be at a very large (strictly infinite) distance from all charges. 
With this choice ¢4 = 0 since ra —> œ in Eq. (2.9). Putting ġa = 0 
in Eq. (2.8) we have 


ba = -f E-dl (2.11) 


The scalar function ¢ defined in this manner is the electrostatic poten- 
tial (or electric potential) corresponding to the field E, $s represents 
potential at point B. Remember the value of ¢ depends on the point 
chosen (and of course the source charge) in the space. 

The potential difference between two points A and B is often 
written as $43 or ($s — $4). From Eq. (2.8) we notice that 


ba — ¢a = -f E-dl (2.12) 


ie, the line integral of an electrostatic field between any two points 
equals the negative of the potential difference between them. 

It is evident from Eq. (2.12) that the dimensions of ¢ are dimensions 
of Ex dimension of d}, ic. NC-'xm = NmC-! = JC-!, In the SI 
system JC~ is called volt in honour of the Italian scientist Alessandro 
Volta. Thus 


1 volt = 1 Nm C~! = JJC"! (2.13) 


So, in the SI system, the unit of electric potential (and hence of poten- 
‘tial difference) is the volt (symbol V). 


Physical Meaning of Potential and Potential Difference 


We can give a physical meaning to potential and potential difference 
in terms of the work required to be done ona charge in moving it 
from one place to another in an electrostatic field. Let us consider 
that an arbitrary assembly of static ‘source’ charges produces an 
electric field in a region of space. We will calculate the work necessary 
to be done by an external agent to move a ‘test’ charge qo (small and 


—— 


Electrostatic Potential and Capacitance 59 


positive) from a position A to a position B against the force of an 
electric field E along a path as shown in Fig. 2.3. 


6 
Source charge 


Fig. 2.3 A test charge qa moved from A to B 
in a nonuniform electrostatic field 
E by an external agent that exerts a 
force F 


Let E be the electric field at the site of the test charge go. The elec- 
tric field exerts a force go E on the test charge as shown. To keep the 
test charge in equilibrium (i.e. to prevent it from accelerating) the 
external agent must exert a force F which must be enough to over- 
come the repulsive force qgoE exerted by the field on the test charge, 
for all positions of this charge, i.e. 

F= —qE 

Remember that E (and therefore F) are changing from place to place. 
The displacement of the charge from A to B is performed in such a 
way that the external force is directed opposite to the force of the 
field at all positions of the test charge. Under this condition all the 
work done by the external force F is in moving the charge from its 
original position A to its final position B and no part of it contributes 
to kinetic energy because the charge is always in equilibrium and 
hence does not accelerate. 

To find out the total work W done by the external agent in 
moving the test charge from A to B, we divide the path into a large 
number of infinitesimal elements dl and find out the infinitesimal work 
dW done on the charge to move it through dl. Since the force F and 
displacement dl are inclined to each other atan angle @ (see Fig. 2.3), 
the work dW is given by the dot product of the two vectors F and dl, 
i.e. 

dW = F-dl 
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The total work W is obtained by adding up (i.e. integrating) the work 
contributions dW for all the infinitesimal elements into which the path 


is divided. Thus 
B B 
Was = J dW = J F-dl 
4 A 
But F = —qoE. Hence, 
B 
Was = — qo iP E-dl (2.14) 


The negative sign indicates that the work is done by the external 
agency against the repelling force of the field. The situation is analo- 
gous to that of lifting a mass vertically up through a certain distance 
above the earth’s surface. We have to do work against the gravita- 
tional pull of the earth and in the expression for work there is a 
negative sign in front of the product of the gravitational force and the 
distance through which the mass is raised. (Refer to the chapter on 
gravitation that you have studied in Class XI.) In our case also [see 
Eq. (2.14)] we have a negative sign in front of the product of electro- 
static force qoE of the field and the displacement dl of the charge qo. 

In terms of our definition of potential difference (Eq. (2.8)], 
Eq. (2.14) reads 


Was = qo(¢n — ġa) 
or (ga — $4) = (2.15) 
qo 


work done 


ie. Potential difference = 
test charge 


We now have a physical interpretation of potential difference. The 
Potential difference between two points in an electrostatic field is the 
amount of work per unit charge done by the external agent to move the 
small charge from one point to the other against the electrostatic force 
of the field along any path, Note the phrase ‘along any path’. We have 
already seen that the line integral in Eq. (2.14) is independent of the 
path. Hence the work done in moving a charge from one point to 
another in an electrostatic field is independent of the path. In Fig. 2.3 
only one path is shown for convenience. In other words, the electro- 
static field is conservative. You have learnt in Class XI that the gravi- 
tational field is also conservative. The amount of work we have to do 
to lift a mass from one point to another against the gravitational force 
of the earth does not depend upon what route we take; it depends 
only on the end points of the route. 


, 
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We have seen that the line integral of an electric field has a simple 
interpretation in terms of work. Equation (2.14) tells us that the work 
done on a small test charge go in moving it along any path against the 
electrostatic field is the negative of the product of the charge and the 
line integral of the field along that path. 

From the property of a loop integral in an electrostatic field [Eq. (2.7)], 
it follows that the net work done in carrying a charge over a closed 
loop in an electrostatic field is zero. Thus, if we take a charge from A 
to B and then return to A along an alternate path (shown dashed in 
Fig. 2.3), the work done in going from A to B must be just the nega- 
tive of the work from B to A; so that the net work around any closed 
path must be zero. The work is done on the charge to move from A 
to B, an equal amount of work is done by the charge to move from B 
to A, We will see in the following that the work done on a charge is 
stored as the potential energy of the charge. We will see in Chapter 7 
that a general time-dependent electric field is not conservative. 


Definition of Electric Potential 
If the point A is taken to be at infinity it follows from Eq. (2.9) that 
$a = 0, in which case, Eq. (2.15) becomes (dropping the subscript B) 
Ww 
= — 16 
$ A (2.16) 


Thus, the electric potential at a point in an electrostatic field is the work 
per unit charge that is done to bring a small charge in from infinity to 
that point along any path. This interpretation as work done per unit 
charge explains why the volt is the same as joule per coulomb, i.e. 


IV = 1JC7 


as stated earlier, 


3.4 POTENTIAL DUE TO SOME CHARGE DISTRIBUTIONS 


We will now illustrate how we can calculate electric potential due to 
some charge distributions. 


1. Potential due to a Point Charge 


We have already obtained the expression for the potential at a point 
P in the electrostatic field of a point charge q. It is 


dg (2.17) 


ane rd 
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where r is the distance of the point P from the charge. This potential 
is spherically symmetric around the point, i.e. it depends only on r 
for a given charge q. Since potential is a scalar function, the spherical 
symmetry means that the potential at a point does not depend upon 
the direction of that point with respect to the point charge; it only 
depends on the distance of the point from the charge. 

Notice from Eq. (2.17) that the potential due to a positive charge 
(q > 0) is positive, it is negative in the neighbourhood of an isolated 
negative charge (q < 0). This is expected because if we bring a small 
positive charge go from infinity to a distance r from q, we would have 
to overcome the force of repulsion that g exerts on qo, and so we 
would indeed have to doa positive amount of work. 


2. Potential due to a System of Charges 


When we consider the electric field due to more charges than one, we 
see the advantages of the concept of potential over that of electric 
field. The reason is that, like electric field, potential also obeys the 
superposition principle. Thus, to find the electric potential at a point 
in the electric field due to two or more charges, we first calculate the 
potential due to each charge, assuming that all other charges are 
absent, and then simply add these individual contributions. Since, 
unlike electric field, electric potential is a scalar, the addition here is 
the ordinary sum, not a vector sum. Therefore, it is much easier to 
work with potential than with electric field. 


(i) Two Point Charges The potential at any point due to two point 
charges qı and qo is, therefore, simply given by 


= (aw £) 
$ mali os (2.18) 


” where rı and r2 are the distances of the point in question from charges 
qı and qz respectively. 


(ii) Many Point Charges The potential at any point due to a system 
of N discrete point charges is given by 
oe N Wy 1 N qn 
$ an = on = Wares ae Pe (2.19) 
where n = 1, 2, 3,...,N and $n is the potential due to the nth 
charge gn (as if the other charges were absent) are rp is the distance of 
this charge from the point where the potential ¢ is to be found. 


Gii) Continuous Charge Distributions If the charge distribution is 


continuous, the summation in Eq. (2.19) is replaced by integration 
(see Sec. 1.10). 
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aa Luaiiidg, 
=z f 2 (2.20) 
where dq is a differential element of the charge distribution and r its 
distance from the point at which ¢ is to be calculated. 

If the charge is continuously distributed inside a volume V, ‘then 
dq = p dV where P is volume density of charge and the integral in 
Eq. (2.20) is the volume integral, Thus 


Pe. f eak Q.21) 
r NK 


If the charge is spread continuously over an area S, then dq = 0 dS, 
where o is the surface density of charge and the integral in Eq. (2.20) 
is the surface integral, i.e. 

iin i o dS 
ds = N f k (2.22) 
If the charge is uniformly distributed along a line /, then dg = Adi, 
where A is the linear charge density and we have 
1 Ad/ 
ab ys SU a Ga 
4 4re0 È r es} 

The potential at a point due to the most general charge distribution 
consisting of discrete charges as well as the three kinds of continuous 
charge distributions is given the grand sum of Eqs (2.19), (2.21), (2.22) 
and (2.23), 


3. Potential Due to a Dipole 


Two equal and opposite charges q and —q separated by a distance a 
constitutes a dipole (see Sec; 1.12). The dipole moment p hasa magni- 
tude ga and points from the nega- 

Z tive charge to the positive charge. 

P We will evaluate the potential 
at a point P at a distance r from 

the centre O of the dipole; the 
direction OP making an angle 0 

with the dipole moment p pointing, 

say, along the z-axis. From 
symmetry it is clear that the 


" 


+ r2 


Fig. 2.4 Potential at a point P 
in the field of a dipole 


P rotates about the z-axis, rand 0 
being fixed. Thus we need to find 
dr, 9) for any plane containing 
this axis. Such a plane is shown in 
Fig. 2.4. 


Ftd 
9/2 p potential will not change as point 
fo 
a 
2 h-r, 
i 2-5) 
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Setting qı = q and q2 = —q in Eq. (2.18) we get 
$ (i 2) = gi rari 


4neo \ ri r2 4reo rir2 


If. point P is far away from the dipole, i.e. if rı, r2 > a, then it 
follows from Fig, 2.4 that 


r2 — ri ~acos 8 and TULES 


and the potential reduces to 


1 pcos 2 
2 (2,24) 


meo 


Note that if @ = 90°, ¢ = 0, i.e., the potential at any point on the 
perpendicular bisector of a dipole is zero. This reflects the fact that 
no work is required to be done to bring in a test charge from infinity 
along the perpendicular bisector of a dipole. For a given r, $ has the 
greatest positive value for ð = 0 and the greatest negative value for 
6 = 180°. 


EXAMPLE 2.1 The electric potential at 10 cm from a point charge is 
+100 V. What is the magnitude and sign of the charge? 
Solution: From Eq. (2.17) the magnitude of the charge is 

q = 4reqrd 


Putting eo = 8.85 x 10-12? C? N=! m2, r= 10 cm =0.10 mand 
$ = 100 V, we get 
q= 1.1x102 C 


Since the potential is positive, the charge q must be positive. 


EXAMPLE 2,2 Two tiny spheres carrying charges of 1.5 uC and 2.5 uC 
are placed 30 cm apart. Find the electric potential: (a) at the mid- 
P point of the line joining the two 

charges, and (b) at a point 10 cm 

from this mid-point in a plane 


a normal to the line and passing 
through the mid-point. 
r f 
2 Solution: (a) Referring to Fi 
$ E25, 
k "a S a the electric potential at point A is 
A 


Sem 15 cm —1 Esa CT: qz 
Fig, 2.5 acy geal 2) 
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Substituting for eo, qı = 1.5 x 10-6 C, p = 2.5x 105Cand r= 0.15m 
and solving we get t 
$a = 2.4x 105 V 


(b) Now rı = r2 = 9/10? + 15? = 18 cm = 0.18 m 
Therefore, the potential at B is 


MEHKA £) S) 5 
dp m2 Ad oe 20% 105 V 
EXAMPLE 2.3 Four point charges +4, +4, —q, and —q are placed 
respectively at the corners A, B, C and D of a square of side a. 
(a) Calculate the electric potential at O, the centre of the ‘square. 
+q a +q (b) If EandF are the mid-points 

A B of sides BC and CD respectively, 
what is the work that will be done 

in carrying an electron from: 


a (i) O to E, and (ii) O to F? Given 
E q = 1.0x 1076 C, a = 0.10 m and 
charge on an electron = —1.6X 
107G; 
D c ; i 
-q -q Solution: (a) Referring to Fig. 2.6, 


the potential at O is given by 


as 
"OB OC aad 


pee E E 
gei mace 


(b) Now (AB)? = @ + = =7 
giving AE = Mia 
Similarly, DE = Nie and AF = BF = Nase 


Potential at E is given by 


A 1 ( A ii gsi 
4neo\|AE ` BE DE CE 
Potential at F is given by 


= 1 EC CRT DS L) 
$F male t BF O DF GF 
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Putting AF = BF = CF = DF = V we get 


ADDE oY ia We Ae Gi 
$e malas 1 ) 0.55 ea 
(i) Work done in carrying an electron of charge —e from O to Eis 
7 Woe = —e(¢e — $o) = e(0 — 0) = 0 
(ii) Work done in carrying a proton from O to F is 


Wor = —e(¢r — $o) = —ebr 


Substituting for e, q, <o and a and solving we get 
Wor = +3.2x 10-4 J 


The potential dr is negative. Hence positive work has to be done on 
the negatively charged electron to carry it from O to F. 


ExampLe 2.4 A cube of side b has a charge q at each of its vertices. 
Determine the electric potential and electric field due to this arrange- 
ment of charges at the centre of the cube. 


Solution: The distance of a vertex from the centre of the cube of 


side b is 
V 3b 


PSA 2 


Now the potential due to charge q at is the centre is q/(47eor). Hence 
the potential due to the arrangement of eight charges (each of magni- 
tude q) at the centre is 


SRLS ge 
Amcor 4/3 neob 


We know that electric fields are to be added vectorially. From the 
symmetry of the eight charges with respect to the centre of the cube, 
it is evident the electric fields at the centre due. to two opposite 
charges cancel in pairs (being equal and opposite). Hence the net 
electric field at the centre of the cube will be zero. 


EXAMPLE 2.5 Two point charges —q and -+q are located at points i 
(0, 0, —a) and (0, 0, a) respectively. (a) What is the electrostatic 
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potential at points (0, 0, z) and (x, y, 0)? (b) Obtain the dependence 
of potential on the distance r of the point from the origin when + > a. 
(c) How much work is done is moving a small test charge from the 
point (5, 0, 0) to a point (—7, 0, 0) along the x-axis? Does the answer 
change if the path of the test charge between the same points is not 
along the x-axis? 


Solution: 
z 
A 
P, (0, 0,2) 
9+q (0,0,a) 
(-7,0,0) (5,0,0) 
5 — >x 
3 [0] P 
9-q (0,0,-a) 
y 
Fig. 2.7 


(a) Referring to Fig. 2.7 the distance of point Pı from charge +-q 


is 1 = z — a and from charge —qisr2=z+a. 
— ri) 
Potential at Py : ( f EE PERI He 
47e\ ri r2 4reo rira 
q 2a p (i) 


4re0 7 (z2 — a?) 4reo(z? — a?) 
where p = q(2a) is the dipole moment. 
(b) If the distance of the point P; from the origin is r, then Eq. (i) 
reads 
eee fol Vine 
¢ (at Pi) = 4reo(r? — a2) 
If r > a, this expression reduces to (neglecting a? compared to r?) 


ARDE bn 
$ (at Pi) = Dee A 
ie. the potential at a far away point on the axis of a dipole varies as 
1/r. 
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(c) Any point on the perpendicular bisector passing through the 
centre of the dipole is at the same distance from the two charges. 
Hence the potential at point Pa(5, 0, 0) and that at point Ps(—7, 0, 0) 
are zero. Since P2 and P3 are atthe same potential (zero), the potential 
difference between them is zero. Hence no work will be done in 
moving a charge from P2 to P3. The answer will not change if the 
path of the charge is changed because the work done is independent 
of the path taken. 


EXAMPLE 2.6 Figure 2.8 shows a charge arrangement known as an 
‘electric quadrupole’. Find the potential on a point on the axis of the 
quadrupole. What is the dependence of the potential on r for the case 
r >a. Contrast your result with that of an electric dipole and an 
electric monopole (i.e. a single charge). 


Q —=—0 m 
taone mamm 
SO e aok l P 
< r —_—_ 
Fig. 2.8 


‘ 
Solution: It is clear from the diagram that the potential at point P is 
given by 
1 CR dere i: q 
$ mies r ead ats} 


Se EG US. 
4reor(r? — a?) 


If r > a this expression reduces to (dropping a? compared to 7?) 


2ga? 
feels al ESLA 


T fro P fro P 
where Q = 2qa? is called the electric quadrupole moment. 
From Eqs (2.17) and Ex. 2.5 we notice that the potential varies as 


1/r for a single charge (monopole), as 1/r? for a dipoleʻand as 1/73 for 
a quadrupole, 


2.4 ELECTRIC POTENTIAL ENERGY 


If we raise a stone from the earth’s surface, the work we have to do 
against the earth’s gravitational attraction is stored as Potential energy 
in the system comprising the stone and the earth. If the stone is 


7 
3 
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released from the raised position, the potential energy of the system 
steadily changes into kinetic energy as the stone falls. When the stone 
comes to rest on the earth, the originally stored potential energy 
(which is completely converted into kinetic energy just before the stone 
hits the earth) is transformed into heat energy in the system of earth 
+ stone. 

A similar situation exists in electrostatics. When a stone rests on 
the earth, the potential energy of the earth-plus-stone system is zero. 
Similarly when two charges are an infinite distance apart, the system 
consisting of the two charges has no potential energy since it requires 
no work to move a charge at an infinite distance from another. If the 
two charges have the same sign, work has to be done to bring them 
closer together and this work is stored in the system of two charges in 
the form of electric potential energy. 

The electric potential energy of a system of point charges is defined 
as the amount of work done to assemble this system of charges by bring- 
ing them in from an infinite distance. We assume that the charges were 
at rest when they were infinitely separated, i.e. they had no initial 
kinetic energy. 


Potential Energy of a System of Two Point Charges 


Suppose a point charge qi is at rest at a point Pı in space. Suppose 
there is another point charge q2 at rest at an infinite distance from qi; 
How much work has to be done to bring the charge q2 to a position 
P2 at a distance 712 from qı (see Fig. 2.9)? 


Charge q being brought 
in from infinity 
Yaz 


oa 
z 
A 
2 


4, Gar 


Pi B 


Eai 


= > 
E 


Fig. 2.9 Potential energy of a system of two point 
charges 


We know that the electric potential at point P2 caused by charge qı 
is given by 


$(at Ps) = 1. l (2.25) 


Amen riz 
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If the charge q2 is moved in from infinity to a position P2, the work 
tequired is, from the definition of electric potential (Eq. (2.16)], 


W = qġ (at P2) (2.26) 


Combining these two equations and recalling that the work W is 
stored in the system (q1 + q2) in the form of electric potential energy 
U, we have 


Boy GI RARD. 
U=W) = Zah ers (2.27) 
The potential energy in the system can be converted into kinetic 
energy. If the two charges are of the same kind (4192 > 0) we could 
Tecover this energy by releasing them; they would accelerate away 
from each other on account of their repulsion in which case their 
potential energy would be converted into kinetic energy. If the charges 
were of the opposite kind (qıq2 < 0), we could extract work from 
them by allowing them to come closer together; they would accelerate 
towards each other owing to their mutual attraction. 


Potential Energy of a System of N Point Charges 


We can easily generalize the result (2.27) and obtain an expression 
for the potential energy of a system of N point charges gi, q2, q3,..., 
qv. The potential energy of this system is the total amount of work 
required to bring each charge in from infinity and assemble them at 
given positions. This can be done by bringing the charges in, one by 
one, from infinity (Fig. 2.10), 


% 


Fig. 2.10 Potential energy of a system of N 
point charges 4s 


It takes no work to bring in the first charge q1, since there is no 
field yet to fight against (ie. Wi = 0). Now we bring it q2 from 


Se SS eee 


J 
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infinity to a position P2at a distance r12 from qi at Pi. According to 
Eq. (2.26) the amount of work W2 required is q2¢1 (at P2) where $1 is 
the potential due to qı at point P2 where we are placing the charge q2. 
Thus 


Wa L -(#) 
479 ri2 


where r12 is the distance between qı and q2 when they are in position. 
Next we bring in qs; this requires work W3 = 31,2 (at P3) where $1,2 
is the potential due to charges qı and q2 at point P3 where the charge 
q3 is placed. Now, we know that 


-L(a L) 
$i2 = Pee] a + m 


Thus 


= BM | Be 
Hares ate F 2) 


Similarly the extra work to bring in q4 will be 
= AAO 92 E 
ihe ee 24 i z) 
and so on till the Nth charge is brought in. 
The total work necessary to assemble the first four charges is 
W= Wi + W+ Wt Ws 


1 ze) ESA (“2 f Le) 
0+ alee | Ameo r3 © 123 


i me 4 2y Lu) 
TEON F14 124 134 


di w 1 (e UI 4 i 4 9203 4 ds eu) 
4reo\ riz T13 rig 123 T24 134 


(2.28) 
This expression for four charges gives us the general rule for N 
charges: take the product of each pair of charges, divide by their 
separation distance and add them up. Thus, the work done to assemble 
N point charges can be written as 
N 5 
w= 13 iar (2.29) 


4reo iat j=1, Fi 
>i 
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The restriction j > i in Eg. (2.29) is to ensure that we do not count 
the same pair twice. A better way to ensure this is that we intentionally 
count each pair twice and then divide the result by 2. We should then 
write 


N N j 
wel y oytt (2.30) 
We must still avoid j = i. Notice that in this form the result does not 


depend on the order in which we assemble the charges, since every 
pair occurs in the sum. We can pull out q; and write Eq. (2:30) as 


VX NS 2) 
=—2 i lie! eae 2.31 
2 isl q (2 neo ry ( ) 
J#i 


The term in round brackets is the potential ¢, at point P; (the position 
of qi) due to all other charges. Thus 


at AN 
= 2, ut (2.32) 


Potential Energy in a Fixed Electrostatic Field 


Let us now consider a slightly different situation. How much work is 
necessary to a bring a charge, say q, to a particular position in space 
against the forces of a fixed electric field E caused by an arbitrary 
assembly of charges. We have seen earlier [Eq. (2.16)] that the work 
done to bring in a charge q, from infinity to a point in an electric field 
E where the potential is $ is given by 


W = qb 
This work W is stored as potential energy of the charge q in the field 
E. Thus 

U= qb (2.33) 
We have also seen in Eq. (2.15) that the work done in moving a charge 
q from a point A to a point Bin a given electric field is given by 

Was = q(on — ¢a) 

Thus the change AU in potential energy as the charge q moves from A 
to B in an electrostatic field is the product of the charge q and the 
potential difference ($s — $a). Since the electrostatic field is conserv- 


ed, this change in potential energy is independent of the path which 
the charge takes to go from A to B, i.e, 


AU = Up — Un = g(a — $a) (2.34) 
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If q is positive and moves from a position of lower potential to one 
of higher potential, its own potential energy increases. If q is negative, 
its potential energy increases if it moves from a higher to a lower 
potential. 


The Electron-Volt 

The SI unit of potential energy is the joule. In atomic physics and 
chemistry, a more convenient unit called) the electron-volt (written as 
eV) is used. An electron-volt is the potential energy gained or lost by an 
electron in moving through a potential difference of 1 volt. Since the 
magnitude of charge on an electron is 1.6 x 10-? C, 


1 eV = 1.6x 10-9 J 


We have found the potential energy of a single charge when it is 
placed at a point in an externally produced electric field. What happens 
if two charges gi and q2 are placed at points A and B in an electrostatic 
field produced by external sources as shown in Fig. 2.11? 

The two charges will have their own potential energies Ua and Up 
due to the interaction of each withthe field [Eq. (2.32)] in addition 
to their mutual potential energy Uas [Eq. (2.27)]. Thus the total 
potential energy of the two charges is given by 


U = Ua + Up + Uag 


1 2 
= gida + gobs + irat SY (2.35) 
qı 
A 
ie 


‘Source’ 
charge 


Fig. 2.11 Potential energy of two charges 
in an external electrostatic field 


EXAmMPLE-2.7 Two positive point charges of 12 pC and 8 pC are 
10 cm apart. Find the work done in bringing them 4 cm closer. 
Solution: qi = 12x 10 C, q2 ='8x10-°C 

Initial separation (ri) = 10 cm = 0.10 m 
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Final separation (rr) = 6 cm = 0.06 m 


Initial potential energy (Ui) = roa å Da 
1 
Final potential energy (Ur) = x a 


Change in potential energy is 
1 ne 
; u- u= We(L — 1). ge, tw 
4reo\ re ri 479 Tire 
Now work done = change in potential energy. Substituting the values 
of qı, q2, ri, re and eo and solving, we get 


Work done = 5.8 J 


ExamPLE 2.8 A neutral hydrogen molecule has two protons and two 
electrons. If one of the electrons is removed we get a hydrogen mole- 
cular ion (HZ). In the ground state of H2 the two “protons are 
separated by roughly 1.5A and the electron is roughly 1A from each 
proton. Estimate the potential energy of the system. 


Solution: The total potential energy of the arrangement of charges 
(Fig. 2.12) is the sum of the energies of each pair of charges. From 
Eq. (2.28) the potential energy of the system comprising the three 
charges gi, q2 and q; is 

U= Wit Wt Ws 
| (#2 POCEN TA Le) 


4reo\ riz 13 123 


(i) 
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<— Electron 


Proton 


fee 


q+ q=+q 


n2 
Fig. 2.12 


In our example, qı = q2 = q = +1.6% 1072C (two protons) 33 = ~q 
= —1.6x 107 C (an electron), riz = 1.5À = 1,5x 10-19 m, and 


r3 = 3 = 1A = 1107! m and ee 
Areo 


ing these values in (i) and solving we get 
U = —30.7x 10-95 
= —19,2'eV 


=9 10° Nm? C~2. Substitut- 


fe ee | 
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The fact that the energy is negative means that so much energy is 
needed to dismantle the system, i.e. to remove the charges to an 
infinite separation from each other. 


ExaAMPLe 2.9 In a hydrogen atom, the electron and proton are bound 
together at a separation of about 0.53A, (a) Estimate the potential 
energy of the system in electron volts, taking the zero of potential 
energy at an infinite separation of the electron from the proton. 
(b) What is the minimum work required to free the electron from the 
proton, given that the kinetic energy of the electron in its orbit is half 
the potential energy in (a)? (c) What is the answer to (a) and (b) above 
if the zero of potential energy is taken at 1.06A separation? 


Solution 
Charge on an electron (qı) = —1.6x 10719 C 
Charge ona proton (q2) = +1.6* 10°19 C 
Separation (r12) = 0.53A = 0.53X 10719 m 


(a) If the zero of potential energy is taken to be at infinite separa- 
tion, the potential energy of the electron-proton system is 


aele Giga 
4neo r2 


= — 4,35x 1078 J = —27.2 eV 


(b) If the electron were at rest, 27.2 eV of energy will have to be 
supplied (or 4.35 10-8 J of work will have to be done) to free the 
electron from the attraction of the proton and remove it to infinity. 
Since the electron is moving in an orbit (round the proton) with a 
kinetic energy equal to į( — 27.2) = — 13.6 eV, the electron itself is 
supplying an energy of +13.6 e Y.due to centrifugal action. Hence the 
minimum amount of work required to free the electron = 27.2. — 
13.6 = 13.6 eV or 2.2x107!8 J. 

(c) The potential energy of the system at a separation of 1.06Å = 
half that at a separation of 0.53A [case (a) above] 


= —13.6 eV 


If the energy at a separation of 1.06A is taken to be zero (instead of 
—13.6 eV), the potential energy in case (a) would obviously be —27.2 
—(—13.6) = —13.6 eV. In case (b) this much energy is being supplied 
by the electron itself by virtue of its orbital motion round the proton. 
Hence the minimum work to pull the electron from the proton will be 
zero. So if the zero of potential energy is taken at a separation of 
1.06A, the total energy of the hydrogen atom is zero, 
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2.5 FROM ELECTRIC POTENTIAL TO ELECTRIC FIELD 


We know that the potential difference between to points A and B in 
an electrostatic field E is given by 


$B — da = — f E-dl (2.36) 


Hence if E is given in a region, then we can find the potential differ- 
ence between any two points in that region (and the potential ¢ at any 
point) by simply evaluating the line integral of the field. Is the reverse 
also true? Can we find the electric field E in a region if the potential 
¢ is known at all points in that region? The answer is yes. To show 
this we will, for simplicity, consider a one-dimensional situation in 
which both potential and electric field depend only on the x-coordinate 
of a point and the field has only the x-component Ex (Fig. 2,13). 


$2 > 7D 4norAd 
E x 
(0) A 3 
h Xx 
ki 44x) ———» 


Fig. 2.13 Relation between potential and field 


Suppose A and B are two neighbouring points at distances x and 
(x + 4x) from the origin O so that the distance 4x between them is 
small, Let the potential $a at A be 4 and the potential $g at B be 
($ + 4¢) so that the potential difference between A and B is 

és — $a = ($ + 44) — $ = Ad 
The work done in carrying a test charge qo (small and Positive) from 
B to A is given by [see Eq. 2.15)] 
W = qodd (2.37) 

We can calculate this work from another point of view also, The 
electric field Ey exerts a force qoEx in the x-direction. Hence to carry 
the charge from B to A, we have to apply a force F equal and 
Opposite to go Ex, i.e. the force to applied is 

F= —QoEx 
Assuming that the force F remains almost constant as we move the 
charge from B to A (a very small distance 4x), the work done will be 


, W = force x distance = Fx 4, = —qoE x Ax (2.38) 


= 
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Equating the two expressions (2.37) and (2.38) for W we have 
qo4¢ = —qoEx-4x 

or ExAx = —4¢ 

Dividing both sides by 4x we get 


wae 


ete Ax 


Taking the limit as 4x tends to zero gives 


ag 
Ex= = ox (2.39) 


The quantity 4¢/@x is the rate at which the potential changes with 
distance, this quantity is called potential gradient, Equation (2.39) 
shows that the electric field is equal to the negative of the potential 
gradient. 


Alternative Proof We can prove relation (2.39) very simply if we use 
the definition of potential difference in terms of the line integral of 
the electric field [Eq. (2.36)]. If we connect the two points A (at x) and 
B (at x + 4x) by a short straightline segment, then d? = 4x and the 
line integral in Eq. (2.36) is just a single term — Ex4x and it reads 
4¢ = —E,Ax 

Dividing by 4x and taking ‘the limit 4x > 0 immediately yields 
relation (2.39). For a general proof of relation (2.39) in three dimen- 
sions, refer to Supplement SI at the end of this chapter. 

Relation (2.39) gives an alternative SI unit for electric field E. The 
unit for ¢ is the volt and that for x is the metre, and hence E can also 
be expressed in unit volts per metre (Vm~!). We have so far used 
newtons per coulomb (NC~!) as the unit of E. The two units are 
equivalent since 


joule 


‘les coulomb 


newton metre AN is 
= coulomb > eee 


volt _ newton 


metre coulomb 
or 1 Vm = 1 NC"! 


Relation (2.39) shows how we can find electric field E if potential $ 
is known. It is a major simplification because potential (being a scalar) 


or 
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is much easier to work with than electric field which isa vector; we 
are saved from carrying out cumbersome vector operations. The follow- 
ing simple example illustrates how E can be found if ¢ is given. 


EXAMPLE 2.10 Electric potential at a point at a distance r from a 
point charge q is given by 
Deas 
meg r 
Find electric field E at that point. 


Solution; From symmetry, E must be directed radially outward from 
a (positive) point charge. Hence the relevant derivative of ¢ is 0¢/dr 
instead of @4/2x. Thus the relation between Eand ¢ is 


=-= -il t) 


or ôr\4neo r 
Cant ede (4) 

4reg Or\ r 
Be ea aaa 
Arey r? 


This result agrees exactly with our earlier result (see Chapter 1). 


EXAMPLE 2.11 Two large parallel metal plates A and B are Separated 
by a distance /= 2.5 cm (see 

Py Fig. 2.14). The plate B has a 

potential of 2500 V relative to 

; plate A. An electron is liberated’ 


A” from a point near the middle of 
Fig. 2.14 plate A. How long does it take to 
reach plate B. Charge on an electron (e) = —1.6 x 10-19 C and mass 


of an electron = 9.1 x 10-3! kg. 


Solution: Between two large parallel plates, the electric field is uniform 
except near the edges as shown in Fig. 2.14. Hence, near the middle 
the potential gradient is uniform and has a value ¢/l, i.e. 


of $ 2500 V 


3x 1 25x10-2m — 10% 10° Vm! 


<. Electric field (£E) = — ae = —1.0X 105 Vm-! 


— 
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Hence the force on an electron of charge e is 
F = eE = (—1.6X 10-9) x (—1.0x 10°) 
= 1.6X10-4N 


E; 1.6 10714 


é se RTE SBMS Ee 16 ms-2 
Acceleration a H 9110231 1.76 1016 ms 


which is very large compared to the ‘acceleration due to gravity, 
g = 9.8 ms~?, Since the electron is at rest when librated, the time it 
takes to traverse the distance / between the plates is given by 


ii 2E 
AN ET 


Substituting the values of / and a we get 
t= 1,7x 10-9 s_ 


Equipotential Surfaces 


Any two-dimensional surface over which the electric potential is constant 
is called an equipotential surface. The surface may be a surface of a 
body or simply a surface in space. For example, as we will see later, 
the surface of a conductor is an equipotential surface. Equipotential 
surfaces can be drawn throughout any space in which there is an 
electric field as we shall now explain. 

Let us consider the simplest case of the electric field of an isolated 
point charge g. At a distance r from the charge, the potential is 


EU 
47eor 


A sphere of radius r with centre at q is, therefore, an equipotential surface 
of potential q/(4zeor). In fact all spheres centred on q are equipotential 
surfaces, whose potentials are inversely proportional to r (Fig. 2.15). 


A line of force 
Chagas 
_ An equipotential 
surface 


Fig. 2.15 Equipotential surfaces and 
lines of force around a 
positive point charge 


80 Physics for Class XII 


An important property of an equipotential surface is that, along 
any direction lying on the surface, there is no electric field, because 
there is no potential gradient [see Eq. (2.39)]. This means that the 
electric field E (and hence the lines of force) are always at right angles 
to an equipotential surface. If E were not at right angles to the surface, 
it would have a component lying in that surface which, by definition, 
is not possible. Also no work is required to move a charge along an 
equipotential surface as is obvious from Eq. (2.15) since on an equi- 
potential surface, the phase difference ($s — 4) between any two 
points is zero. 

The fact that E is perpendicular to the equipotential surface is obvi- 
ous in the case of a single point charge; E is radial and the surfaces 
are concentric spheres (Fig. 2.15). For more general fields (such as 
those due to two or more point charges or uniform charge distribu- 
tions) the equipotential surfaces are more complicated. On any 
equipotential surface, the electric field E at any point is perpendicular 
to the surface. This can also be argued as follows: 

Take a point P and draw an equipotential surface through it 
(Fig. 2.16). Since, by definition, the potential difference between any 
two points on the surface is zero, it follows from Eq. (2.12) that the 
line integral of E along the surface is zero, i.e. E-dl = 0 where dl is 
a line element on the surface. Now E-dl = Ed1 cos @ = 0, therefore 
0 = 90° ie. E and dl are at right angles to each other as shown in 
Fig. 2.16, 


Equipotential surface 
at P 


p Se — Neighbouring equipotential 
surfoce 


Fig, 2.16 Relation between electric field and equipotential surface 


A family of equipotential surfaces (each surface Corresponding to a 
different value of the potential) can be used to give a general descrip- 
tion of the electric field in a certain region of space. We have seen, in 
Chapter 1, that the lines of force can also be used for this purpose, 
The advantage of using €quipotential surfaces over the lines of force 
is that such surfaces give a visual Picture of both the direction and 
the magnitude of E in a region of space. If we draw equipotentia] 
surfaces at regularly spaced intervals of $, we can distinguish regions 
of strong field from those of weak field: the surfaces are closer together 
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where the field is stronger and farther apart where the field is. weaker. 
This follows from Eq. (2.39), due to the negative sign, E is in the 
direction of the steepest or fastest decrease in $, In addition the direc- 
tion of E is perpendicular at each point on the surface. 


2.6 GAUSS’S THEOREM FOR ELECTROSTATICS 


We have obtained many useful results from the study of line integrals 
of electrostatic fields. This study has helped us to define electric poten- 
tial, electric potential energy, equipotential surfaces, etc. We have 
learnt how to compute the field of a charge distribution, the force on 
a charge placed in this field and how to obtain electric field from the 
potential. In principle this is all that we have to learn in the subject 
of electrostatics. Unfortunately, the integrals involved in computing E 
can be very formidable even for reasonably simple charge distributions, 
Much of the rest of electrostatics is devoted to assembling tools and 
tricks for avoiding these integrals. One such extremely useful tool is 
the Gauss’s theorem which exploits the properties of surface integrals 
of electrostatic fields. We will find that these integrals contain infor- 
mation about the sources of the field. 

Because of its usefulness (as we will presently see) we will state 
Gauss’s theorem at the very outset deferring its proof for a while. Let 
S be any closed surface in space enclosing a volume V. Then the 
theorem states that the surface integral over S of the electrostatic field 
E due to any sources is proportional to the total charge q contained inside 
S in the volume V, i.e 


Í E-ds = 4 (2.40) 
s €o 
where dS is an element of area; the direction of each area element 
dS of S is along the outward drawn normal to the surface at every 
point. At each point on S the electric field E will have contributions 
from charges within V and charges outside. The theorem states that 
the charges outside V do not contribute to the surface integral; only the 
charges inside V are all that matter. Any closed surface that is chosen 
to calculate the surface integral is called a Gaussian surface. Note 
that g in the theorem (2.40) is the net charge (taking account of the 
signs) inside S, the exact location of q inside S does not affect the 
value of the surface integral (Refer to Appendix I at the end of the 
book for the meaning of ‘surface integral’.) 
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Proof of Gauss’s Theorem 


We will verify the theorem for the simplest case. Suppose the field E 
is that of a single isolated positive 
point charge q and the surface S 
is a sphere of radius r centred on 
the point charge (Fig. 2.17). What 
is the value of the surface integral 
of E over S? The answer is easy 
to find, as we show below. 

The magnitude of E at every 
point on the surface S is the same 
(= q/4zeor?) and its direction is 
Fig. 2.17 Evaluation of surface pe ane ey os pe SENTSO 

integral of electri  4tawn normal (if q is positive) at 
field due to a point that point. Any element of area 
charge dS on S$ points radially outwards 

parallel to E (it will be antiparallel 


E 


V 


to E if q is negative) and has a magnitude dS. If Tis a unit vector 
from q to the surface element, then: 


and dS = AS-t 
The dot product of E and dS is 


Integrating over S and recalling that Í AS = total area of the 
s 
sphere of radius r = 4772, we get 


Ji: Ed AN (4772) 


Areo r? 


q 


€o 
which verifies Gauss’s theorem. Notice that the radius of the sphere 


cancels out, for while the surface area increases as r2, the electric field 
decreases as 1/r> and the product is independent of r. Thus we could 


— 
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choose a sphere of any radius. the surface integral would be indepen- 
dent of the radius. 

It may be mentioned that we choose a sphere because it is the most 
convenient choice; Gauss’s theorem holds for any general surface. For 
a proof of this theorem for a general surface, refer to Supplement S2 
at the end of this chapter. 


Generalization to a System of N Point Charges 


Now suppose that instead of a single charge, we have a bunch of N 
charges all scattered about within the surface. According to the princi- 
ple of superposition, the total field E is simply the vector sum of all 
the individual fields due to individual charges. Thus 


N 
E= Z E, 


n=! 


The surface integral of E over S then reads 


N 
Í EdS= 2 f E,-dS 
s n=1 Js 
pag ae NNO 
OA E% ANRE (2.41) 


N 
where Q = 2 qnis the total charge inside the surface. The total 
n=l 


charge is found by taking the sign of each charge gn in the sum. 


Some Applications of Gauss’s Theorem ’ 


Gauss’s theorem can be used to evaluate E due to a charge distribu- 
tion; one takes a convenient Gaussian surface to evaluate the surface 
integral. Conversely, if E is known for all points on a closed surface, 
Gauss’s theorem can be used to compute the charge inside. If E has 
an outward component for every point of the closed surface, then the 
surface integral will be positive indicating that the net charge inside 
the surface is positive. If E has an inward component for every point 
on the closed surface, there must be a net negative charge within the 
surface. If the surface encloses no charge and the field E is due to a 
charge outside the surface, then, according to Gauss’s theorem, the 
surface integral will be zero. This is because of the fact that the lines 
of force originating from a charge outside the surface, directly pass 
through the surface; the contribution to the integral on one side 
cancelling that on the other. 

Let us now consider a few simple applications of Gauss’s theorem. 
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In each. example, a judicious choice of Gaussian surface will be made 
depending on the symmetry of the electric field. Even though Gauss’s 
theorem holds for any surface (sphere, cube, cylinder, etc), we will 
choose the most conyenient Gaussian surface so that the surface inte- 
gral is easily evaluated, 


(a) Electric Field of a Line of Charge Consider a thin infinitely long 
straight rod with a uniform linear charge density A Cm, What is the 
expression for electric field E at a distance r from the rod (assumed 
to be just a line)? Figure 2.18 shows a section of the rod, 


ee 
Fig. 2.18 4 straight line of charge, showing a 


cylindrical Gaussian surface 


From symmetry, E due to a uniform linear charge can only be 
radially directed. At i 


q=M 
From Gauss’s theorem, we have 


Surface integral = 2 
€ 
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or E x (2zrl) = 53 


A 
or E= “Qreor (2.42) 
This expression gives the magnitude of electric field E at a distance r 
from the line. The direction of E is radially outward if the line charge 
is positive, it is radially inward if the line charge is negative. 


(b) Electric Field due to a Thin Sheet of Charge, Consider a thin flat 
sheet, infinite in extent, with a uniform surface charge density o 
(measured in Cm~?). We will use Gauss’s theorem to evaluate E at a 
distance r in front of the sheet (Fig. 2.19). 


Plane sheet 


Fig. 2.19. Using Gauss’s theorem to find 
the field due to an infinite, flat 
sheet af charge 


From the symmetry of the two sides of the sheet, we sce that on 
both sides E points outwards perpendicular to the sheet (if ø is posi- 
tive) and inwards (if is negative). Also from symmetry, the field 
must have the same magnitude and the opposite direction at two 
points P and P’ equidistant from the sheet on opposite sides. These 
facts suggest a convenient Gaussian surface; it is a cylinder of cross- 
sectional area, say A, extending up to P and P’ on two sides of the 
sheet (where E is to be evaluated); the axis of the cylinder being 
perpendicular to the sheet (Fig. 2.19). 

Since E is perpendicular to the plane end-faces of the cylinder, these 
two faces contribute (EA + EA) = 2EA to the surface integral where- 
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as the curved sides of the cylinder contribute nothing, where E is the 
magnitude of E. Thus 


Í E-dS = 2 EA 
s 
From Gauss’s theorem 
ABA 
f E-dS = as 
where g = GA is the enclosed charge. Hence 
oA 
2EA = vail 
EANACH 
or E= = 
aoa 
and E= FA n (2.43) 


where n is a unit vector pointing away from the sheet (if a is positive). 

Note that £ is independent of r, the distance from the sheet, it is 
the same at all points on either side of the sheet. This result seems 
surprising at first sight. It can be explained as follows. As we move 
further and further away from the sheet, more and more charge 
comes into our ‘field of view’ and this offsets the 1/r? decrease in the 
field from any particular piece. 


(c) Electric Field due to a Thin Spherical Shell of Charge Consider a 
thin spherical shell of charge of radius R, centred on the origin O and 
having a uniform surface charge density o (in Cm-?). It follows that 
the field is purely radial because of the spherical symmetry of the field. 
Let us calculate the magnitude £ of the radial electric field at a point 
P at a distance r from the centre O of the shell. We can apply Gauss’s 
theorem to the two possible cases; (a) P lying inside the shell (r < R) 
and (b) outside the shell (r > R). 

From points (such as P’) inside the shell, the Gaussian surface is a 
sphere S” containing P’ centred on O. Since this sphere does not 
enclose any charge (the shell is outside the sphere) if follows from 
Gauss’s theorem that E is zero everywhere inside the shell (r’ < R). 

For points (such as P) outside the shell the Gaussian surface 5 is a 
sphere containing P centred on O. The total charge q inside this 
sphere is the charge on the shell of radius R and area 47R?, 


q = 4r R?o 
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Spherical shell 


Fig. 2.20 Electric field due to a thin uniform 
spherical shell of charge 


The surface integral is EX (47r?) and Gauss’s theorem gives 


2o 
PRA =o R 
ép éo 
o E 
or E = P 3 ya (2.44) 
Notice that in terms of q, E can be written as 
7 haw ats 
E Arent 


which shows that for points outside, the shell behaves as though the 
charge were concentrated at the centre of the shell. The direction of 
the field is along the outward 
normal (if q is positive) or inward 
normal (if q is negative) to the 
surface of the shell at each point. 


/ 

I (d) Electric Field Due to a Solid 
H Sphere of Charge Figure 2.21 
shows a solid sphere of radius R 
\ and having a uniform volume 
\ charge density P (measured in 


Cm=). The total charge g on the 


gym yi sphere is 
oe 


Fig. 2.21 Electric field due to a qa 47 pap 
solid sphere of charge 3 
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The electric field is again radial, therefore, we choose a sphere for the 
Gaussian surface (Fig. 2.21). í 

For points (such as P) lying outside the sphere, at a distance r(> R) 
from the centre of the sphere, the Gaussian surface § is a sphere of 
radius r. From Gauss’s theorem, the magnitude E of the radial electric 
field at this point is given by 


4nPE = L = n RÈP 
€o 360 
„Rp 
o E= 3eor2 (forr >R) (2.45) 
In terms of total charge q, it reads 
1 
e n (rr >R) (2.46) 


For points (such as P’) inside the sphere at a distance r’ (< R) from 
the centre of the sphere, the Gaussian surface S” is a sphere of radius 
r'. The total charge g' enclosed by this surface is 

åm 
E E) 
q z7” P 
From Gauss’s theorem, the electric field £’ at P’ is given by 


Meare L Arp 


€0 3e0 
or E= ie (for r < R) (2.47) 


In terms of total charge g of the sphere, it reads (since P = 3q/47R3) 


r 


ok RN 
Eom Areo RS (2.48) 


Here q' is the part of g contained within the sphere of radius z’. That 
part of q which lies outside this sphere makes no contribution to E at 
distances z < R. Thus in the case of a solid sphere, the field is finite 
at all points inside and outside the sphere. Equation (2.46) shows that 
for points outside the sphere it behaves as though all the charge were 
‘concentrated at its centre. Note that the sphere cannot be a conductor 
because, as we will see, the charge will reside on its surface. 


EXAMPLE 2.12 Obtain the expression (2.42) for the electric field due 
to a long thin rod of uniform linear charge density À using Coulomb’s 
law instead of Gauss’s theorem. 
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Solution: Figure 2.22 shows a section of an infinite line of charge 
whose linear charge density that has a constant value .A. We will 
calculate the field at a distance r from the line. We divide the line into 
a large number of very small elements of length dx and find the sum of 
the contributions of the elements. The magnitude of the field contribu- 
tion dE due to charge element dq(= Adx) is given by Coulomb’s law: 
àdx 3 
GA) @ 


-x 


0 x ra 


Fig. 2.22 Electric field due to an infinite line of 
charge 


The vector dE in Fig. 2.22 has the two rectangular components 
dEx and dEy. The x-component of the total field E must be zero 
because every charge element on the right of O has a corresponding 
element to the left of O suchthat their field contributions in the x 
directions cancel. Thus E points entirely along the y direction. It is 
clear from the diagram that 


dE, = dE cos 0 
Therefore, the field E due to the entire line of charge is 


x=+0 
E = E = Í cos 8 dE 

xX=—O 
= af ~~ cos 0. dE (ii) 

x=0 
Note that we have changed the lower limit of integration and intro- 
duced a factor of 2. The reason is that the contributions to dE, from 
the right and left halves of the rod are equal. Using (i) in (ii) we get 
SEs oa Raid dx Res 
Eana 0 8 RTH (iii) 


x= 
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From Fig. 2.22 the relation between 6 and x is 
x = rtan (iv) 
Differentiating, we get 
dx = r sec? 6 dé (v) 
Using (iv) and (v) in (iii), we get 
A e=2/2 
hear f cos 6 dé 
2reor J o=0 
Notice that we have changed the limits of integration on x to 8. When 
x= 0, 6=0 and when x = ©, @ = 7/2 as is obvious from (iv). 
The above equation on integration gives 
7/2 À 


ET ner” i o = reor 

which is Eq. (2.42). This example clearly illustrates the usefulness of 
Gauss’s theorem over Coulomb’s law. Notice that the calculation of 
E based on Coulomb’s law is far more complicated than that based 


on Gauss’s law. 


EXAMPLE 2.13 Two parallel plane sheets 1 and 2 carry uniform 
charge densities cı and o2 respectively. Find the electric field in each 
of the three regions marked I (to the left of both), II (between them) 
and Ill (to the right of both) as shown in Fig. 2.23. Discuss the 
special case when 91 = —o2 = 9. 


oO; 2 
E + eE U+ 
Laaa. H = ftm E, 
+ 1 
t+ Ir + m 
+ + 
— — i 
E: + E2 + E2 
+ + 
Sheet 1 Sheet 2 
Fig. 2.23 Electric field around two plane sheets 
(01 > c) 


Solution. We can find the electric field in each region by using 
Eq. (2.43) and the principle of superposition. The left sheet 1 pro- 
duces a field of magnitude E1 = 1/2¢0 which points away from it, to 
the left in region I and to the right in regions II and III. The right 


_—— 
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sheet 2 produces a field of magnitude E2 = ¢2/2¢o which points away 
from it; to the left in regions II and I and to the right in region III. 
If o; > o2 > 0 the field in each region from the principle of super- 
position will be as follows: 


RegionI: E E — E2 = ale + 92) 
Region Il: E = Eı — E2 = pas =) 
2eo 


Region lII: E = Ej + E = Aa + a2) 
2€0 


A negative field indicates that it points from right to left. 

In the special case when o; = —o2 = ø, i.e. the two sheets carry 
equal and opposite charge densities, then o1 + o2 = 0 and o;—o2=2c, 
Thus the fields in the regions I and III will be zero and that in region 
II will be o/eo, pointing to the right between the sheets, Thus in this 
case, the field exists only in the region between the sheets and is zero 
elsewhere. The field between the sheets is uniform and is independent of 
their separation. In practice, this is the way to produce a uniform field 
in a limited region of space; the only other requirement is that the 
sheets should be much larger in linear dimension than in this region. 


2.7 CONDUCTORS AND INSULATORS 


So far we have studied electrostatic fields due to various kinds of 
charge distributions in which the charges were placed at definite loca- 
tions and were held there at rest by some means. From these distri- 
butions we have learnt some basic properties of electrostatic fields. 
We will now discuss the electrical properties of materials in bulk. 
Materials are broadly classified into conductors and insulators, In 
Chapter 1, we have briefly described the distinction between them in 
terms of free and bound electrons. In an insulator, such as glass or 
rubber, each electron is attached (or bound) to a particular atom and 
hence is not free to move in the body of the material. Insulators are 
also called dielectrics. On the other hand, in a metallic conductor, one 
or more electrons per atom are free to roam about through the body 
of the material. They cannot leave the conductor under normal 
circumstances. In liquid conductors, such as salt solution or copper 
sulphate solution, it is the ions that move. A perfect conductor would 
be a material which contains an unlimited supply of completely free 
charges. An insulator does not have such freely moyable charges as 
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each electron stays near its ‘parent’ nucleus or within its atom or 
molecule and cannot move far away from it. In terms of this distinc- 
tion between conductors and insulators we will now discuss some of 
their electrical properties. 


Electrical Properties of Dielectrics (or Insulators) 


While electrons in dielectrics stay attached to specific molecules (or 
atoms), they can move within the molecule. The cumulative effect of 
such microscopic movements accounts for the characteristic behaviour 
of dielectric materials. Some examples are glass, wax, water, oil, air, 
wood, rubber, stone, plastics, ete. 

What happens to a neutral atom when it is placed in an electric 
field? Our first guess is that nothing happens to it; since the atom is 
not charged, the field has no effect on it. But that is a wrong guess. 
Although the atom as a whole is electrically neutral, there is @ positi- 
yely charged nucleus and anegatively charged electron cloud surround- 
ing it. These two regions of charge have their own ‘centres of charge’ 
within each molecule. The positive centre of charge is the centre of 
mass of the protons in the nuclei and the negative centre of charge is 
the centre of mass of the electrons in the molecule. 


Non-polar and Polar Dielectrics 1n some dielectrics, in the absence of 
an external electric field, the two centres of charge in each molecule 
coincide. Each molecule, therefore, has a‘ zero dipole moment in its 
normal condition. Such molecules are called non-polar molecules and 
the dielectrics made of such molecules are called non-polar dielectrics. 
In other dielectrics, even in the absence of an external electric field, 
the two centres of charge in each molecule do not coincide because of 
the asymmetric shape of the molecule. Such molecules are called polar 
molecules; they have built-in permanent dipole moments, Some examples 
of polar molecules are water, ammonia, carbon monoxide, hydrogen 
chloride and methanol. The water molecule has a dipole moment 
because it is bent in the middle, the O-H axes making an angle about 
105° with one another. The dipole moment of water is unusually 
large; about 6.1% 107% Cm, which accounts for its effectiveness as a 
good solvent. Substances consisting of polar molecules are called 
polar dielectrics, We will not discuss polar dielectrics in any detail. 


Polarization. When a dielectric is placed in an external electric field 
E, à small induced dipole moment is created in each molecule of even 
nonpolar dielectrics. This is because the positive charge (protons) in 
each atom is pushed in the direction of the field and the negative 
charge (electrons) is pushed in the opposite direction. In principle, if 
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the field is large enough, it can pull the atom apart completely, i.e. 
ionize it. With moderate fields, however, an equilibrium is soon esta- 
blished, for if the centre of the negative charge does not coincide with 
that of the positive charge, these opposite charges attract each other, 
and this holds the atom together. ‘The two opposing forces—(i) E 
pulling the electrons and the nucleus apart and (ii) ‘their mutual 
attraction pushing them towards each other—quickly reach a balance 
(equilibrium), leaving the atom polarized, with the positive charge 
shifted slightly one way and the negative charge the other way. The 
atom now has. a tiny dipole moment which points in the direction of 
E. The effects of such induced dipole moments or polarization will be 
described in Sec. 2.9. 


Electrical Properties of Conductors 


The general features of the behaviour of conductors in an electrostatic 
field are very different from those of dielectrics. The reason is that 
conductors have free charges but dielectrics do not. The word electro- 
Static means the charges are static implying that there is no movement 
of charges (i.e. there is no current) in the interior or on the surface of 
the conductor. Under electrostatic conditions, conductors have the 
following electrical properties. 


1. There is no net electric field in the interior of a conductor, If there 
were any field, the free charges would move and the conditions would 
not be electrostatic any more. Is this a satisfactory explanation? 
Obviously not. All that it proves is that we cannot have electrostatics 
when conductors are Present. We must, therefore, examine what 
happens when a conductor is placed in an external electric field Eext. 

Initially the field will push the 

COR AIOE positive charges to the right and 

the negative charges to the left 
(Fig. 2.24). (In metallic conductors 
itis only the negative charges— 
the electrons—that do the moving, 
the massive protons remain practi- 
cally at rest. But when the electrons 
depart from the right side, this side 
is left with a net positive charge— 
the stationary protons. So it does 
z not really matter which charges 
ext actually move; the effect is the 

Fig. 2.24 í same. In electrolytic solutions, on 


re 
He 
+ 
+ 
+ 
+ 
+ 
+ 
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other hand, it is the ions that do the moving and both positive and 
negative ions move.) When the charges reach the end of the material, 
they pile up; the positive charge on the right side and the negative 
charge on the left. Now these so called ‘induced’ charges produce an 
electric field Eina of their own, which is in the direction opposite to that 
of the external electric field Eext. This is the crucial point. Thus the field 
of the induced charges tends to cancel the original field. Charges will 
continue to move until this cancellation is complete, i.e. until Eina and 
Eext became equal in magnitude. When this happens, electrostatic condi- 
tions are restored and the net electric field inside the conductor is zero. 
It may be mentioned that the whole process is practically instantane- 
ous. In copper, for example, this process of rearrangement of charges 
takes as short a time as 10-!7s. It may also be borne in mind that 
outside the conductor the field is not zero, for here Eext and Eina do 
not cancel each other. 

2, There is no net charge in the interior of a conductor. Since the 
electric field cannot exist in the interior of a conductor (i.e. E = 0) 


the surface integral Í E-dS over the closed surface bounding any 


volume inside the conductor is zero. It then follows from Gauss’s 
theorem (2.40) that q = 0, i.e. there can be no charge anywhere in 
the interior of the conductor. 

3. Charge resides on the surface of a conductor. If a conductor is 
charged, i.e. some excess charge is added from outside, that extra 
charge can only reside on the surface of the conductor, 

4, Just outside a conductor, the electric field is perpendicular to the 
surface. If the electric field were 
not perpendicular to the surface, 
it would have a component tan- 
gential to the surface which would 
immediately cause the flow of 
charges around the surface until 
the induced electric field due to the 
Figs 2:2m weiss dbal a cadie charges completely cancels the 

and normal to the surface tangential component, The per- 

outside pendicular field, however, remains 

because the charge cannot flow 

perpendicular to the surface since it is confined to the conductor 
(Fig. 2.25). 

5. The surface of a conductor is an equipotential surface. Since 


x 


B 
E = 0, the line integral f; E-dl = 0 between any two points A and 
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B within or at the surface of a conductor. Hence the potential differ- 
ence between any two points is zero. Thus the potential is constant 
within and at the surface of a conductor (though different on different 
conductors). In particular, the surface of a conductor is an equipoten- 
tial surface, 

6. The surface charge density is high where the radius of curvature 

of the surface of the conductor is small. The surface region of a con- 
ductor is usually some two atoms thick, i.e. about 2x 107!° m (2A). 
The surface charge density o` need not be constant. If some extra 
charge is given to a conductor (which was previously neutral), this 
charge spreads on the surface. The local charge density o will, in 
general, not be the same everywhere on the surface; it will be positive 
at some places and negative at others, The charge density tends to be 
relatively high on sharp points and relatively low on plane regions on 
a conducting surface. The electric field E at points in space imme- 
diately above a charged surface is proportional to the charge density 
o there so that E assumes very high values near sharp points. Glow 
discharges from sharp points during thunderstorms are a familiar 
example. The lightning conductor acts in this way to neutralize charged 
clouds and thus prevent lightning strokes. 
Electrostatic Shielding The property of zero net field within acon- 
ductor is of great practical importance where the effects of external 
fields are undesirable. Thus any region of space can be isolated from 
external fields by surrounding it by a conducting surface. If there is no 
charge inside such a metal shield, the field inside the volume will be 
zero irrespective of any field outside the shield. To prevent electric 
interaction, the neighbouring circuits in electronic devices are shielded 
by placing metal shields around certain components or circuits. 


EXAMPLE 2.14 An uncharged conductor has a cavity inside it. Some- 
where in the cavity is a charge +g. What can you say about the 
electric field (a) inside the cavity, (b) within the conductor, and 
(c) outside the conductor? 


Solution: (a) The cavity is electrically isolated from the conductor 
surrounding it. Since it has a charge, the electric field inside the 
cavity is nonzero. 

(b) The charge +g induces an opposite charge —q on the wall of 
the cavity which distributes itself in such a way that its field cancels 
that of +q for all points in the conductor (in fact, for all points 
exterior to the cavity). Hence there is no net electric field within the 
conductor (see Fig. 2.26). 
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Gaussian Surface 


Fig. 2.26 


(c) Since the conductor carries no net charge, this leaves charge +g 
to distribute itself over the surface of the conductor. For all points 
outside the conductor, the only field that survives is the field of the 
leftover charge +q on the outer surface. This charge produces a non- 
zero field in the region surrounding the conductor. To show that a 
charge —q is induced on the inner surface of the cavity, surround the 
cavity with a Gaussian surface as shown in the figure. Since every 
point on this surface is inside the conductor, the surface integral of 
E over this surface vanishes and hence, by Gauss’s theorem, the charge 
enclosed by this surface is zero, i.e. qene = 0. But gene = q + qina 
where gina is the charge induced on the inner surface. So gina = — q. 

Note: Coulomb’s law and Gauss’s theorem are complementary to 
each other; one cannot be true if the other does not hold; Coulomb's 
law being the more fundamental of the two. Electrostatic shielding, a 
consequence of Gauss’s theorem, has, therefore, been used to test the 
accuracy of the exact inverse square’ dependence on distance in 
Coulomb’s law (1/r). If experiments (whose accuracy and sensitivity 
are finite) show that the field inside a conductor is zero, then the 1/72 


dependence in Coulomb’s law can be ascertained to the accuracy of. 


the experiment. The most delicate experiments have shown that, for r 
in the range of a few centimetres right down to atomic distances of r 
of up to 1 A (=107!° m) the departure from. 1/72 dependence is less 
than | in 10°. Thus Coulomb’s law has been extremely well tested. But 
for distances of the order of 10-'4 cm (nuclear dimensions) there are 
significant departures which are due to quantum mechanical effects, 


—_—=" 
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2.8 CAPACITORS AND CAPACITANCE 


We have seen how we can compute the electric field due to an 
arrangement of charges in space. We have also discussed the work 
per unit charge to move a test charge from one place to another, 
i.e. the potential difference between two points in the given field. We 
will now be interested in the charge distribution itself and in the work 
necessary to establish it. In particular, we are concerned with arrange- 
ments of one or more conducting bodies on which charges can be. 
placed. Such equipotential surfaces are of great practical importance 
and have the virtue that the relationship between the amount of 
charge on each body and its potential is remarkably simple. The 
arrangement of most practical importance is that involving two con- 
ducting bodies separated by a certain distance. Such as arrangement 
is a new circuit element called the capacitor (or condenser). 


General Concept of a Capacitor 


Any isolated system of two conducting bodies, of any shape and size, 
separated by a distance in space, is called a capacitor. 


\ Fig. 2.27 General concept of a capacitor 


Suppose we have two conductors A and B and we put a charge 

+0 on A and —Q on B. These charges will distribute themselves, on 
the surfaces of A and B so that each surface is an equipotential 
surface. Let ġa and $g be their respective constant potentials. The 
charges will produce a definite electric field E in the space around the 
conductors. The potential difference V between them can be calculated 
as the line integral of E from any point on the surface of A to any 
point on the surface of B along any path in space (one such path is 
shown in the figure). 
Thus 


'B 
E DPS fia 


It follows from Eq. (2.46) that E is proportional to Q, i.e. if Q is 
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doubled, E is also doubled. This implies that V is proportional to 
Q, or 

Qav 
or Q=CV A (2.49) 


where C is a constant of proportionality and its value depends upon 
the size, shape, the separation of the conductors and the nature of the 
dielectric medium between them which, for the moment, we take to 
be a vacuum. This constant is called capacitance and is defined as the 
amount of charge in C necessary to increase the potential of a conductor 
by 1V. 

The SI unit of capacitance is called farad (symbol F) in honour of 
Michael Faraday who, among other significant contributions, develop- 
ed the concept of capacitance. If follows from Eq. (2.49) that 


1 farad = 1 coulomb per volt 
or IF = 1 CV! 


The farad is an enormously large unit because the coulomb is a very 
big unit of charge; the volt being a reasonable unit for potential. A 
more practical unit of C is the microfarad (uF) or the picofarad (pF): 
1 pF = 10-°F 
| pF = 10°? F 
Notice that, by definition, V is the potential of the positive conductor 
minus that of the negative one. Likewise, Q is the charge of the 
positive conductor so that the capacitance is an intrinsically positive 
quantity. By the way, a single conductor may also have a capacitance. 
In this case the ‘second conductor’ is at infinity, i.e. V is the potential 
of the conductor when it carries a charge Q, using infinity as the 
reference point where the potential is zero. In practice, however, the 
earth is taken to be at zero potential. 


Calculating Capacitance 


We will now describe a few examples of capacitors in which the two 
conductors have simple geometrical shapes and find the capacitance 
in each case. 


(a) Parallel-plate Capacitor The simplest example is the parallel-plate 
capacitor which consists of two parallel conducting plates, each of 
area A and Separated by a distance d (Fig. 2.28). 

We give a charge of +Q to the upper plate and —Q to the lower 
plate. (This can be done by connecting the upper plate to the positive 


Electrostatic Potential and Capacitance 99 


Area A 


Charge +Q 


(b) 


Fig. 2.28 (a) A parallel-plate capacitor (b) Cross- 
section showing lines of force 


terminal of a battery and the lower plate to the negative terminal.) 
The charge will be distributed uniformly on the surface of each plate 
and a uniform surface charge density + ois established on the upper 
plate and —¢ on the lower plate. If the separation d is small compared 


_ Q 
o = yi (2.50) 
with the plate dimensions, the electric field E between the plates will be 
essentially uniform with some deviations from uniformity at the edges 
of the plates. Thus the lines of force will be parallel and evenly spaced 
as shown, with some distortion at the edges, For d < A, the edge-effects 
may be ignored. f 
From Gauss’s theorem it follows that E = 0 in the region outside 
the plates and the magnitude of the field in the region between the 
plates is (see Example 2.13 on page 90), 


p= = (2.51) 


Now the work Wo required to carry a test charge go from one plate 
to the other is equal to the product of the force goE and the distance 
d, i.e. 


Wo = qoEd 
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Therefore, the potential difference V between the plates is 
Wo 


V=— = Ed 
qo 
which from Eq. (2.51) yields 
y=% 
; €0 


- Substituting for a from Eq. (2.50) in this equation gives 


= Qd 
A Ae 
which with the use of definition (2.49) gives 
A 
C= 2 (2.52) 


Notice that the capacitance is determined purely by the geometry of 
the capacitor, 


Note: Equation (2.52) suggests a method for measuring €o, the 
permittivity of free space. A capacitor of accurately known plate area 
A and plate spacing d is made and its capacity C is determined by 
measuring charge Q and potential difference V(C = Q/V). Knowing 
C, A and d, the value of «o is calculated from relation (2.52). Inciden- 


tally this relation gives another the SI unit of eo which is farad/metre 
(Fm=!). 


EXAMPLE 2.15 The parallel plates of an air-filled capacitor are 5.0 mm 
apart, What must be the plate area if the capacitance is to be 1 F? 
Solution: C=1F,d=5.0 mm = 5.0x103m 

eo = 8.85 X 10-12 Fm™ (for air) 


Plate area A = te 
€0 


ides oO x: LOS? 
2598585 < 10-12 


= 5.6 108 m? 
If we have a square plate, the side of the square is 
V5.6 108 = 2.4% 104m = 24 km 


Thus a farad is indeed a large unit. 


as 
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(b) Spherical Capacitor It consists of two concentric spherical con- 
ducting shells of inner and outer 

Total charge radii ra and rp with equal and 

+Q opposite charges +Q spread over 

them. Because of electrostatic 

E=0 shielding the field within the inner 

sphere is zero. i.e. E=0 forr < 

ra. Also the field outside the outer 


sphere is zero, i.e. E = 0 for r > 
Ge rp. A radial field exists only 
between the two spheres. 


Now we know that the poten- 
tial of a conducting sphere of 


Total ~ g : 3 
chore’ -Q radius r carrying a charge Q is 
Fig. 2.29 A spherical capacitor $= 1 2 
4neo r 


Hence the potential difference between the two spheres is 


kA Z(t £ +) 
Maire Anneo) ra Tr 


The capacitance of the spherical capacitor is given by 


Falo 


aro (2.53) 


C = 2 pro 


(c) An Isolated Conducting Sphere Suppose a conducting sphere of 
radius r is given a charge Q. Then the potential on the surface of the 


sphere is 


pr Om 
4reor 
2 = 4regr 
or C = 4reor (2.54) 


For a calculation of the ‘capacitance ofa cylindrical capacitor’, refer 
to Supplement S3 at the end of this chapter. 


EXAmPLe 2.16 Find the capacitance of a conducting sphere of radius 
10 cm situated in air. 


Solution: r= 10 cm = 0.10 m 
€o = 8.85 X 10712 Fm7! 
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C= 4zreqr 
= 4% 3.14 x 8.85 x 1071x 0.10 
11x 10-12 F = 11 pF 


Il 


EXAmpLe 2.17 Two concentric spheres of radii 9 cm and 10 cm have 
air between them. Find the capacitance of the spherical capacitor. 


Solution: ra = 9 cm = 0.09 m 
ro = 10 cm = 0.10 m 


_ Areorar'n 
E TEATA, 


Substituting the values of ra, ra and €o, we get 
C= 10" F= 100 pF 
Note that the inclusion of a second sphere increases the capacitance. 


For an isolated sphere of radius 10 cm, the capacitance was only 
11 pF (Ex. 2.16). $ 


Combinations of Capacitors 

In many circuits, especially in radio and television sets, capacitors 
often appear in combinations whose resultant capacitance must be 
known. The two most common combinations involve connections of 
capacitors in series and in parallel, 


(a) Capacitors in Series Figure 2.30 shows three capacitors of capaci- 
tances Ci, C2 and C3 connected in series. The right-hand plate of one 

is connected to the left-hand plate of the other and so on. 
Ci Cp C3 When a voltage V is applied 
across the free ends A and G of 


+Q a+, -Q +Q,,-Q 
x F FA F the combination (this can be done 


by connecting a cell across these 


~ Va V3 two ends), a charge, say Q, is 
transferred from plate G to plate 

A; a charge — Q being left on G 

ah v a (because it was neutral earlier). 


This charge — Q induces a charge 

Fig, 2.30 Capacitors in series + Q on plate F. Similarly charges 

appear on all the other capacitor 

plates, as shown in the figure. The potential differences across the 
individual capacitors are, therefore, given by 


ue a2 2 2 
hae Ve ee (2.55) 
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The sum of these must be equal to the applied potential differ- 
ence V because the work done in taking a test charge from G to A is 
the sum of the work done in taking it from G to F, from E to D and 
from B to A. Therefore, 

V=NY+d2 7 V3 


=0 (z hiem &) (2.56) 


The resultant capacitance of re combination is the ratio of the 
charge stored to the applied potential difference V. The charge stored 
is Q , because if the source (i.e. the cell) is removed and the plates G 
and A are connected by a wire, a charge Q will pass through the wire 
and the whole system will be discharged.. The resultant capacitance 
C is, therefore, given by 


Kee Se do kg 
c= V or C7 0 
which, with use of Eq. f pF ecomes 
brg hegitik Bes 
ma ra tg 574 at: Hr (2.57) 


Thus the reciprocal of the de ee a of capacitors in series 
is equal to the sum of the reciprocals of the individual capacitances. The 
resultant capacitance C is less than the smallest among C1, C2, C3,.... 
In general, the resultant capacitance of N capacitors in series is 
1 Ni A j 


C nat Cn 
(b) Capacitors in Parallel Figure 2.31 shows three capacitors of 
capacitances Ci, C2, and C3 connected in parallel. All their left-hand 
(ef plates are connected together, as 
+Q))) -Q, also are all their right-hand plates. 
Xi If a cell of voltage V is connect- 
ed across them as shown, they all 
will have a common potential 
difference V but different charges 


C2 


+0Q51)-Q, 


given by 
Cx Qi = CV Q2 = CV 
X Q3 = GV 
+Q3 -Q3 The total charge stored in the 
system is 
BUG tha Bl teria cae i Tae Q = Qı + Q2 +Q: 


(+) ie 
Fig. 2.31 Capacitors in parallel = V(Ci + C2 + Cs) 
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The resultant capacitance of the combination is 


C= 2aa+Qate... (2.58) 
N 
or GSS C; 


Thus the resultant capacitance of capacitors in parallel is equal to the 
sum of the individual capacitances. The resultant capacitance is greater 
than the greatest among Ci, C2, C3, ... 


EXAMPLE 2.18 Three capacitors of capacitances Ci = 24 F, C2 = 2p F 
and C3 = |p F are connected to a 100 V supply as shown in Fig. 2.32. 
Q2 Find (a) the equivalent capaci- 
tance of the combination and 
6 (b) the charges on each capacitor. 
2 Solution: (a) The capacitance of 
ĉi % the parallel combination of C2 

and C3 is 

C3 C = C2 + G= 2pF++lpF 
= 3u F 

I0OV This parallel combination is con- 
Fig. 2.32 nected in series to Ci. Hence the 
equivalent capacitance C of the 


Qi 


entire combination is given by 


or 


= 1.24 F = 1.2x10-°F 


(b) Let Qı, Q2 and Q; be the charges on C1, C2 and C3 respectively, 
The total charge Q stored in the combination is 


Q = Qi = Q2+ Qs = CV = 1.2 1076x 100 


= 1.2x 104C 
Therefore, potential difference across C1 is 
— Qi _ 1.2 10-4 
Vi = EET E = 60 V 


So, the potential difference across C2 equal to that across C3is 
V2 =V; = V — yı = 100 — 60 = 40 V 
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Hence Q2 = €2V2 = 2X 10-°X 40 = 8x 10-5. C 
and ` Q3 = GV3 = 1X 1076x 40 = 4x 10-5 C 
EXAMPLE 2.19 (a) Find the equivalent capacitance of the network 
shown in Fig. 2.33. (b) For a 300 V supply, determine the voltage 
across each capacitor. 
Ci =100 pF Solution; (a) The series combina- 
tion of C2 and C3 is equivalent to 


Co 200RF Cy = 2009 a capacitance C’ given by 


300v C203 
o = 


C4=100pF _ 200x200 
Fig. 2.33 200 + 200 
= 100 pF 
Therefore the circuit reducesto the one shown in Fig. 2.34(a). The 
equivalent capacitance between points A and B is f 


Cc’ = Ci + C' = 100 + 100 = 200 pF 


Cı 
| c” 
c i 
a 
B A po 300V 
300V oe 
D Ca 
Ce tb) 
(a) 
Fig. 2.34 


The circuit may be further simplified to that in Fig. 2.34(b). The 
equivalent capacitance C of the entire network, i.e. between points A 
and D, is now that of the series combination of C’’ and Cs. Thus 


per al peel gare. Dre 
C7 ot a 207 100~ 200 


or c= pF 
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(b) In the series combinations, the voltage divides itself among the 
capacitors in the inverse proportion of their capacitances (see 
Fig. 2.55). Hence the voltages across C” and Cs in Fig. 2.34(b) are 
in the ratio 

Aa sales lg = ov” 
Samp E apie umes. 2 okt 
But V” + Va = 300 V. Therefore Vs = 200 V and V” = 100 V. 

Ina parallel combination, the voltage across each capacitor is the 
same. Referring to Fig. 2.34(a) the voltage across C’ and Ci = voltage 
across C". Hence. 

Vı = 100 V 
and V’ = 100 V; this is the voltage across points A and B [Fig. 2.34(a)]. 
Now C' is the combined capacitance of the series combination of C2 
and C3. Hence 


Va _ G3 = 200 Ly 

V3 3Ca e200) 
But V2 + V3 = V' = 100 V 
Hence V2 = 50V and V3 = 50 V 


Thus Vi = 100V, V2 =50V, V3 = 50 V and V4 = 200 V. 


EXAMPLE 2.20 Figure 2.35 shows a network of capacitors where the 
numbers indicate capacitances in microfarads. Find the value of capa- 
citance C if the equivalent capacitance between points A and B is to 
be 1 pF. 


Fig. 2.35 


Solution, The series combination of 6 and 12 is equivalent to 4 and 
the parallel combination of 2 and 2 is also equivalent to 4. Therefore 
the network can be simplified as shown in Fig. 2.36. 


| 
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c 


Prie iri 


B 


The parallel combination of 4 and 4 is equivalent to 8 and the 
series combination of 8 and 4 is equivalent to 8/3. Thus the combina- 
tion in Fig. 2.36 reduces to that in Fig. 2.37, 


i 


£ 8 C 32/9 
Mea HE: 
Fig. 2.38 Fig. 2.39 


The series combination of 1 and 8 in Fig. 2.37 yields 8/9 as shown 
in Fig. 2.38. Now 8/3 and 8/9 are in parallel and their equivalent is 
32/9. Therefore, the network finally reduces to that in Fig. 2.39, 
Since the total capacitance between A and B is to be 1 (i.e. lF), we 
have 


which gives C= S HF = 1.39 pF 


Energy Storage in a Capacitor 
A charged capacitor is a store of electrical energy. We can visualize 
the ‘charging’ of a capacitor by imagining that an external agent pulls 


electrons from the ‘positive’ plate and transfers them to the ‘negative’ 
plate (or equivalently, the external agent transfers positive charge 
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from the negative to the positive plate). When a charge Q is trans- 
ferred, the potential difference between the plates is V = Q/C. Nor- 
mally the work of transferring charge is done by means of a battery 
at the expense of its stored chemical energy. 

Now suppose an additional charge dQ is transferred from the 
negative to the positive plate, the work which the external agent has 
to do is 

dW = Vdd 


Therefore the total work done in transferring a charge Q is 
Ww 7 dW a 
Ts I. = f Vdo 
But V = Q/C. Therefore, 
Ste: Degree odo wee 
Ea Gen ak O40 = 56 


This work is stored as potential energy U which is given by 


ee 
ANA oe 
Since Q = CV, the expressions for energy U are 
Ss ape oy 2.5 
IG fie 2 259) 


If C is measured in farads, Q in coulombs and V in volts, then these 
formulae will give U in joules, 

If many capacitors are combined (in series or in parallel) the total 
energy stored in either combination is equal to the sum of the ener- 
gies stored in individual capacitors. This follows from expressions 
(2.57) and (2.58) along with Eq. (2.59) as we show below: 

(a) Series combination. Q = constant 


= oS inh SRE 
Total energy U Natatat::: = "50 


=U+U2+U3+... 
(b) Parallel combination: V = constant 


Total energy U=ZVACL + GH...) =lon 


=U+U2+U3+... 


Where is this energy stored? We have seen above that the work done 
in transferring charge from one plate to another (so as to have equal 
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and opposite charges on the plates) against their mutual force of 
attraction is stored in the capacitor as potential energy. There is 
another equivalent (but much more physical) way of looking at the 
stored energy—one which emphasizes the fact that electric field is crea- 
ted in the region between the plates of a charged capacitor and that 
the energy is stored in the electric field. In other words, the presence 
of the field implies stored energy. 

It remains only to establish a quantitative relationship between 
stored energy U and electric field strength E. Let us consider the 
example of a parallel plate capacitor. If Q is the total charge and A the 
plate area, the surface charge density is 


Q 


S ia or Q =A 


We know that the magnitude of the electric field (which, neglecting 
the edge effects, is uniform in the space between the plates)is given by 


E=— (2.60) 


So, the energy U can be written in terms of E as follows: 


Banca CAN k _ «0A 
U aAa Se cag 
1 Ad 1 
= — a EES, i 2. 
yA Feo Ad 


Now Ad = volume V of the capacitor (between the two plates). 
Therefore the energy density (u) defined as total energy per unit 
volume is given by 

u= S= to (2.61) 
Although this relation has been derived for the special case of a para- 
llel plate capacitor, it is true in general. Thus we can quite generally 


state that if an electric field E exists at any point in space then that 
point can be regarded as a site of stored energy whose amount per unit 


volume is 7 «oE?. Similarly, energy is also associated with a magnetic 


field. 


EXAMPLE 2.21 A capacitor of capacitance Ci is charged by a poten- 
tial difference Vo. The charging battery is then removed and the capa- 
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citor is connected to an uncharged capacitor of capacitance C2 as 
shown in Fig. 2.40. (a) What is 


a +Q) 1-0, the common potential difference 
40,'!-a, across the combination? (b) What 
Ci is the stored energy of the system 
: before and after the capacitors 
Ce are connected? (c) Is there any 
Vi 
(tH (=) + -%2 


loss in energy after connection? 
If so, what happens to the energy 
Fig. 2.40 lost? 


Solution: (a) The original charge Qo is now shared by the two capa- 
citors. Thus 


Qo = Qi + Q2 
Using the relation Q = CV we have 
CiVo = CV + CV 


or V= ha (i) 


(b) Since the second capacitor is uncharged, it has no energy. 
Therefore, the total energy of the system before connection is 


Uo = energy of capacitor Ci 
=4 an (ii) 
The total energy after connection is 


I 


U=5 GV? + Toy 
Using (i) we have 
=t0a+ a(t) (ii) 
(c) From (ii) and (iii) we find that 
se ee Cit 
Uo Ci + C2 


which is less than unity. Hence there is a loss of energy after con- 
nection. 


Energy loss = Uo — U 
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The ‘missing’ energy appears as heat in the connecting wires as the 
charges move through them when the capacitors are connected. 


EXAMPLE 2.22 A 2F capacitor charged to a potential difference of 
100 V and a 5uF capacitor charged to a potential difference of 50V 
are connected together as shown in Fig. 2.41. Find the loss in energy 
due to connection. 


C= 2 pF 


ean Kg 


aiy =100v-4 


aP VEF 
ma Lae 
oak ssov— ce 
Fig. 2.41 


Solution: Charge Qı on Ci = Civ; = 2% 1076x 100 
= 2x104C 
Charge Q2 on C2 = C2V2 = 5 1076x 50 = 2.5x 1074C 
Total charge before connection O = Q; + Q2 
= 4,5x104C 


Total energy before connection = 4 GV? + + cv? 


sa 2 10-6 (1007 


+4 x5 x 10-6 (50)? 


= 1.625x 102 J 


When the capacitors are joined in parallel with plates of like charges 
connected together, some charge will flow from C2 to Ci (since 
Q2 > Qı) until the potential difference across each capacitor becomes 
equal to a common value V. Now, since the charge is conserved, the 
total charge on Cı and C2 after connection = total charge before 


c ion = 
onnection = Q. s 
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The common potential difference V after connection is given by 


CV+OVvV= OQ 
ig eT O 


Total energy after connection = 4 (Ci + C) 
; aN o 
2 (Ci + G) 
Ay, (45x10-7 
27 (2 + 5)x10-¢ 
= 1.446% 10-25 
Loss of energy = 1.625 10-2 — 1.446 x 10-2 
= 0.179 x 10-2? = 1.8% 10-3 J 


x 


EXAMPLE 2.23 Show that the force on each plate of a parallel-plate 
capacitor has a magnitude equal to 1/2 QE where Q is the charge on 
the capacitor and E is the magnitude of the electric field between the 
plates. 
Solution: To find the force between the charged capacitor plates we 
will use a method called the ‘method of virtual displacement’, We 
simply equate the work 4W required to make a small change 4d in 
the plate separation d to the resulting change 4U in the stored 
energy, i.e. 
AW = 4U (i) 

If F is the magnitude of the force between the plates, then the work 
AW done to increase the plate separation is given by 

AW = Fad (ii) 
Now we know that the energy U ofa parallel-plate capacitor of plate 
area A and capacitance C is 


Gani a 
2C 2eA 
where Q is the charge on the Capacitor plates. The increase 4 U in U 
due to an increase 4d in d is, therefore, given by 
_ Odd ay 
4U = EVN (iii) 
Equating (ji) and (iii) we get 


Fas 


260A (iv) 
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- 


Now we know that the electric field E between the plates is given by 
[see Eq. (2.60)] : 


Sori 0 
iT €o oA v) 
Using (v) in (iv) we get 
1 
E E 


2.9 DIELECTRICS AND POLARIZATION OF MATTER 


In 1837 Michael Faraday discovered a remarkable effect. He showed 
that when an insulating material (such as glass or mica) was intro- 
duced in the space between the plates of a capacitor, its capacitance 
increased significantly. The capacitor could now hold more charge at 
agiven potential difference than in the case when the space was a 
vacuum. The factor by which the capacitance is multiplied is called 
the relative permittivity €r (sometimes also called dielectric constant): 


capacitance of given capacitor with space between plates 
Al filled with dielectric —— — 
r ~ capacitance of the same capacitor with plates in vacuum 


If we take the case of a parallel plate capacitor, then 


ee Ald _ © (2.62) 
«Ald £0 

where e is the permittivity of the dielectric and «€o that of vacuum. 
Thus the relative permittivity is the ratio of the permittivity of the sub- 
stance to that of vacuum. Note that ¢r is a pure number and has no 
dimensions, unlike € and €o. Also € is independent of the shape and 
size of the capacitor and its value varies widely for different sub- 
stances (see Table 2.1). 


Table 2.1 Relative permittivities (or dielectric constants) of some dielectrics 


Substance E, Substance é, 
LECE ee A aaa e eee  mRITES 

Vacuum 1.00000 Mica 6 

Air 1.00054 Ebonite 2.8 

Water 81 Porcelain 6.5 

Paper 3.5 Bakelite 48 

Glass 5-10 Ice 94 


Amber 27 Paraffin wax 2 
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Note that, for air, the relative permittivity is so close to that of 
vacuum that we may neglect its effect for most purposes. 


Polarization of Matter 


We wish to understand how a dielectric increases the capacitance of a 
capacitor, i.e. what happens when a dielectric is placed in an electric 
field. . 

As mentioned in Sec. 2.7, there are two kinds of dielectrics—non- 
polar and polar, In their normal 
state non-polar atoms have no 
dipole moment. When such an 
atom is placed in a moderate elect- 

E=0 ric field, the positive nucleus is 
Centre of pulled in one direction and the 
negative ‘ f : 
charge negative electrons in the Opposite 

direction (Fig. 2.42). The atom is 

(b) then said to be polarized (distorted). 
Thus two centres of charge are 

; created and the atom acquires a 

E dipole moment proportional to the 

Fig. 2.42 Polarization of an atom in applied field Eo (if the field is not 

an electric field By: (a) a too strong). This induced dipole 


normal atom and (b) a OMERI f ingl t j 
polarized atom y Pp. ot a) single atom may 
be written as 


(a) 


p = €0%Eo (2.63) 


The proportionality constant « is called the atomic polarizability and 
its dimensions are 


dimensions of p 
(dimensions of €o) x (dimensions of Eo) 


Cm 
(C2N-!m7) x (NC) 


= mi, the dimensions of volume 


For most atoms, « is of the order of 10-2? to. 10-39 m3, which is of 
the same order as atomic volumes. In such atoms, an external electric 
field of about of 10° Vm™ will induce a dipole moment of order 
104 Cm, 

On the other hand, polar molecules, such as HCl, NH3, CO2 
H20, etc. are permanently polarized even in the absence of an exter- 
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nal field; they have permanent dipole moments of their own, typically 


lo] in the range of about 10-3° Cm. 
em For example, the water molecule 

APRON pat consists of two hydrogen atoms 

37 (105 Tay and one oxygen atom making an 

“ } ` le of about 105° as shown i 
ius > S angle of abou as shown in 
H H Fig. 2.43. The permanent dipole 
Fig. 2.43 A water molecule moment of a water molecule is 


about ten thousand times more 
than the induced moments in non-polar molecules. When a polar mole- 
cule is placed in an electric field, the creation of an additional dipole 
moment is not as important as the aligning of the existing moment 
along the direction of the field. We will not deal with polar molecules 
any further. 


Electric Polarization: Consider a rectangular slab of a (non-polar) 
dielectric. Let us imagine that all the atoms have been uniformly pola- 
rized, in a direction parallel to one of the edges of the slab by the 
application of a uniform external electric field Eo, as shown in 
Fig. 2.44. 


Volume element 
in the interior 


Fig. 2.44 A uniformly polarized dielectric 
slab. Effective field E = E; — E’ 


Let us suppose that, within each atom, the positive and negative 
charges are separated by a vector displacement x. If q is the magni- 
tude of positive or negative charge, the dipole moment of each atom is 

P= 9x 
If N is the number density of atoms (i.e. the number of atoms per 
unit volume) the total microscopic dipole moment density is given by 


P = Np = Nox (2.64) 
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Since the unit of N is m~, the unit of P will be C m~?, Quantity P is 
called electric polarization or simply polarization; it is a vector whose 
direction is the same as that of individual dipole moment p, i.e. from 
the negative to the positive charge, as in a dipole. Remember P is a 
cumulative effect of induced dipole moments due to the external 
field Eo. 

The overall effect of alignment of dipoles in the direction of Eo is 
to separate the centre of the positive charge of the entire slab slightly 
from the centre of the negative charge. The slab, as a whole, although 
remaining electrically neutral, is polarized uniformly, as Fig. 2.44 
suggests. The net effect is pile-up of positive charge on the right face 
of the slab and of negative charge on the left face; but no net excess 
charge appears within any volume element (shown dotted) of the slab 
owing to the cancellation of positive and equal negative charges. Since 
the slab as a whole remains electrically neutral, the positive induced 
surfaces charge must be equal in magnitude to the negative induced 
surface charges on the two opposite sides of the slab, These two faces 
are perpendicular to electric polarization vector P (which is in the 
same direction as electric field vector Eo). The net result is that, for 
macroscopic purposes, a uniformly polarized rectangular dielectric slab 
with uniform electric polarization P behaves like (and can be replaced 
by) two surface layers of surface charge densities, say +9, —¢ at the 
two surfaces perpendicular to P, and zero volume charge density in the 
interior (see Fig. 2.45). 


Fig. 2.45 A polarized dielectric slab may be replaced 
by induced surface charges 


How is the surface charge density ¢ related to the magnitude P of 
electric polarization vector P? Consider a volume element of thickness 
x and cross-sectional area a, then the number of atomic dipoles in 
this volume element is Nax where N is the number per unit volume. 
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The induced charge in this volume is Q = q Nax whereg is charge on 
each dipole. Now, by definition, 


or o = P [see Eq. (2.64)] 


Thus the electric polarization may be defined as the induced surface 
charge per unit area. 

Notice from Fig. 2.45 that the induced surface charges will always 
appear in such a way that the electric field (E’) set up by them opposes 
the external field Eo, thus tending to weaken the original field within 
the dielectric. We will show below that it is this weakening of the 
field which is responsible for Faraday’s discovery of increase in capa- 
citance when a diélectric is introduced between the plates of a 
capacitor. 

Electric Susceptibility We have seen that the effective electric field in 
a polarized dielectric is 
E= Eb E (2.65) 
If E is not too large, the electric polarization P is proportional to E, 
Le. 
PE 
or P = XE (2.66) 


where X is a proportionality constant and a multiplicative factor «o is 
used to keep X dimensionless, Like P, X also describes the electrical 
behaviour ofa dielectric and is called the electric susceptibility. The 
value of X (which is just a number) can vary widely for different 
dielectrics. 


Capacitance of a Parallel-plate Capacitor with a Conducting Slab 


Let us first examine how the capacitance of a parallel-plate capacitor 
changes when a conducting slab is introduced between its plates. 
Consider a capacitor of plate area A and plate separation d. If the 
space between the plates is a vacuum, its capacitance is given by 


= od 
Co = d (2.67) 
What happens if a conducting slab of area A (equal to the plate area) 
and thickness ¢ < d is introduced between the plates? j 
Suppose the charges on the capacitor plates are +0. When the 
conducting slab is introduced, as shown in Fig. 2.46, the free charges 
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Conducting slab 


re Zz 
do op fe a eC a 
= uct ga 8 

Ji he 


Fig. 2.46 /ntroducing conducting slab 
in parallel-plate capacitor 


in the conducting slab flow so as to reduce the field to zero in the 
interior of the slab. Thus charges +Q will appear on the two faces 
of the slab opposite the capacitor plates carrying charges +Q respec- 
tively. The original uniform field Zo = Q/Aeo will now exist over a 
distance (d — 1) instead of d. Consequently, the potential difference 
vee the capacitor plates reduces from the original (vacuum) 
value 


Dei Od 
Vo = Eod = Wes 


to a new value 


V = Ed — t) k (d— 1) 


Hence the capacitance of the capacitor becomes 


(2.68) 


Comparing this value with the vacuum value Co given by Eq. (2.67), 
we find that 


ee Co 
1 — (t/d) 


Thus C > Co. The introduction of a conducting slab increases the 
capacitance. The reason for this increase is obvious. In a part (=d—t) 
of the space between the plates, the field is reduced (to zero in the 
case of a conductor) which reduces the potential difference V. Since 
the total charge Q remains the same, it follows from Q = CV that a 
decrease in V would result in an increase in capacitance C. 


C (2.69) 
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Capacitance of a Parallel-plate Capacitor with a Dielectric Slab 


We will now examine how the capacitance of a parallel-plate capaci- 
tor changes when a dielectric slab is introduced between its plates. 
Consider a capacitor of plate area A and plate separation d. If the 
space between the plates is vacuum, its capacitance Co is given by 
Eq. (2.67). We insert a dielectric slab (instead of a conducting slab) 
of area A and thickness t < d between the plates (Fig. 2.47). 


Dielectric slob +Q 
iA 


(| 
| 


T ESE ae 
S aT a SS a aK 
Fig. 2.47 /ntroducing dielectric slab in 
parallel-plate capacitor 


Suppose initially the charges on the capacitor plates are +Q, which 
produce a uniform electric field Eo (neglecting edge effects) in the 
region between the plates. When a dielectric slab is introduced in this 
region, the field Eo polarizes the dielectric; the electric polarization 
vector P being in the same direction as Eo (see also Fig. 2.44). We 
have seen above that a polarized dielectric slab may be replaced by 
its induced surface charges for purposes of calculating the effect of the 
polarization on the field outside the slab (see Fig. 2.45). These induced 
charges produce a field E’ of their own which is in the opposite direc- 
tion to that of Eo. Hence, inside the dielectric of thickness t, the effec- 
tive field is 


E =E- F’ 
Now the induced field B’ is proportional to polarization vector P, or 
E’ œ Por E’ = P/eo Thus 
= Eo —-— (2.70) 
But outside the dielectric the field remains equal to Eo. Hence the 
potential difference V between the plates is given by 
V = Et + Bod — t) (2.71) 
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In terms of electric susceptibility X defined by Eq. (2.66), Eq. (2.70) 
becomes 


E = Ey) — XE 
or (i + X) E = Eo 
or (bx) = ee e,i (by definition)’ (*) (2.72) 


where e is the relative permittivity (or dielectric constant) of the 
dielectric slab. In terms of e, Eq. (2.71) may be written. as (since 
Eo = Q/e0A). 
v= la PATEE | (2.73) 
«0A Er 
Notice that V < Vo where Vo = Eod = Qd/eoA. This decrease in V 
results in an increase in capacitance C which is given by 


or E TN (2.74) 


where Co = «oA/d is the vacuum value. If the dielectric fills the entire 
space between the plates, i.e. if £ = d, then we have [setting t = d in 
Eq (2.74)], 

si C= €C (2.75) 


Thus, if the space between the plates of a parallel-plate capacitor is 
completely filled with a dielectric of dielectric constant €, its capaci- 
tance is increased by a factor e; compared to the vacuum value. 
Incidentally this is how er is actually defined and measured. 

Note: Although the effects with conducting and dielectric slabs 
are qualitatively similar (they both increase the capacitance) their 
causes are very different: it is the large-scale movement of free charges 
in the former (conductor) and the small-scale alignment of dipoles 
(i.e. polarization) in the latter (dielectric). 


Electric Displacement 


While dealing with problems on the behaviour of dielectrics in an 
electric field, especially the propagation of electromagnetic waves in 
dielectrics, a particular linear combination 


D =E +P (2.76) 


i 


ry a 
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D =E 1 (2.77) 


where e is the electric Permittivity of the dielectric, Since P = €oXE, 
Eq. (2.76) becomes 


EE = oE + €oXE 


giving = =1+x 


which is Eq. (2.72). 


the latter is much smaller, 
Solution: 


Radius of outer sphere (re) = 13 cm = 13x 10-2 m 
Radius of inner sphere (ra) = 12 em = 12 10-2 m 
Charge on inner sphere (Q) = +2.5 x 10-6 C 
Dielectric constant (e) = 32 


The charge +-@ induces a charge —Q on the outer sphere, The poten- 
tial Va of the inner sphere = potential due to +O on inner sphere 
-+ potential due to —Q on outer sphere 


salt RNAS Oe : 
or Va = aren TAN (i) 


where e = permittivity of dielectric = 32, 
Since the outer sphere is earthed, its potential Vp = 0, Therefore. 


Potential difference V=- 
EAUS NNS 2) ji 
O 4tee\rs Te Gi) 


. . 47 e€0rary sn 
Capacitance C = Q — Fre 
apacitance C y TIEA (iii) 
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(a) Substituting the values of ra, rẹ and eo in (iii) and solving we get 


C= 5.5x 10? F 
lik male Me +) 
®©) Kar 4nerco) ra To 
Substituting the values of all the quantities and solving, we get 
f Va = 4.5 x10? V 
(c) The potential of an isolated sphere of radius ra is 
Ses?) i 
aie 4rreora (iv) 
Co = A = 4rreora (v) 


Comparing (iv) with (ii) we notice that Vo > V. The reason is that 
the outer sphere has been effectively removed to infinity (rp > 00); 
hence the potential due to induced charge is absent. Since Vo > V, 
Co < C, Substituting for €o and ra in (v) gives 


Co = 1.3X 10711 F 


EXAMPLE 2.25 A parallel-plate capacitor is to. be designed with a 
voltage rating 1 kV, using a material of dielectric constant 3 and 
dielectric strength 107 Vm". If the field is not to exceed 10% of the 
dielectric strength, what minimum area of the plate is required to have 
a capacitance of 50 pF? 


Solution: The dielectric strength of a material is the maximum 
electric field it can tolerate without breakdown. Electric fields higher 
than this maximum limit will produce partial ionization of the mate- 
rial, and as a result the material begins to conduct charge. Thus 


Emax = 10% of 107 Vm! = 106 Vm= 
Now 


But Q=cV 
E 


Thus Amin = 


€€0Emax G) 
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It is given that C = 50 pF = 50x10"? F, V=1kV = 10V, 
e = 3. 


_ (50x 10717) x 103 
3X (8.85 x 10-12) x 106 
= 1.9% 10-3m? = 19 cm? 


Amin = 


2.10 ATMOSPHERIC ELECTRICITY 


The earth’s atmosphere extends to about 300 km above its surface. 
Depending on the gross physical features, the earth’s atmosphere is 
divided into the following four layers: 


(a) Troposphere: The layer of the atmosphere between the surface of 
the earth and an altitude of about 12 km is called the troposphere. 
The density of air in this layer falls from Po(~1.29 kg m~?) at ground 
level to about Po/10 at the end of troposphere. The temperature falls 
from about 15°C (at ground level) to about —50°C (at 12 km 
altitude). 


(b) Stratosphere: The layer of the atmosphere between altitudes 12 
and 50 km is called the stratosphere. In this layer, the density decreases 
from po/10 to Po/103 and the temperature rises from about —50°C to 
about 10°C, 


(c) Mesosphere: The layer of the atmosphere between altitudes 50 
and 80 km is called the mesosphere. In this layer, the density decreases 
from po/103 to Po/105 and the temperature falls from 10°C to about 
—90°C. 
(d) Ionosphere: The ionosphere extends from 80 kim to ‘about 
300 km above the surface of the earth. The density of air in this layer 
falls from po/105 to Po/10! and the temperature rises from —90°C to 
about +400°C. 

The densities and temperatures given above are approximate average 
values; there are obviously no sharp boundaries between the different 
layers. 


Electrical Conductivity of the Atmosphere 


The atmosphere near the surface of the earth is a very poor conductor 
of electricity. The electrical conductivity of the atmosphere increases 
quite dramatically with altitude. The troposphere is a poor conductor 
whereas the ionosphere is a very good conductor of electricity. The 
conductivity of the atmosphere is mainly due to the ionization of its 
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molecules. The fact that ions are present in air has been known for a 
long time because it was observed that the leaves of a charged electro- 
scope gradually collapse when left in air. 

What causes the ionization of air? For a long time, physicists 
believed that the ionization of air was caused by radioactive materials 
present inside the earth’s crust. In 1910, Gockel and Hess, indepen- 
dently carried out measurements of ionization at different altitudes 
by carrying instruments (such as electroscopes) in balloons and found 
that ionization increases with altitude. At an altitude of about 8 km, 
the ionization was found to be about 10 times as great as at sea level. 
These observations cannot be explained on the assumption that the 
source of the ionization is inside the earth. The observed results can 
be explained if we assume that radiations of very high penetrating 
power enter our atmosphere from above, i.e. the source of the 
ionization lies outside the earth. These radiations were named cosmic 
rays. Cosmic rays are charged particles with very high energies of the 
order of 10'4 MeV. When these rays pass through the upper atmos- 
phere of the earth, they collide violently (due to their high energy) 
with the molecules of the atmosphere and ionize them, i.e. remove 
electrons from them. The maximum degree of ionization occurs in the 
topmost layer (the ionosphere) which is, therefore, the most conduct- 
ing layer. The layer nearest the earth (the troposphere) in the least 
conducting. 

Note: The origin of cosmic rays is not well understood yet. Earlier it 
was believed that these rays originated from the sun, but this idea was 
soon abandoned because the particles ejected from the sun cannot 
have energies as high as 10'* MeV. It is, therefore, believed that 
cosmic rays originate from other sources within our galaxy or even 
beyond it. Recent observations have shown that these rays are 
produced by the explosion of certain stars and even galaxies. 


Main Average Electrical Properties of Atmosphere 


We now list the main average electrical properties and phenomena 
associated with them in the 50 km thick blanket enveloping the earth. 
These properties were found through a series of experimental 


observations. 

1. At ground level, there exists an electric field with a strength of 
about 100 Vm“ directed vertically downward all over the earth. The 
strength of the field decreases gradually with altitude; at 10 km it is 
quite small, and at 50 km it is negligible. 

2. Between the conducting layer at the top of the stratosphere 
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(about 50 km above the earth) and the surface of the earth, there is a 
potential drop of about 4 x 105 V; most of the potential drop occurring 
at low altitudes where the electric field is stronger. 

3, Because the earth is a good conductor (and hence an equipoten- 
tial surface), the downward electric field at ground level produces a 
negative surface density of charge all over the earth. The charge den- 
sity is of the order of —10-9 C m~?, Thus the total negative charge on 
the whole of the earth’s surface is 


Q = 4nra ~ —106 C 


about a million coulombs. 

4. The downward electric field at ground level makes the positive 
ions move downward and the negative ions upward. The flow of 
charges gives rise to a current flowing into the earth. The current 
density (i.e. current per unit area) has an average value of 

= 310-12 Cs“! m~? (or A m7), Since the total surface area of the 
earth is 47r} = 47 x (6.4 109)? œ 6.8 10!4 m? this would mean. that 
about +1800 C of charge is being deposited on the earth in each 
second. 


Thunderstorms and Lightning Flashes 


We have mentioned that the total charge on the earth is about —10°C 
and that it receives about +1800C of charge every second. This means 
that the entire negative charge on the earth will be neutralized in 
about 15 minutes. But this does not happen; the reason is that’ the 
facts listed above describe the steady state of the earth and the atmos- 
phere. What effects are responsible for maintaining the potential 
difference of 4X 105 V between the stratosphere and the earth and 
the negative charge of 106 C on the earth? These are thunderstorms 
and lightning flashes which occur all over the earth, especially during 
the monsoon. How this happens is not very well understood yet. We 
list below a few salient features which are mainly the result of experi- 
mental observations. 

(a) On an average, about 4 x 104 thunderstorms occur per day in the 
whole world which means that a storm starts off somewhere every two 
seconds. Each storm lasts roughly for one hour. j 

(b) By a rather complex process, there occurs a separation between 
charged ions in a tħundercloud; the positive charge is carried upward 
to a height of about 6 km and the negative charge collects at about 2 
to 3 km above the ground (the bottom of the cloud). 
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(c) The total amount of the negative charge.is as high as about 
20 C which creates a potential difference of about 108 V between the 
bottom of the cloud and the earth (Fig. 2.48); the latter being at a 
higher potential. The separation between positive and negative charges 
is about 3 km. Consequently, an electric field of strength about 
104 Vm-! is created directed upward. 


SOIR ee T ang 
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Ground 


Fig. 2.48 Mechanism of lightning flashes 


(d) Such high fields cause the electrical breakdown of the interven- 
ing air, i.e. it is ionized and hence begins to conduct charge. Thus, a 
huge amount of charge is conducted to the earth in the form of 
lightning flashes. Each flash deposits about —20 C of charge on the 
earth. 

(e) After each flash, the cloud becomes charged again and is then 
ready for the next flash. So with about 90 flashes per second, the 
thunderstorms pump about —1800C of charge into the earth per 
second. This is exactly what is needed to counterbalance the +1800 C 
of charge per second inthe regions of the earth which do not experience 
any significant thunderstorms. 


2.11 THE ELECTROSTATIC GENERATOR 


We have seen how large charge concentrations leading to high poten- 
tial differences and fields are created in nature in thunderstorms. Man 
has also built huge machines (called electrostatic generators) which 
can produce potential differences of the order of several millions of 
volts.. The chief application of such large machines is the use of this 
high potential difference to accelerate charged particles to high energies 
of the order of a few million electron-volts (MeV). These high energy 
particles are used in “atom splitting’ experiments. 


a 
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The electrostatic generator was first conceived by Lord Kelvin in 
1890 and put into useful practice in its modern form by RJ Van 
de Graaff in 1931, 


Principle of Van de Graaff Generator 


We have learnt that a spherical conducting shell of radius R has a 
capacitance C = 47eoR (see section 2.8), Since V = 0/C=O/(47e0R), 
it follows that, for a given change Q, the voltage V will be high if the 
radius R is small. We also know that at sharply pointed surfaces of a 
charged conductor, the electric field becomes very large compared to 
smooth parts of the surface. These facts form the basis of a generator, 

An electrostatic generator essentially separates charges by induc- 
tion and accumulates them at 
sharp points. Figure 2.49 shows 
the essential parts of one such 
generator, made by Van de Graaff. 
It consists of a hollow metal 
sphere S supported on an insulat- 
ing tube T many metres high. A 
strong silk belt B runs over 
pulleys Pı and Pz, the lower 
pulley P2 being continuously driven 
by a motor. Two electrodes Ei 
and E2 which are sharply pointed 
combs pass close to the belt near 
its top and bottom as shown. The 

Fig. 2.49 Principle of Van de electrode Et is given a positive 

Graaff generator potential with respect to the earth 
by a battery. 

The high electric field at the points ionizes the air near them and so 
positive charges are repelled on to the belt which carries this charge 
up to the sphere. Here it induces a negative charge on the points of 
electrode E2 and a positive charge on the sphere which is connected 
to the blunt end of E2. The high electric field near the points of E2 
ionizes the air there. The negative charges produced during ionization 
are repelled to the belt, thus neutralizing its positive charge before it 
passes over the pulley. In this way, positive charge keeps accumulat- 
ing on the sphere until its potential is about a million volts relative to 
the earth. 
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SUPPLEMENTS 


8.1 GENERALIZATION OF RELATION (2.39) TO 
THREE DIMENSIONS 


We know that the potential difference between two points in an elec- 
tric field E is related to the line integral of E as 


dé = —E-dl 
If ô is the angle betwee E and dl, we can write this relation as 
dé = — Edi cos 8 


_ 4% 
or Ecos 8 = -7 (2.78) 


z 


Fig. 2.50 £ cos8 is the component of E 
along dI 


As shown in Fig. 2.50, E cos @ is the component of the electric field 
vector E in the direction of the vector displacement dl. Suppose we 
take dl along the x-direction, then E cos @ will be the component of E 
along the x-direction, We call it Ey. Equation (2.78) then reduces to 


\ 
aie (2.79) 
which is our Eq. (2.39). 


Now vector E can be written in terms of its thre 


e rectangular compo- 
nents Ex, Ey and Ez along x, y and z axes as 


E = xEx + YE, + 2E; 
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where x, y and Z are the unit vectors along x, y and z axes. But each 
component of E can be written through Eq. (2.78) as 


_ a 
PeDe O% 
a 
ny wide 
_ _o% 
Be ae 
(cp , -86 sêg 
or : E= (if tye +2 2) 


The expression in brackets is called the: gradient of $ and is usually 
denoted by the symbol V¢. Thus 
E=-—V¢ (2.80) 


By definition, the gradient (which means slope) is the maximum value 
of the spatial rate of change of $ and is obtained by evaluating 0¢/d/ 
along the direction of the field vector itself. 


S.2 PROOF OF GAUSS’S THEOREM FOR A GENERAL 
SURFACE 


Consider a charge q surrounded’ by a general closed surface S. For 
simplicity, we assumé that each radial line from q cuts Si in only one 
point (Fig. 2.51). 


Fig. 2.51 Gauss’s theorem for a general closed 
surface around a point charge 


To prove Gauss’s theorem for a general closed surface, draw around 
q a sphere So of radius ro so that So is completely enclosed within S, 
If 4S is a small area element on S around a point r on S, draw a small 
cone of radial lines from g to the boundary of 4S. These lines will cut 
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out a small patch 4S on So as shown, which will point radially out- 
wards. Now from geometry, we find that 

(a) 4S and 4So subtend the same solid angle 42 at q, 

(b) 4S makes some angle @ with the radial direction f, and 


(c) | 4So | = 7642 and it is the projection (4S-r) of AS along r. 
Since the field is radial, we have 


pee) ECE RLS 

ve dreo r? 
Also AS-t = P4Q 
Therefore E-4S = Cs 
Areo 


Now summing over all elements 4S on S yields the total solid angle 
of Q = 4m (as in a spherical surface) and we get 


| Eds = tf Agee te] 49 = 2 = 4n) 
s neo Js €0 sS 


which proves Gauss’s theorem for any closed surface around a point 
charge. 


$.3 CAPACITANCE OF A CYLINDRICAL CAPACITOR 


A cylindrical capacitor consists of two coaxial cylinders of radii raand 
ro (> ra) and length L (Fig. 2.52). We assume that the capacitor is 
very long(L > rp) so that the fringing of the field at the edges can be 
ignored, 


Gaussian surface 


(a) (b) 


Fig. 2.52 (a) A cylindrical capacitor (b) A cross-section of the 
capacitor 
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To calculate the capacitance, we draw a convenient Gaussian surface 
which is a cylinder of radius, say r, (shown by a dashed circle) and 
length L, closed at the ends by plane caps. If Q is the total charge 
enclosed in this surface, we have from Gauss’s theorem: 


Í Eds = 2 
S €0 


Since E is radial, the surface integral is just E(27rL) so that 


E(Q2arL) = 2 
€0 
ESCA 
or E= Ireo L (2.81) 


The potential difference V, by definition, is 
v=—|" Ed 
Ta 
Note that E and dl (= dr) point in opposite directions, Hence 
v= |" Ear (2.82) 
Ta 


Using Eq. (2.81) in Eq. (2.82) gives 
i fara aaah 
fit Fa2meoL r 


-2 [rdr 
2meoL Jra r 


UO (2) 

~~ QreoL to Ta 

i Gh E A D 

Capacitance C = E ETETEA 

As in the case of a parallel-plate capacitor, the capacitance of a 
cylindrical capacitor depends only on the geometry of the capacitor, 


(2.83) 


SUMMARY 


The line integral of any general electrostatic field is path-independent, 
depending only on the end points of the path. The line integral of an 
electric field around a closed path is zero. The line integral of an 
electrostatic field between any two points equals the negative of the 
potential difference between them. The potential difference between. 
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two points in an electrostatic field is the amount of work done per 
unit charge to move it from one point to the other against the electro- 
Static force of the field along any path. The net work done in carrying 
a charge over a closed loop in an electrostatic field is zero. The electric 
potential ata point in an electrostatic field is the work done per unit 
charge to bring a small charge in from infinity to that point along any 
path, 

The electric potential energy of a system of point charges is the 
amount of work done to assemble the system of charges by bringing 
them in from an infinite distance. 

The electron-volt is the potential energy gained or lost by an electron 
in moving through a potential difference of 1 volt. 1 eV=1.6X 10-!9J. 

The electric field is equal to the negative of the potential gradient, i.c., 


E=—vV¢ 


Any two-dimensional surface over which the electric potential is 
constant is called an equipotential surface. The electric field is always 
at right angles to an equipotential surface. No work is required to 
move a charge along an equipotential surface. 

Gauss’s theorem states that the surface integral of the electrostatic 
field due to any sources is proportional to the total charge contained 
within the closed surface, i.e, 


Í E-ds = 4 
S €0 


Materials which have a large number of free charges are called 
conductors. There is no net electric field or net charge in the interior 
of a conductor; charge resides on its surface. The surface charge den- 
sity is high where the radius of curvature is small, The surface of a 
conductor is an equipotential surface. Just outside a conductor, the 
electric field is perpendicular to the surface. 

Materials which have only bound charges are called insulators or 
dielectrics. Polar dielectrics have a permanent dipole moment. Non- 
polar dielectrics acquire an induced dipole moment when placed in an 
electric field. 

A capacitor is any combination of two conducting bodies, of any 
shape and size, in certain definite Positions in space relative to each 
other. Capacitors are used for storing charge. The capacitance C of a 
capacitor is a measure of how much charge Q the capacitor can store 
at a given voltage V. In fact O = CV. The capacitance of a capacitor 
is increased by introducing a conducting or insulating material in the 
space between its two conducting plates. The factor by which the 
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capacitance is multiplied by the introduction of a dielectric is called 
the dielectric constant of the latter, 

The two vectors that characterize the behaviour of a dielectric in an 
external electric field are electric polarization and electric displacement 
vectors. 


EXERCISES 


> 


Short-Answer Questions 


What is the line integral of an electrostatic field? 

. Define electric potential and potential difference, 

. What do you understand by electric potential energy? State its SI unit. 
What is an electron-volt? How is it related to a joule? 

Define an equipotential surface. 

. State Gauss’s theorem in electrostatics. F 

. Distinguish between conductors and insulators. Give two examples of each. 
. What are polar and non-polar dielectrics? 

. Define capacitance. State and define its SI unit. 

What is dielectric constant? 

. Define electric polarization and electric susceptibility. 

. How is electric susceptibility related to dielectric constant? 

13, What will happen to a person on an insulated stand if his potential is 
increased to say, 10000 V? 


CB2NIAVEwWNHe 


PZS 


14. Electrons tend to move towards the region of a higher potential, Bi it true 
or false? Give the reason for your answer. 

15. Can two different equipotential surface intersect? Explain. 

16. If electric field E is zero at a point, the electric potential $ must also be 


zero at that point. Is this statement true? Give the reason for your answer, 

17. If you know E at a point, can you calculate ¢ at that point? If not, what 
further information do you need? 

18. If ¢ is constant throughout a given region of space, what can you’ say about 
E in that region? 

19. How can you ensure that ¢ in a given region of space will have a constant 
value? 

20. An uncharged metal sphere is suspended by a silk thread and placed in a 
uniform electric field. What can you say about the electric field inside the 
sphere? Will your answer change if the sphere is given a charge? 

21. Can there be a potential difference between two adjacent conductors that 
carry equal positive charges? 


B. Long-Answer Questions 


1, What do you understand by the line integral of an electrostatic field? 
Evaluate the integral for the case of the electric field of a static point charge 
and hence show that it is path-independent. 

2. Show that the line integral of an electrostatic field is zero around a closed 


path. 
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4. 


14. 


15. 


16. 
17. 
18. 
19, 
20. 
21, 
22. 


23, 
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‘How does the use of the line integral lead us to the concept of electric 


potential? 

Deduce the relationship between the line integral and the work done to 
move a charge from one point to another in an electrostatic field. Hence 
define potential and potential difference. 


- What are conservative and non-conservative fields? Show that the electro- 


static field is conservative. 

Obtain an expression for electric potential due to: (a) a point charge, 
(b) two point charges and (c) N point charges. 

Obtain an expression for the potential at a point P distant r from the centre 
O of a dipole, the direction OP making an angle 8 with dipole moment p. 
Show that the potential at a point on the perpendicular bisector of a dipole 
is zero, 


. What is the potential energy of two point charges q, and q, separated by a 


distance r in vacuum? How will you generalize to N point charges? 


. Deduce the relation between electric field and potential gradient in the 


one-dimensional case. How can you generalize to three dimensions? 


. What are equipotential surfaces? Show thatthe electric field is always at 


right angles to an equipotential surface. 


- State Gauss’s theorem and prove it for the case of an isolated point 


charge. 

Use Gauss’s theorem to find the electric field due to: (a) a line of charge, 
(b) a thin sheet of charge, (c) a thin spherical shell of charge and (d) a solid 
sphere of charge. 


. A point charge is placed at the centre of a spherical Gaussian surface. Will 


the surface integral change if (a) the surface is replaced by a cube of half 
the volume, (b) the charge is moved off-centre of the original sphere, still 
remaining inside, (c) the charge is moved just outside the original sphere, 
(d) a second charge is placed near and outside the original sphere, and 
(e) a second charge is placed inside the original sphere? 

A surface encloses an electric dipole. What can you say about the surface 
integral? 

A spherical rubber balloon carries a charge that is uniformly distributed 
over its surface. The balloon is inflated more by blowing, How does the 
electric field vary for points: (a) inside, (b) at the surface, and (c) outside 
the balloon? 

State and explain four electrical Properties of a conductor. 

What is electrostatic shielding? How is it practically useful? 

What are polar and non-polar dielectrics? Define the terms atomic polariz- 
ability, electric polarization, electric susceptibility and dielectric constant. 
Describe qualitatively what happens if a dielectric is placed in a uniform 
electric field. 

What do you understand by the term ‘capacitance’? State and define its SI 
unit. How large is this unit? 

Deduce the expression for the Capacitance of: (a) a parallel-plate capacitor, 
and (b) a cylindrical capacitor. Neglect edge effects. 

What is a spherical capacitor? Obtain an expression for its capacitance, 
Hence find the capacitance of an isolated charged sphere. 

A capacitor is connected across a battery. Why does each Plate receive a 
charge of exactly the same magnitude? Is this true even if the plates have 
different areas? i 


24, 


25: 


26. 


27. 


N 
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Deduce the expression for the capacitance of a parallel-plate capacitor 
when: (a) a conducting slab, and (b) a dielectric slab, are inserted between 
the plates. Assume the slab thickness to be less than the plate separation. 
Discuss similarities and differences between the two situations. 

For a given potential difference, does a capacitor store more or less charge 
with a dielectric than it does without a dielectric (vacuum)? Give in detail 
the reason for your answer. 

A capacitor is charged by using a battery, which is then disconnected. A 
dielectric slab is then inserted between the plates, Describe qualitatively 
what happens to the charge, the capacitance, the potential difference and 
the electric field strength. 

What would be your answer to Question 26 if the battery were not 
disconnected? 


. Three different capacitors are connected: (a) in series, and (b) in parallel. 


Find the equivalent capacitance in each case. 


. Briefly describe the main average electrical properties of the atmosphere 


from ground level up to the stratosphere. What is the mechanism of light- 
ning flashes? 


. Describe, with the aid of a labelled diagram, a Van de Graaff generator, 


explaining the physical principles of its action, 


Multiple-Choice Questions ` 


. The SI unit of the line integral of an electric field is 


(a) V (b) Vm“: 
(ce) C (d) NC"? 
. What is the SI unit of the surface integral of an electric field? 
(a) V (b) Vm“? 
(c) Vm (d) Cm"? 


. What is the potential energy of two equal positive point charges 14C each 


held 1 m apart in air? 


(a) 15 (b) Lev 
(c) 9x 107° J (d) zero 


. Which of the following statements is not true for an equipotential surface? 


(a) The potential difference between any two points on the surface is zero. 
(b) The electric field is always at right angles to the surface, 

(c) No work is done to move a charge along the surface. 

(d) Equipotential surfaces are always spherical. 


. A hollow metal sphere of radius 10 cm is charged to a potential of 100 V. 


The potential at the centre of the sphere is 


(a) zero 

(b) 100 V 

(c) the same as that at a point 10 cm away from the surface 
(d) the same as that at a point 50 cm away from the surface 


Two equal negative charges —gq are placed at points (0, a) and (0, —a) on 
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= 


10. 


11. 


+ An air-filled parallel-plate capa- 


the y-axis. A positive charge Q is released from rest at a point (2a, 0) on 
the x-axis, The charge Q will 

(a) execute simple harmonic motion about the origin 

(b) move to the origin and remain at rest there 

(c) move to infinity 

(d) execute oscillatory but not simple harmonic motion 


Four capacitors each of capacitance 50 uF are connected as shown in 


Fig. 2.53. The de voltmeter reads 
100 V. The magnitude of charge A 


on each plate of each capacitor is Hia AAN 

(a) 2x103 C aE sar | al — 
(b) 5x107? C 

©) 02C + + 


05C H 


citor has a capacitance of 1 pF. 

The plate separation is doubled (2 = < < 
and the space between them is i 
ORCE A with wax. If the ERE y 
capacitance increases to 2 pF, what is the dielectric constant of wax? 
(a) 2.0 (b) 4.0 

(© 6.0 (d) 8.0 


. The work done in carrying a charge ¢ once round a circle of radius r with 


12. 


a charge Q at the centre is 


GQ q 
@) Arer (b) mon 
4 1 
© el) (@) zero 


When a capacitor is connected to a battery: 


(a) no current flows in the circuit at all 

(b) a current flows in the circuit for some time, after which it decreases to 
zero 

(c) the current keeps on increasing, reaching a maximum value when the 
capacitor has been charged to the Voltage of the battery 

(d) an alternating current flows in the circuit 

A hollow metal sphere placed on an i i i iti 

The electric potential en the ihe is SEVAB Seas SBR Tel. 

(a) zero 

(b) the same as on the surface 

(c) greater than the potential on the surface 

(d) less than the potential on the surface 


Three capacitors of capacitances 8 BF, 12 pF and 24 n 

f x , uF are connected i 
Series and then (b) in parallel, What is the ratio of the equivalent ac 
tance in case (a) to that in case (b)? 


(a) V1 (b) 11:1 
(b) 1:1 (91:3 


= O 
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13. Two identical parallel-plate capacitors are connected in parallel, The 
combination is connected to 6 V 


6 
battery. The battery is now dis- sf 
connected and the two capacitors E 
are joined in series (Fig. 2.54), 

What is the potential difference 

between points A and B? ` 

(a) 3 V 

(b) 6 V 


(c) 9V 
(d) 12 V | 

14. Two identical metal plates, sepa- A B 
rated by a distance d, form a Fig. 2.54 


parallel-plate capacitor. A metal 
sheet of thickness d/2, of the same area as that of either plate, is inserted 
between the plates. The ratio of the capacitance after the insertion of the 
sheet to that before insertion is 
V2: ORE LNRS 
1:1 (a) 1:2 

15, Four capacitors are connected as shown in Fig. 2.55, The equivalent capaci- 
tance between points P and Q is 


@) 4 uF (O) uF 
3 4 
(c) 7 uF (d) ee 
pF 


oe 2pF 

1pF ja 1pF ai Ce 
| a 1pF 

g a F “8 Cs 

P 120v 


Fig. 2.55 Fig. 2.56 


16. Three capacitors C,, C; and C, are connected toa supply of 120 V as shown 
in Fig. 2.56. What is the potential difference across C? 
(a) 48 V (b) 60 V 
(c) 72 V (d) 90 V 


D. Numerical Problems 


(Take e, = 8.85 x 10-12 Fm“, e = 1.6x 10-2” C wherever necessary.) 

1. Calculate the electric potential at the surface of the nucleus of a gold atom. 
The radius of a gold nucleus is 6.6x 10-8 m and the atomic number of gold 
is 79. 
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Four point charges qı = 1.0 uC, qa = 2.0 uC, qa = —3.0 pCand qs = 5.0uC 
are placed on the corners of a square of side 1.0 m. Find the potential at 
the centre of the square. 

An electron is liberated from a hot cathode and attracted by an anode kept 
at positive potential ¢ with respect to the cathode. If the electron strikes the 
anode at a speed of 2.1 x107 ms~*, find the value of $. 

To what potential will a charge of 107°C raise an insulated conducting 
sphere of radius 10 cm? 

An isolated conducting spherical shell of radius 10 cm carries a positive 
charge of 10 pC. Find the potential and electric field at the surface of the 
conductor. 


. Bight charged water drops, each of radius 1.0mm and a charge of 


1,0 1072° C coalesce into a single drop. Find the potential of the big drop. 
A tiny nucleus has a charge + 50e. Find the potential at a distance of 
1,0x10-2*m from the nucleus. If a proton (mass = 1.67107" kg) is 
released from rest at this point, how fast will it be moving when it is 
1.0 m from the nucleus? 


. A small sphere of mass 2,0x10-* kg hangs vertically by a thread between 


two vertical plates 5.0 cm apart.The charge on the sphere is 6.0X107° C. 
What potential difference must be applied between the plates so that the 
thread is inclined at 10° with the vertical? 


. Calculate the potential energy ineV of the electron-proton system of a 


hydrogen atom. The radius of the electron orbit is 5.29x 10-4 m. 
The mutual electric potential energy between two protons in a uranium 
nucleus is 2.4 10° eV. What is the distance between the protons? 


. Three point charges 1 pC, 2 pC and —4 pC are placed at the vertices of an 


equilateral triangle of side 10 cm. Find potential energy of the system. 
What is the potential gradient at a distance of 1.0x 10°# m from the centre 
of a gold nucleus? The atomic number of gold is 79. 


. In an electrostatic generator, an alpha particle (helium nucleus with atomic 


number 2) is accelerated through a potential difference of 10° V. (a) What 
kinetic energy does it acquire? (b) What kinetic energy would a proton 
acquire under these conditions? (c) If both particles start from rest, which 
will acquire the greater speed? 


. A capacitor of capacitance 0.2 pF is charged to a voltage of 50 V. Find the 


charge and energy stored in the capacitor. 

A 300 V battery is connected across two capacitors of capacitances 3 uF 
and 6yF joined in parallel. Calculate the charge and energy stored in each 
capacitor. 

What would be the charge and energy stored in each capacitor of Question 
15 if they were joined in series? 

A 300 V battery is connected across a 2.0 pF capacitor and an 8.0 pF capa- 
citor joined in series. When the capacitors are fully charged, the battery is 
disconnected. The charged capacitors are then reconnected with like plates 
joined together. What is the charge and potential difference for each 
capacitor? ‘ 

What would be the charge and potential difference for each capacitor in 
Question 17 if the charged capacitors were connected with plates of opposite 
sign joined together? 


19, 


20. 


21. 


22. 


23; 


24. 


25. 
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A 100pF capacitor is charged by a 50 V battery, The battery is then dis- 
connected. The charged capacitor is now connected in parallel with an 
uncharged second capacitor. The potential difference is found to drop to 
35 V, Find the capacitance of the second capacitor. 

A4uF capacitor is charged toa voltage of 100 V and a 6 „F capacitor is 
charged to a voltage of 200 V. They are now joined with plates of like 
charges connected together. Find: (a) potential difference across each after 
joining, (b) the total energy stored before joining, and (c) the total energy 
stored after joining. 

A parallel-plate capacitor with plate area 200 cm? and plate separation 
5.0mm is connected to a 500 V supply. (a) Find the charge, energy stored 
and electric field strength between the plates. (b) The space between the 
Plate is completely filled with oil. It is found that the capacitor now collects 
an additional charge of 2.65 x 10-* C. What is the dielectric constant of the 
oil? 

A capacitor is fully charged by a 200 V supply. It is then discharged through 
a small coil of wire embedded in a thermally insulated block of specific heat 
2.5108 J kg" K“? and of mass 0.1 kg. The temperature of the block is 
found to rise by 0.4 K. Calculate the capacitance of the capacitor. 

A charge Q is distributed over two concentric hollow spheres of radii r and 
R(>r) such that the surface charge densities are equal. Find the potential 
at the common centre. 

Four capacitors C, = 1.0 pF, C, = 2.0 uF, C; = 3.0 pF and Cy = 4.0 uF 
are connected to a battery of voltage 12 V as shown in Fig. 2.57, Find the 
charge on each capacitor when: (a) switch S, is closed, and (b) switch S, is 
also closed. 


aee te 
Pal) ttt 


C2 C3 
Co C4 
-i 
gv, © Cs 
Fig. 2.57 Fig. 2,58 


In Fig. 2.58 the capacitors Cı, Cs, Cs and Cs have a capacitance of 4 uF 
each and the capacitor C, has a capacitance of 10 uF. Find the effective 
capacitance between points A and B. i 

A parallel-plate capacitor of plate area 100 cm? and plate Separation 1.0 cm 
is connected across a 100 V battery. The battery is then disconnected and a 
dielectric slab of thickness 0.50 cm and dielectric constant 7.0 is inserted 
between the plates. Calculate (a) the capacitance C, (before the slab is 
inserted), (b) the free charge Q, (c) the electric field strength Eo in the gap, 
(d) the electric field strength E in the dielectric, (e) the potential difference 
V between the plates, and (f) the capacitance C (when the slab is inserted). 


3 
CURRENT ELECTRICITY 


3.1 INTRODUCTION / 


So far we have discussed the phenomena associated with charges at 
rest (or in static equilibrium). The branch of physics that deals with 
charges at rest is called electrostatics, By the middle of the eighteenth 
century, electrostatics was a well-established branch of physics. 
Machines had been invented which could produce large amounts of 
charge by friction. We will now discuss the motion or dynamics of 
charges. A moving charge constitutes an electrical current. The branch 
of physics which deals with charges in motion is called current 
electricity. 

In this chapter we introduce the concepts of electrical current and 
electrical resistance, Chapters 4, 5, 7, 8 and 9 are devoted to the study 
of the effects and phenomena associated with moving charges. In this 
chapter we first study the basic principles underlying the flow of 


charge. 


3.2 POTENTIAL DIFFERENCE AND CURRENT 


Suppose we haye two charged conductors carrying different amounts 
of charge and supported on insulating stands. If we place them in 
contact, the charge will flow from one to the other until the charges 
on them are equalized. The fact that charge flows can be demonstrat- 
ed by any charge-detecting device, such as an electroscope or a 
galvanometer. What causes the charge to flow? What determines the 
direction of the flow of charge? Questions such as these can be answer- 
ed in terms of the electrical potential of a charged body. 

Just as the direction of flow of a liquid is independent of its total 
quantity (it depends only on the level difference) and the direction of 
flow of heat does not depend on the total quantity of heat (it depends 
on the temperature difference), the direction of the flow of charge does 
not depend on the quantity of charge of the two bodies; it depends on 
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the potential difference between them. Charge flows from a body 
having a higher electrical potential to a body with a lower electrical 


potential. 
Q Consider two points A and B in 
a ° ep o  thevicinity ofa charge Q (Fig. 3.1). 
B Let the potential at A be Va and 
Fig 3.1 Potential difference that at B be Vg. Since more work 


is needed to place a ‘test? charge 
qo at A than at B, Va is greater than Vp. If the charge placed at A is 
released, it will flow to B due to a potential difference (Va — Vx). If 
A and B are two points on a conductor and a potential difference is 
maintained between them, then charge will flow from A to B. A cell 
serves this purpose.It provides the necessary energy to maintain a 
difference of potential. The cell was invented in 1791 by Luigi Galvani 
of Italy and greatly improved by Alessandro Volta in 1799, The 
working of a cell will be discussed in Chapter 4. We now know of 
many other devices that perform this function. A rectifier (described 
in Chapter 14) which converts the AC of the mains to DC is used in 
place of a cell. 


Electromotive Force (EMF) 


Any device used for moving a charge in a conductor has two terminals 
(positive and negative). The potential difference or voltage that exists 
between the two terminals of a source is called its electromotive force 
(emf). Just as mechanical force moves a mass, electromotive force 
moves a charge. The emf of a source (cell or any other generator) is 
not a force and is therefore not measured in force units. The emf of a 
source is the potential difference between its terminals when it is on. an 
open circuit, i.e. when it is not being used to send any current in the 
circuit. Hence emf is measured in units of potential difference, namely, 
volts. 

An electromotive force (emf) is always associated with the source 
(cell or any other generator) which makes the charge move from one 
place to another. Obviously, the source has to do work (or deliver 
energy) to move the charge. In an electrochemical cell, the energy 
released in a chemical reaction is transferred to the charges. Thus, as 
the reaction proceeds at a certain rate, the charges move from one 
electrode to another at a corresponding rate; each charge gaining a 
fixed potential energy in the process. In an electric generator, the 
Source is the magnetic field changing with time. As discussed in 
Chapter 7, this produces an emf between two points (leads) of the 


generator. 
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We can define the emf of a cell (or a generator) as the total energy 
per unit charge when the cell is on an open circuit, i.e. when the current 
through the cell is zero. The SI unit of emf is joules per coulomb, which 
is the same as volts. 


ELECTRIC CURRENT 


When charge moves in a conductor, it does so at a certain rate which 
depends upon the emf of the source and the electrical property called 
resistance (see Sec. 3.3) of the conductor, The rate at which charge 
flows is called electric current. Quantitatively, electric current is defined 
as the amount of charge flowing through any cross-section of a conduc- 
tor per second, i.e. 


Electric current = charge 
time 
or I=2 (3.1) 


t 


In the SI system, the unit of current is the ampere, denoted by symbol 
A. The current is said to be one ampere when one coulomb of charge 
flows past any cross-section of the conductor every second. When a 
current of two amperes flows through a conductor, two coulombs of 
charge pass through any cross-section of the conductor every second 
(see Fig, 3.2), 


Two coulombs of charge pass 
through this cross-section 
(or any other cross-section 
every second ) 


Fig. 3.2 Flow of 2A of current in a conductor 

If the rate of flow of charge does not change with time, the current is 
said to be steady or constant. In many situations, however, the current 
may vary with time. In such situations, the current is given by the 


differential limit of Eq. (3.1), or 


I 


i 
Sie 


(3.2) 
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In Fig. 3.3 the graph (a) represents a steady current while curves (b) 
and (c) represent varying currents. 


(e) In this chapter we shall consider 


(a) only steady currents. 
It may be mentioned that the 
I (b) current 7 is the same for all cross- 
t sections of the conductor, even 


though the cross-sectional area 
may be different at different 


nt points. This may be understood 
Fig. 3.3 Steady and varying from the analogy of water flow- 
currents ing through a pipe of non-uniform 


cross-sectional area, The water 
flows faster where the pipe is narrower and slower where the pipe is 
broader, but the rate of flow measured in litres per second remains 
unchanged. The constancy of current follows from the fact that charge 
must be conserved; it cannot pile up anywhere in the conductor, 


Convention Regarding the Direction of Current 


In metallic conductors the charge is carried by electrons. In electro- 
lytes or gaseous conductors, the charge carriers may be positive or 
negative ions or both. A convention for labelling the direction of 
current is therefore needed. For simplicity and consistency, we assume 
the direction of current to be the one in which a positive charge 
would move. A positive charge moying in one direction is equivalent 
to a negative charge moving in the opposite direction. If the charge 
carriers are negative, they simply move opposite to the direction of the 
Current arrow (see Fig, 3.4). 
BORAT peer ee eet i AE 
O = @> -0-0-0 
e ee as 
wl yt 


Fig. 3.4 Flow of positive charge is equivalent 
to the flow of negative charge in the 
Opposite direction 


3.3 MECHANISM OF FLOW OF CURRENT IN A 
METALLIC CONDUCTOR 


1 


We shall now examine the mechanism of the flow of current in a 
Metallic conductor. In a metal in the solid state, such as a copper 
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wire, the atoms are strongly bound to one another and occupy fixed 
positions. Some electrons (called the conduction electrons) are free to 
move in the body of the metal while the others are strongly bound to 
their atoms. In good conductors, the number of free electrons is very 
large. Assuming that there is only one free electron per atom, the 
number of free electrons per cubic metre of copper is of the order of 
108, The free electrons in an isolated metallic conductor are in a 
random motion like the molecules of a gas confined in a container. 
They keep colliding with atoms, gaining and losing kinetic energy. 
Their motion is due to thermal energy. At room temperature, they 
move with velocities of the order of 105 m s~!, but these velocities are 
randomly distributed in all directions. There is no net directed motion 
in any particular direction, If ui, u2, U3,..., etc, are the velocities of 
individual electrons and if the total number of electrons is NV, the 
average velocity of electrons is given by 
ut ua tm i.. ++ uy 0 

N 
In other words, there is no net flow of charge in any direction. If we 
consider any cross-section of the conductor, the rate at which electrons 
pass through it from right to left is the same as the rate at which they 
pass through it from left to right. The net rate is zero and no current 
flows in the conductor. 


Drift Velocity 


What causes current to flow in a metallic conductor? To answer this 
question, let us, for the sake of argument, assume that the conductor 
is in the form of a wire, say, of copper. If the ends of the wire are 
Connected to a battery, an electric field will be set up at every point 
within the wire. If the potential difference maintained by the battery 
is 6 V and if the wire (assumed uniform) is 3 m long, the strength of 
this field at every point will be 2 V m^, since, 
V 


l 


where E is the Strength of the electric field produced by a constant 
potential difference V applied across the wire of length 7. 

Under the influence of the electric field, the electrons experience 
coulomb force —eF in a direction opposite to that of the field E (since 
they have a negative charge). Each electron undergoes an acceleration 
a given by 
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where E is the electric field and e and miare respectively the charge 
and mass of an electron. These electrons which are loosely bound to 
their atoms break away and wander about in the body of the metal, 
As they get accelerated, they frequently collide with atoms (strictly 
ions) of the conductor, Between two successive collisions, an electron 
thus acquires (in addition to its thermal velocity) a velocity compo- 
nent in a direction opposite to E. The gain in velocity is ar where 7 is 
the time interval between two successive collisions. 

At any arbitrary instant of time, an electron which in the absence 
of the field E, has a thermal velocity u in any direction will now, in 
the presence of the field, have a velocity (ur + a71) where 7; is the 
time that has elapsed since the last collision, Similarly the velocities 
of other electrons are (w + ar2), (u3 + a73),... etc, The average 
velocity va of all the N electrons will be 


ya = Œ tar) + (w + ars) + (w + ars) +... + (uy tary) 


7 Bin N 
Hg Ra tl) Ream ed tuy ailg m1 + T2+73 +... + HW 
N N 
=0+ ar 
where t = (71 +72 -++73 +... 4 ty)/N represents the average time 


between two successive collisions, It is called the relaxation time and is 
of the order of 10714 s for most conductors. 


Thus vq = ar = BERG (3,3) 
m 

The parameter va is called the drift velocity of the electrons. It may 
be regarded as an average velocity of free electrons in a direction 
opposite to that of the field. 

The positive ions in the conductor also experience a force in the 
presence of the electric field, Since’ the positive ions are heavy and 
tightly bound in the metal, they are hardly able to move and the drift 
velocity of the positiye ions is negligibly small. 

It may be remarked that although the electric field accelerates an 
electron between two collisions, yet it does not produce any net accele- 
ration because the electron keeps colliding with ions of the metal. 
The electrons acquire a constant average drift velocity va in a direction 
opposite to E since the gain in velocity due to the field is lost in the 
next collision. The situation is similar to a small spherical metal ball 
rolling down a long flight of stairs. During the fall from one stair to 
the next, the ball acquires acceleration due to the gravitational force. 
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The moment it collides with the stair it is decelerated. The net result 
after a large number of steps is that the ball rolls down the stairs with 
zero average acceleration, that is, at constant average speed. 

In conclusion, we may say that before the application of the electric 
field, the average velocity of electrons is zero and there is no net trans- 
port of charge in any direction. In other words, there is no flow of 
current in the conductor. After the application of the field, the elec- 
trons acquire a constant drift velocity in a direction opposite to E and 
there is a net transport of charge in a direction opposite to E. This is 
equivalent to saying that an electric current flows in the direction of 
E (See Fig. 3.5). It may be remarked that even in the case of good 
conductors, the magnitude of the drift velocity is not large and is 
usually about | mm s~! (See Example 3.2.) But, since the number of 
electrons is very large (see Example 3.1), even this small drift of 
electrons adds up to a sizeable current. 


Fig. 3.5 The solid lines show an elec- 
tron moving from A to B, 
making six collisions. The 
broken lines show what the 
path of the electron might 
have been in the presence of 
an electric field E. Note the 
slow and steady drift ina 
direction opposite to E. 


Relation Between Current and Drift Velocity 


Consider a conductor (e.g. a copper wire) of length / and of uniform 
Cross-sectional area A. Let us say that a constant potential difference 
V is maintained across its ends with the help of a battery (Fig. 3.6). | 

The electric field E set up in the wire given by 


y 
= =F (3.4) 


is set up in the wire. Under the influence of this field, the electrons 
drift with a constant velocity va in the direction opposite to that of E, 
i.e. towards the right as shown in the figure. In order to calculate the 
current J flowing in the wire, we need to compute the total charge 
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Fig 3.6 The mechanism of flow of current 
in a conductor 


passing through any cross-section of the wire in a certain interval of 
time, say, t. In time ż, each electron moves through a distance vat 
towards the right. If we consider two planes P and Q separated by a 
distance vat, then the total charge flowing in time ¢ is the charge of 
the electrons contained in a cylinder PQ. If n is the number of elec- 
trons per unit volume, then the number of electrons contained in 
cylinder PQ = n times the volume of the cylinder PQ = nx AX vat. 
If the charge on the electron is e, the total charge q flowing through 
any cross-section of the wire in time f is given by 


q = enAvat 


Hence the current Z in the wire is given by 


i= 4 = enAva (3.5) 


As mentioned earlier, the magnitude of the drift velocity in metallic 
conductors is very small (~1 mm s~!), With this speed, the electrons 
will take about twenty minutes to drift through a wire of length 1 m. 
It may appear to be surprising and often confusing that, although the 
drift velocity of electrons is so small, yet an electric bulb lights up 
almost instantly when it is switched on. The fact is that an electrical 
impulse propagates with a very high speed which is of the order of 
the speed of light (=3% 108 m s~). Our analogy of water in a pipe 
again comes to our rescue and helps clear the confusion. When pres- 
sure is applied by pushing a piston at one end of a long water filled 
pipe, we observe that water starts coming out of the other end almost 
immediately. As soon as the pressure is applied, a compression wave 
is transmitted rapidly along the pipe. The speed of this wave is about 
1400 m s-t. When this wave reaches the other end, the flow of water 
starts. The water inside the pipe also starts moving forward, but this 
speed is much slower than that of the pressure wave. Similarly, when 
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a potential difference is applied across a wire, an electric field is 
established in the whole wire almost with the speed of light. As soon 
as the electric field is established, the free electrons in the wire begin 
to drift under its influence and a current flows in the wire. 


Carriers of Current We have stated above that it is the electrons that 
carry current in metals. Why is it so? You have learnt in Class XI that 
atoms are very closely packed in a solid. This implies that the outer 
(or valence) electrons of one atom are so close to the neighbouring 
atoms that they do not stay ‘tied’ to a particular atom and can, 
therefore, roam around ‘freely’ in the entire body of the solid. These 
‘free’ electrons carry electrical current. 

This simple picture is, however, not a complete picture. It does not, 
for instance, explain why some solids are metals (i.e. conductors) 
while others are insulators. The answer to this question can be given 
in terms of the wave nature of electrons, as we will learn in Chapter 12, 
The simple rule is this: if the number of valence electrons per unit 
cell of the crystalline solid is odd, the solid is a metal; but if this 
number is even, the solid can be an insulator or even a metal, 

Consider the elements in the first group (Li, Na, K, Rb, Cs, Cu, 
Ag, Au). They all have one atom in a unit cell and one valence 
electron per atom. Thus, according to the above rule, these solids 
should be metals, as they indeed are. Now consider the elements in 
the fourth group (C, Si, Ge, Sn, Pb). They all have one atom in a 
unit cell and four valence electrons per atom. Our rule tells us that 
these solids with an even number of valence electrons per unit cell can 
be insulating or metallic. Thus diamond (a form of carbon) is an 
insulator and Si and Ge are semiconductors but Sn and Pb are con- 
ductors (metals). 


Distribution of Electron Velocities 


The free electrons in metals move about with different speeds in 
different directions. If N(v) denotes 

t i the number of free electrons with 
N (i) speed v, then the distribution N(v) 
of electrons as a function of speed 

v for a typical metal is as shown 

in Fig. 3,7. The number of elec- 

trons with speed between v and 

o v + Avis proportional to N(o)åv. 

Fy gems The maximum speed vo of elec- 

Fig. 3.7 Variation of N(v) with »for ttonsin a typical metal is of the 
free electrons in a metal order of 106 ms~!, The corres- 
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ponding kinetic energy is related to the absolute temperature To as 


zm = kTo 
where k is the Boltzmann constant. Substituting the values of m, k 
and v = 106 ms™!, we find that To is of the order of a few thousand 
kelvin. Thus it is reasonable to assume that at room temperatures 
(~300 K), the distribution of electron speeds is very nearly the same 
as at absolute zero. Even at these speeds the free electrons do not 
‘pop’ out of the metal because they are attracted to the ions in the 
solid and also because of surface forces, Energy has to be supplied to 
pull an electron completely out of a metal. This energy is called the 
work function of the metal (see Ch. 12), 


EXAMPLE 3.1 A current of 1 A flows through a copper wire. Cal- 
culate the number of electrons passing through any cross-section of 
the wire in 1.6 s? Given the charge on an electron = 1,6. 10719, C. 


Solution: Since the current is 1A, the charge passing through any 
cross-section of the wire in 1 sis 1 C. In 1.6 s, 1.6 C of charge is 
transferred. Now 


q = Ne 
where q = 1.6C, e = 1.6% 10-9 Cand N = number of electrons 
ee ih 1.6C I 
Ai e 1,6xto-Be ~ 10 


This is an enormous number. In copper there is one free electron 
per atom, the other 28 electrons of a copper atom remain bound to 
it. A copper wire is made up of a very large number of atoms and 
hence has a very large number of free (conduction) electrons. 


EXAMpLe 3.2 A uniform copper wire of diameter 0.050cm carries a 
current of 1.0A. (a) Calculate the average drift speed of conduction 
electrons in the wire, assuming that there are 8.4 1028 free electrons/ 
m in copper. (b) Compare the drift speed with (i) the thermal speed 
of copper atoms at room temperature of 27°C and (ii) the maximum 
speed of electrons carrying the current. Given, charge on an electron 
(e) = 1.6 10-9 C, mass of an electron (m)=9.1 x 10-3! kg, Boltzmann 
constant (k) = 1.38 X 10-23 JK-1, 

Solution: (a) We know that the average drift speed of the conduction 
electrons is given by 


L f 
va = 2NA : i) 
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Now I= 1.0 A, n = 8.4x 10% electrons/m3 and A = ar? = 3.14 
X (0.025 cm)? =1.9 x 10-3 cm?=1.9 x 10-7 m?. Substituting the values 
of I, n, A and e in (i) gives 
va = 3.9x 10-4 ms“! 
(b) (i) The average thermal speed of copper atoms at absolute 
temperature T is given by 
Hoe J on (ii) 
m 


Substituting the values of m, k and T = 273 + 27 = 300K in (ii), we 
get 

u = 6.7 x 104 ms! 

va. 3.91074 


ida GAIO 


Thus the drift speed of electrons is about 1077 times smaller than the 
typical thermal speed at ordinary temperatures. 
(ii), The maximum speed (vo) of electrons corresponds to a tempera- 


ture To ~ 10° K. Thus 
eae K kTo (iii) 
m 


Substituting the values of k, m and To in (iii) we get 
vo = 1.4 x 10° ms! 


= 5.8x 1077 


which is about 10° times smaller than the drift speed. 


3.4 OHM’S LAW: RESISTANCE AND RESISTIVITY 


In an electrical circuit, the cell is the source of electrical energy which 
maintains the desired potential difference between the ends of a con- 
ductor. It is the potential difference that drives the current in the 
circuit. We would expect a definite relation between the potential 
difference between the ends of a conductor and the magnitude of the 
current that flows in it. This very important relation was discovered 
by George Simon Ohm (Germany) in the year 1827. On the basis of 
his experimental observations he discovered a law, knowin his honour 
as Ohm’s Law, which states that the current flowing through a conduc- 
tor is directly proportional to the potential difference across its ends, 
provided the physical conditions of the conductor remain the same. 

We shall later discuss what physical conditions of the conductor 
must remain the same for Ohm’s law to hold. The above relationship 
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tells us that if the potential difference across the ends of a conductor 
is doubled, the current flowing in it will also be doubled. Thus, 


potential difference o current 
or Val 
or V= RI (3.6) 


where R is the constant of proportionality called the resistance of the 
given conductor. 


Unit of Resistance The SI unit of electrical resistance is called the 
Ohm (denoted by symbol ). If the potential difference (V) is 1 volt 
and current (7) is 1 ampere, the resistance (R) is 1 ohm. From Ohm’s 
law we have 


Vv 
serra 


1 volt 
1 ohm = — 
1 ampere 
Thus, the resistance of a conductor is said to be 1 ohm if a current of 
1 ampere flows through it when the potential difference across its ends 
is 1 volt. 


What Causes Resistance in a Conductor 


Exactly how much current will flow through a conductor, for a given 
potential difference across its ends, depends upon how much resistance 
the conductor offers to the flow of electrons. Let us suppose that the 
conductor is in the form of a wire. Electrons frequently collide with 
the atoms of the wire as they move through it. These collisions slow 
down the electrons. The resistance of a wire depends upon the number 
of collisions the electrons make with the atoms of the wire. Therefore 
resistance depends on the arrangement of atoms in the material, i.e., 
on the kind of material (copper, silver etc.), Resistance must also 
depend upon the length and thickness of the wire. A long wire will 
offer more resistance than a short one because there will be more 
collisions in the longer wire. Also a thick wire will offer less resistance 
than a thin wire because in the thick wire there is more area of cross- 
section for the electrons to flow through. Thus we conclude that the 
resistance of a wire depends upon: (a) the material of the wire, (b) its 
length, and (c) its thickness. 


152 Physics for Class XII 


Electrical Resistivity of Materials 

The resistance of a wire can be measured by a simple experiment 

Ammeter illustrated in Fig. 3.8, The ratio 
of the voltmeter reading (V) and 
the ammeter reading (J) deter- 
mines the resistance (R) of the 


R : 
wire. 
The experiment shows that the 
resistance of two wires of different 
Voltmeter material, say copper and silver, 
Fig. 3.8 Measurement of resis- having the same length and the 
tence of a wire same diameter (i.e. the same cross- 


sectional area) is different. This 
shows that resistance depends on the material of which the wire is 
made. The experiment also shows that if we take two wires of the same 
material and having the same diameter, their resistances will be different 
if they have different lengths, In fact, if the length is doubled, the 
resistance is also doubled, i.e. resistance R is directly proportional to 
the length of the wire. 


Ral (3.7) 


The experiment also reveals that if we take two wires of the same 

material and having the same length, their resistance will be different 

_ if they have different areas of cross-section. In fact, if cross-sectional 

area A is doubled, the resistance R becomes one-half, i.e. resistance is 
inversely proportional to the area of the cross-section of the wire. 


I 


R& a (3.8) 
Coinbining (3.7) and (3.8) we have 
ahs wre: 
Ræ F or R = Gor 
or P= BA (3.9) 


where P is a constant of proportionality and its value depends on the 
material of the wire. The constant P is called the resistivity of the 
material of the wire. From Equation (3.9) we find that if, 


/=1m 
and A=1m 
then p=R 
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Thus the resistivity of the material of a wire is the resistance of a wire 
of length 1 m and area of cross-section equal to 1 mè. 
Unit of P ; From Eq. (3.9) we have 


Unit of RX unit of A 


Unit of P = hit of 


= ohm (metre)? 
metre 


= ohm metre 


Hence P is measured in ohm metre (or 2m). 

Note that the value of P is independent of the length and the area 
of cross-section of the wire; it depends only on the material of the 
wire. Thus, resistivity is a characteristic of the material. Hence we can 
compare resistances of various substances if we know their resistivity, 
Table 3.1 shows resistivities of various substances, 


Table 3.1 Electrical resistivities of some substances 
a ot. ee ee ee 


Material Resistivity (a) Temperature Number of 
at 0C coeficient valence 
(Am) Pe + (% electrons 
ene per unit cell 
A. Conductors 
Copper 1.7x 10° 3.910" 1 
Silver 1.6107" 4,1x10> 1 
Aluminium 2.7x107+ 4,310" 3 
Tungsten 5.6%10-* 45x10 6 
Iron 1,0 10-7 6.5% 10% 8 
Platinum 1.17107 3.9x 107 10 
Nichrome 1.0x10* 9x10 - 
B. Semiconductors 
Carbon 3.5x10~ =5x10* 4 
Germanium 0.46 =5$x10 4 
Silicon 2300 -7x107 4 
C. Insulators 
Glass 10—10" - = 
Hard rubber 10—10" ~ = 


The reciprocal of electrical resistivity (1/p) is called electrical con- 
ductivity (2), i.e. o = 1/P; o is expressed in ohm™ m=! or mho m~. 
Table 3.1 shows that the electrical resistivity of substances varies over 
a very wide range. Metals have low resistivities (and hence high con- 
ductivities). On the other hand substances such as glass and hard 
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rubber have very high resistivity (hence negligibly low conductivity); 
they are insulators. In between lie semiconductors, such as silicon and 
germanium. 


Derivation of Ohm’s Law for Conductors: Nature of Electrical 
Resistance 


We can understand and deduce Ohm’s law as follows: 

We have seen that the average drift speed va of conduction electrons 
depends on the strength of the electric field E [Eq. (3.3)] which in turn 
depends on the potential difference V as is clear from Eq. (3.4). In 
terms of V, the magnitude va of the drift velocity can be obtained by 
using Eq. (3.4) in Eq. (3.3) 


vg = ete (3.10) 
ml 
Substituting for va from Eq. (3.10) in Eq. (3.5) we get 
evr 
I= (end) ( a 
= (25) 
TAS 
or I= u (3.11) 


where R = ml/(ne2Az) is a constant for a given conductor. 

Equation (3.11) is a statement of Ohm’s law for conductors. The 
constant R is called the resistance of the conductor and its value 
depends on the dimensions (4 and /) of the wire and on the material 
(n and 7) of the wire. We can also write R as 


pig! 
R=P i (3.12) 
where the electrical resistivity P of the material is given by 
Pie aus (3.13) 
ner 


Notice that P is independent of the dimensions of the conductor and 
depends only on its material. 


Variation of Resistivity with Temperature 


Equation (3.13) shows how the resistivity p is related to two para- 
meters of the material, namely the number density » of the free elec- 
trons and mean collision time t. The former obyiously cannot change 


soe 
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with temperature but the latter does. The thermal speed of electrons 

increases with increase in temperature. Consequently the collisions 

become more frequent, resulting in a decrease in collision time 7. 

Hence resistivity [see Eq. (3.13)] increases with increase in temperature. 
The temperature coefficient « of resistivity is given by 


c= (3.14) 


and is defined as the fractional change in resistivity (dP/P) per unit change 
in temperature (dT). The value of « also varies with temperature. In 
Table 3.1, the values of « refer to 20°C, For conductors, « is positive 
indicating that « increases with temperature. Note that « for semicon- 


10 
fe it 120 
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Fig. 3.9 Variation of resistivity p with absolute temperature T for (a) copper 
and (b) nichrome 


ductors is negative which means that the resistivity decreases with 
increase in temperature. 

For many metals, resistivity increases /inearly with temperature over 
a temperature range of about 500°C above the room temperature 
(see Fig. 3.9). Over this range of temperatures, the value of « for many 
metals (such as copper) is a constant, independent of temperature; 
depending only on the nature of the metal. 

In insulators, the resistivity increases exponentially with decrease in 
temperature, becoming infinitely large at temperatures near absolute 
zero. Such substances whose resistance becomes infinite at T = Q are 
called insulators. Some semiconductors also show this behaviour. The 
temperature dependence of resistivity of insulators is given by 


P = Po exp (2) 
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where k is the Boltzmann constant and Eg is a positive energy. The 
large (exponential) variation of resistivity is due to the fact that Es 
can vary from nearly zero value to several electron volts. At room 
temperature (T ~ 300K), kT = 0.03 eV. Hence Es/kT can vary from 
a very small value (~ zero) to about a 100 or more. It is the value of 
the exponent £s/kT which distinguishes an insulator from a semicon- 
ductor. If Eg < 1 eV, the substance is a semiconductor at room tem- 
perature, then the resistivity at room temperature is not very high. 
But if Eg > l eV, the resistivity at room temperature is very high 
(~ 103 Q m) and the substance is an insulator. 


Superconductivity The curve of Fig. 3.9 (a) does not really go to zero 
at absolute zero of temperature (although it appears to do so). At 
absolute zero, copper has a residual resistivity of about 2 x 107! Q m. 
For many substances the resistance (and hence resistivity) does become 
zero at some low temperature Te called the critical temperature. 
Figure 3.10 shows the variation of resistance of a specimen of mercury 
at temperature below 6 K (i.e. — 267°C). Within a very small tempe- 
rature range of aboùt 0.05 K, the resistance of mercury abruptly drops 
to zero. This phenomenon called superconductivity was discovered by 
Kamerlingh Onnes of the Netherlands in 1911. 


4 6 
K= 


Fig. 3.10 The resistance of mercury dis- 
: appears below 4K 


Mercury metal becomes a superconductor at 4K (liquid helium 
temperature), i.e. its resistance entirely disappears at a temperature of 
4 K, which is called the superconducting point. The resistance of metal- 
lic tin falls to zero near 3.72 K and that of NbsSn_ near 18.2 K. Many 
elements and several hundred compounds show this kind of behaviour. 

Superconductors are the most exotic of all conductors. The fact that 
the resistance of a substance becomes zero at a certain low temperature 
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has aroused the curiosity of both experimental and theoretical physic- 
ists. The zero resistance of a semiconductor implies that a current 
flows with no expenditure of energy. Once a current is set up ina 
loop of a semiconducting material, it persists unchanged for weeks and 
even months, even though there is no source of emf (battery) in the 
circuit. This remarkable property of superconductors will no doubt 
have very important practical applications. A serious difficulty in their 
use is the very low temperatures at which they must be kept. Recent 
newspaper reports (1987-88) say that scientists all over the world are 
trying to achieve superconductivity at room temperatures. If and when 
this is achieved, we would be able to transmit electrical power over 
superconducting cables without any loss of power during transit. We 
would also be able to produce and maintain very high magnetic fields 
without the expenditure of megawatts of power as is now necessary 
in nuclear particle accelerators. 

It is not clearly understood yet why, under certain conditions, the 
conduction electrons can move completely freely through matter. In 
the superconducting state, the electrons are acted upon by a weak 
attractive force which brings them together to form coupled pairs. On 
the basis of quantum mechanical ideas (which are outside’ the scope 
of the present text) it can be shown that the paired electrons move 
without collisions if the temperature is kept sufficiently low. 


Effect of Temperature on Resistance 


The resistance of a pure metal increases with temperature. For small 
increases in temperature the relation between resistance and tempera- 
ture is 


Rr = Ro(1 + Bt) 


where R; = resistance at t°C, Ro = resistance at 0°C and t = rise in 
temperature. The parameter £ is called the temperature coefficient of 
resistance. For pure metals, 8 is positive. For copper, for instance, 
B = 0.0038 per degree Celsius. For alloys, such as manganin, eureka, 
etc., Ê is very small œ 0.00001/°C implying that the change in resis- 
tance with temperature is negligible for a fairly large temperature 
difference. It is for this reason that these alloys are used to construct 
standard resistances. For carbon and some semiconductors, $ is nega- 
tive, indicating that their resistance decreases with increase in tempera- 
ture. Ohm’s law does not apply in such cases. 


Validity of Ohm’s Law: Ohmic and Non-ohmic Conductors 
It must be clearly understood that ohm’s law is not a law of nature. 
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The law is obeyed by metallic conductors; they are, therefore, called 
ohmic conductors. If we apply a variable potential difference across 
a metal wire, then for each applied potential difference V, the current 
Iin the wire is proportional to the applied potential difference and the 
resistance of the wire is the same, no matter what the applied voltage is. 
If V is reversed, J is also. reversed but the magnitude of 7 remains 
unchanged. The characteristic J-V graph for metals is a straight line 
passing through the origin (Fig. 3.11). We assume that the temperature 
of the conductor is kept constant. But at higher currents, the conduc- 
tor becomes hot and its resistance increases. Thus the J-V graph is 
linear only for small currents, as shown in Fig. 3.11 where the dashed 
line represents linear behaviour and the solid curve at higher currents 


shows a departure from linear behaviour. 


Fig. 3.11 Characteristic I-V graph for 
ohmic conductors 


Many conductors do not obey Ohm’s law;.they are called non-ohmic 
conductors. The /-V graph of such conductors has one or more of the 
following properties: 


(a) The relation between 7 and V is nonlinear. 

(b) The relation between J and V depends upon the sign of V for the 
same absolute value of V. 

(c) The relation between Zand F is not unique, i.e. 7 may have more 
than one value at a given value of V. 


Many useful components in electrical circuits are required to be non- 
ohmic. For example, a non-ohmic component is essential in a radio 
receiver circuit. Figure 3.12(a) shows the Z-V characteristic curve for 
a junction (semiconductor) diode used as a rectifier; it exhibits the 


—_—  —_ 
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properties (a) and (b) listed above. Notice that / is not proportional 
to V. Further, very little current flows even for fairly high negative 
voltage V (called negative bias) and a current begins to flow for much 
smaller positive bias. Thus the diode junction allows current to flow 
in only one direction, i.e. it acts as a rectifier. In Chapter 14, we will 
learn more details of a rectifier which is a very useful and essential 
circuit element. 


+I 


(a) (b) 
Fig. 3.12 /-V characteristics of (a) a diode junction and (b) a thyrister 


Figure 3.12(b) shows the characteristics of a circuit element known 
as the thyrister which consists of four alternate layers of p- and n-type 
semiconductors; it exhibits all the three properties (a), (b) and (c) of 
non-ohmic conductors, Notice that again Z is not proportional to V. 
Further, the current at a given voltage is not unique; it has two values 
at a voltage V.. The region AB is interesting because over this region 
the current increases with decrease in voltage, completely violating 
Ohm’s law. 


EXAMPLE 3.3 In a discharge tube, the number of protons drifting 
across any cross-section is 1.0 x 10'® per second while the number. of 
electrons drifting in the opposite direction across another cross-section 
is 2.7 10'8 per second. If the voltage across the tube is 220 V, what 
is the effective resistance of the tube? 


Solution: Let us say that the protons are drifting in the +x direction. 
The current due to the drifting of protons is (1.0% 10'8 x 1.6 10-19) 
Cs“! (or A) in the +x direction. Since the electrons carry a negative 
charge and they are drifting in the — x direction, the current due to 
electrons is 2.7 10!8x (— 1.6Xx 10719) A in the — x direction which is 
equivalent to a current of (2.7 x 10!8 1.6 10719) A in the +x direc- 
tion. Hence the effective current in the + x direction is 
I = 3.7 10'® x 1.6X 10-19 = 5.92 107! A 
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Now V = 220 V. The effective resistance of the tube is 


20V 
5.92 x 1071 A 


= 3.7 1020. 


V 
R=7= 


EXAMPLE 3.4 A wire with a resistance of 5 ohms is drawn out so that 
its new length is three times its original length. Find the resistance of 
the longer wire. ` ‘ 

Solution: Let m be the mass of the given wire, d, its density and P 
its resistivity. These quantities remain unchanged when the wire is 
drawn out. Let 7; be the length of the smaller wire and ri its radius 
of cross-section. If 2 and 72 represent the length and radius of the 
elongated wire, we have 


2 2 
m = mihd = mr2bd 
‘ 2 2 
Le. rih = rih 


It is given that 2 = 3/1. Therefore, = rih. 
If Ri is the resistance of the smaller wire and Rz that of the elon- 
gated wire, we have 


Ph 
Ri = ar 
and R= 2R, 
so that K A 
Ri Miaa 
Since R=5Q 
; R: = 452 


Example 3.5 A copper coil has a resistance of 2.002 at 20°C. Find 
its resistance at 50°C. The temperature coefficient of resistance for 
copper is 3.80 10-4 per degree Celsius. 


Solution: We know that 
Ri = Ro (1 + Bt) 
mit Ray = Ro (1 + 20 B) 
Rso = Ro (1 + 50 £) 
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Rs 1 +508 
R20 1+ 208 
Now Ræ = 2.002 and $ = 3.80 10-4 per °C. Hence 
Rso = 2.02.2 


3.5 INTERNAL RESISTANCE 


Let us consider a simple circuit consisting of a resistance R connected 
to a source of emf labelled C (which we take to be a cell), Every source 
of emf has a resistance of its own called the internal resistance (r). For 
example, in the case of cell, the components inside it offer a resistance 
to the flow of current. The value of the internal resistance of a cell 
depends on: (a) the surface area of its electrodes, (b) the separation 
between them and (c) the nature, concentration and temperature of 
its electrolyte. 


Shelf 


(a) (b) 
Fig. 3.13 (a) A simple electric circuit and (b) its gravitational analogue 


When a current Z flows through C, the source C does work to trans- 
fer positive charge from one end A to the other end B. If £ is the emf 
of the cell and r its internal resistance, then a part v of € is used up 
to transfer charge from A to B; from Ohms law this part is given by 

Be fe (3.14) 
The remaining part V = (E — v) drives the charge through the exter- 
nal resistor R; this part is given by 


V=IR (3.15) 
Now CH Vo (3.16) 
Equations (3.14) to (3.16) give 
ESS n 
VREA 
and pat! (3.17) 


r 
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Notice from Eq. (3.17) that if Z= 0, € = V, i.e. if no current is drawn 
from the cell (i.e. itis on an open circuit), the potential difference V 
across its terminals equals its emf €. If Z # 0, V is less than €. 

Figure 3.13(b) shows a gravitational analogue of Fig. 3.13(a) which 
helps one understand the concept of emf. The man lifts balls from the 
bottom and transfers them to the top of a shelf by doing work on 
them; this energy is stored temporarily as gravitational energy. In 
Fig, 3. 13(a) the cell transfers charge from terminal A to B at the expense 
of its chemical energy which is stored temporarily as electrical poten- 
tial energy. The balls roll slowly and uniformly along the shelf and 
drop from the right end into a cylinder filled with viscous oil. They 
sink to the bottom at a constant speed. In Fig. 3.13(a) the charges 
move through the resistance R at a constant speed. The balls roll back 
along the floor. The balls move through the system at a steady rate 
just like charge moving through a circuit, making a steady current. 
The man uses his own energy (which is essentially chemical) to main- 
tain the steady motion of the balls. The cell uses its chemical energy 
to maintain the steady motion of the charges. 


EXAMPLE 3.6 A cell has an emf of 1.5 V and an internal resistance of 
1.02. Calculate the terminal voltage of the cell when a 4.02 resistor 
is connected across its terminals. 


Solution: The total resistance in the circuit = 1.0 + 4.0 = 5.0.9, 
Since the emf of the cell is 1.5 V, the current in the circuit is 


L5V ii 
: is 5007 0.3 A 
Terminal voltage (V) of cell = potential difference across the 4.0 Q 
resistor 


= 0.340 = 12V 


Example 3.7 A battery supplies a current of 0.9 A through a 2,0 Q 
resistor and a current of 0.3 A through’ a 7.0 2 resistor. Calculate 
the emf and the internal resistance of the battery. 


Solution: Let € be the emf and r the internal resistance of the battery. 
Since emf = current total resistance, we have 
In the first case : € = 0.9(2.0 + 7) (i) 
In the second case: € = 0,3(7.0 + r) (ii) 
Equating (i) and (ii) and solving for € and r we get 
€=225V and r=0.52 
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3.6 CELLS IN SERIES AND IN PARALLEL 


The current obtained from a single cell is small. In experimental 
work, higher currents are often required. For this purpose a combina- 
tion of two or more cells is used. The combination of cells is called a 
battery. The battery of cells is used in torches, transistor sets, cars 
and other automobiles, trains, etc, Cells can be combined in various 
ways. We shall first consider the simplest combination, namely, the 
series combination. 

Cells are said to be combined jin series if the positive terminal of 
one cell is joined to the negative terminal of the second and so on, as 
shown in Fig. 3.14. Let us con- 
sider n cells connected in series, 
each of emf € and internal resis- 
tance 7, Let R be the external 


n cells 


HHH 


resistance, 

Then, total emf of the battery 

R =n”xé€ and total internal re- 

Fig. 3.14 Cells connected in series sistance of the battery = n X r. 
Therefore, 


Total resistance in the circuit = nr + R 


Now, from Ohm’s law 
total potential difference 
total resistance 


nE 
or I= RAR (3.18) 
z us consider two special cases: 
. R > nr, If the external resistance R is very large kommen to 
FA ‘total internal resistance nr, then nr can be neglected compared to 


R and we have 


Current (7) in the circuit 


_ 18 
T= R (3.19) 


which is n times the current E/R that can be drawn from a single cell. 
Hence n cells combined in series multiply the current in a circuit by 
n times that given by a single cell if R > ar. 
2. R & nr. On the other hand if R < nrthen we have 


af teh 
which is the same as that given by a single cell. 
Thus we conclude that a'series combination of cells should be used, 
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if the external resistance is high compared to the total internal 
resistance of the battery. If this is 
not the case, then a parallel com- 
bination of cells is employed where 
the positive terminals of the cells 
are connected together and so are 
all their negative terminals, as 

shown in Fig. 3.15. 
If identical cells are connected 
Fig. 3.15 Cells connected in in parallel, the effective emf is 
parallel equal to the emf of any one of the 
cells. The total internal resistance 

of n identical cells connected in parallel is given by 


1 


1 
eh 
T ... Up to n terms 
fn fl + P 


|~ x |= ~|- 


or Fn = (3.20) 


n 
where r is the internal resistance of each cell. The calculation of the 
total emf of a parallel combination of different cells is more com- 


plicated. This problem can be tackled by using Kirchhoff’s rules 
described in Sec. 3.8. 7 


3.7 RESISTANCES IN SERIES AND IN PARALLEL 


In electrical circuits, it is often necessary to combine two or more 
resistances. Resistances can be connected in two ways: (a) in series, 


and (b) in parallel. We shall find out the resistance of the combination 
in each case. 


1. Resistances in Series 


Resistances are said to be connected in series when they are joined 
end-to-end. Figure 3.16 shows 
three resistances Ri, R2 and R3 con- 


1 I nected in series. When a battery is 
Ri R R3 connected as shown, a current 

B C D flows in the circuit, the current is 

Vy tH Vo V3 the same in all the resistances, 

vV Sgan since any charge flowing into the 


Fig. 3.16 Resistances connected in first resistance must next flow 
series through the second, and so on. 


y“ 
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There is no other alternative path for the charge to flow. Thus in a 
series circuit, the current is the same at all points. Let V be the voltage 
of the battery. Therefore, the potential difference between the points 
A and D in the circuit is V volts. Let 7 be the current flowing in 
the circuit. Since the current flowing through each resistance is the 
same (= 7) and since the resistances R1, R2 and R3 are different, 
Ohm’s law (V = ZR) tells us that the potential difference across the 
ends of each resistance will be different. 
If Vi, Vz and V3 are the potential differences across R1, R2 and R3 
respectively, then í 
K= Vit Vaid V 
Now from Ohm’s law, Vi = IRı, V2 = IR and V3 = IR3. Therefore, 
V = (Ri + R2 + Rs) (3.21) 
Let R be the resistance of the combination. The value of R must be 


such that the same current J flows through it when the same potential 
difference V is applied across it, i.e. 


V=IR (3.22) 
Equating (3.21) and (3.22), we get 
R= R + R2+ R 
For n resistances in series, we have 
R= Rot Rat Ra we + Rn (3.23) 


Thus when resistances are connected in series, the total resistance is 
equal to the sum of the individual resistances. 


2. Resistances in Parallel 


A circuit diagram showing three resistances R1, R2 and R3 connected 
in parallel is shown in Fig. 3.17. The current Z leaving the battery at 
its positive terminal divides at the 
junction into three parts fi, h 
and J; which recombine at other 


junction to give finally the same 
total current returning to the 
w / battery. It is clear that, 
3 


R3 1=hth-+ds 
ey es It is evident from Fig. 3.17 that 
Fig. 3.47 . Resistances connected in the potential difference across 
parallel each resistance is V, the voltage of 
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the battery. Since the potential difference across each resistance is 
the same and since each resistance has a different value, Ohm’s law 
tells us that the current in each resistance should be different and 
must be as follows: 


V ake er, 
ames bmg Ba 
Thus I= v(i} poby $) (3.24) 
RI ep Rave RA i 


Now suppose that the resistance of the combination is R. This implies 
that if the parallel combination of resistances Ri, R2 and R3 is replaced 
by its equivalent resistance R, the total current through R and the 
potential difference across R must be the same. 

i y 


=> 


Using this value of J in Eq. (3.24) we have 
or — = = 


For n resistances connected in parallel, we have 


1 ji 1 1 1 
ROR R Rawal ta eps 29) 
Thus when a number of resistances are connected in parallel, the recipro- 
cal of the resistance of the combination is equal to the sum of the 
reciprocals of the individual resistances. 


EXAMPLE 3.8 Two identical cells of emf 1.5 V each connected. in 
parallel provide supply to an external circuit consisting of two resistors 
of 17 2 each joined in parallel. A 
very high resistance voltmeter 
reads the terminal voltage of the 
cells to be 1.4 V. Find the internal 
resistance of each cell. 


Solution: Figure 3.18 shows the 
circuit diagram. Jis the current in 
the circuit. The equivalent resis- 
tance R of the parallel combina- 


tion of two 17 2 resi is gi 
PA ee Sistors is given 


Fig. 3.18 
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17 
= tO 
or R 2 


Now the terminal voltage V across points A and B = 1.4 V. Hence 
the current in the circuit is 


T= RN TTA 
Let r be the internal resistance of each cell. The voltage drop across 
ris = 1.5 — 1.4 = 0.1 V. Hence, we have 
2.8r 
7 0.1 
giving r= 12.2 


EXAMPLE 3.9 A resistance network shown in Fig. 3.19 is connected. 
to a battery of emf 30 V having an internal resistance of 1 Q. 

2n Find: (a) the equivalent resistance 
of the network, (b) the current in 
each resistor and the potential 


sca drop across each resistor, and (c) 
N 


4 the terminal voltage of the battery. 
I Solution: (a) The total resistance 
of the parallel combination is 
r= 10 given by 
i Ji 2a really pega 
F= 30V RTD Ged 


2 
Fig. 3.19 
giving Ri =22 


Therefore, the equivalent resistance of the network is 


R= R+2=24+2=42 
(b) The total current Z in the circuit is 


Be peers Ary 


Potential drop across the 2Q resistor = 2X6 = 12V 
Now the parallel combination of 129, 6 2 and 49 resistors has an 


effective resistance of Ri = 22. 
Hence the potential drop across the parallel combination = 2x6 


= 12V which is the same for each resistor in the combination. 


Therefore 


ag ae 
Current in 12 9 resistor = 77 = 1A 
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Current in 62 resistor = Fg = 2A 
Vv 


Current in 42 resistor = PEN 3A 
(c) Total voltage drop across the network = 12 V + 12 V 
=24V 


Thus the terminal voltage of the battery is 24 V. The ‘loss’ of voltage 
= 30V—24V=6V is the potential drop across the internal 
resistance of the battery. 


Exampce 3.10 Find the effective resistance between points A and B 


Fi 3.0, of the network shown in Fig. 3.20. 
Solution: Resistors AF and FE 
3:2 pA of 32 each are in series with each 
c other. Therefore, the network 
Fi AEF is a parallel combination of 
30) 30 two 6Q resistors. Thus the resis- 
tance between points A and E is 
A 30 .38 given by 
Fig. 3.20 EE UE 
Raw nes 36 
giving Raz =32 


The network reduces to that shown in Fig. 3.21(a). 


Bees f D 
D 
32 
. sn 
c 
a 3A, c 
3. > 
3A 30 
30. B An St G) B A an B 
(a) (b) te) 


Fig. 3.21 


Similarly the resistance between points A and D in Fig. 3.21(a) is 
Rap =3Q 
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The network reduces to that shown in Fig. 3.21(b). It follows from 
this figure that the resistance between points A and C is 
Ric = 32 


The network simplifies to that shown in Fig. 3.21(c). Clearly the 
effective resistance between points A and B is given by 


1 1 1 
Rap fei B 
or Ras = 29 


ExAMpLe 3.11 . Find the equivalent resistance of the network shown 
in Fig, 3.22. The numbers indicate resistances in ohms. 


Fig, 3.22 


Solution: The network consists of four loops connected in series. 
Each loop consists of two 1 # resistors in series connected in parallel 
with two 2@ resistors in series. Thus the effective resistance R of each 


loop is given by 

1 
id 
giving Ri= 


Equivalent resistance of the network 


= resistance of four loops connected in series, each having 


F : 4 
an effective resistance of 3 Q 


< 


Sa A ke 
SAX aig ® 


EXAMPLE 3.12 Calculate the steady state current in the 22 resistor 
shown in Fig. 3.23. The internal resistance of the battery is negligible 
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and the capacitance of the capa- 
citor is 0.5 pF. 


Solution: The resistance of the 
parallel combination of 22 and 
3 Q resistors is 


R=1.2Q 
This resistance is in series with 


the 2.82 resistor, giving a total 
6V effective resistance 


Fig. 3.23 = 1242.8 = 4.02, 


In the steady state, no current flows through the capacitor C and 
hence no current passes through the 5 Q resistor as it isin series with 
the capacitor. Hence the current through the circuit = 6/4 = 1.5 A. 
Therefore the potential drop across AB = 1.5 1.2 = 1.8 V. Hence 
the current through the 22 resistor = 1.8/2 = 0.9 A. 


3.8 KIRCHHOFF’S RULES 


When we have to deal with complicated circuits (such as those we 
have in a radio receiver or a teleyision set) which cannot be reduced 
to simple series and parallel arrangements, we can determine the 
equivalent resistance of the circuit or the current in any part of the 
circuit or the potential difference across any resistor in the circuit by 
using Kirchhoff’s rules described below. These rules are generalizations 
based on Ohm’s law. 

Let us consider the circuit shown in Fig. 3.24. It consists of two 
loops abefa and bcdeb labelled 1 and 2. There are two junctions b and 
e and three branches connecting these junctions. The branches are the 
left branch bafe, the right branch bede and the central branch be. 


o> <oO 
€ E€ 
4 I b I2 &2 3 
at fs I> 
I Iz I2 
f ih aire d 


Fig. 3.24 An electrical circuit having two loops 
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There are two batteries of emfs €; and €2. For simplicity, we neglect 
their internal resistances. The currents in the three branches are /1, h 
and J; as shown. Current Ji has thè same value at any point on the 
left branch, J2 has the same value everywhere in the right branch and 
Jy in the central branch. 

If the emfs and the resistances are known, the currents in the various 
branches can be found very simply by using the following two rules. 


1. First or Junction rule 


This rule is based on the fact that charge does not accumulate at any 
point in a conductor. It states that atariy junction of several circuit 
elements, the sum of the currents entering the junction must equal the 
sum of the currents leaving it. The three currents I, and Is carry 
charge either towards the junction b or away from it. In the steady 
state (i.e. when the currents are not changing with time), the charge 
must be removed from the junction at the same rate at which it 
arrives at it. Thus Kirchhoff’s first (or junction) rule is simply a state- 
ment of conservation of charge. Applying this rule to junction b leads 
to the equation 


Kth=h (3.26) 


Applying this tule to the other junction ¢ leads to exactly the same 
equation. To solve for the three unknowns /1, 2 and J3 we need two 
more independent equations. They can be found from Kirchhoff’s 
second (or loop) rule. 


2. Second or Loop Rule 


In any closed loop, the algebraic sum of the changes in potential across 
the sources of current and resistances must be zero. The sources of 
current are the emfs and the changes in potential across the resistances 
are the voltage drops. 

Inorder to deal with complicated circuits, we must fix the sign 
conventions for both the emf and the voltage drops in resistance. In 
using the second rule, it is necessary to start at some point inithe loop 
and move-completely around the loop in one direction or the other, 
keeping track of sign of each emf (€) and each voltage drop (ZR) 
through each resistor. The sign of each emf and each JR voltage drop 
is related to the direction we choose to go around the loop. In the 
circuit shown in Fig. 3.24 suppose we decide to go around a loop in 
the clock-wise direction abefa for loop 1 and bedeb for loop 2. If the 
direction of the path taken to go round the loop is the same as the 
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direction in which the positive charge (or-positive- current) moves: in the 
source (battery), the emf of the source is taken to be positive..The sign 
of the IR drop in each resistor in the loop is positive when the direction 
of the travel isthe same as the direction of the current. 

With these sign conventions, using Kirchhoff’s second rule to loop 
abefa we have i 


PEBR — Ri = 0 (3.27) 


For the second loop bedeb we have 
—€2 +hR2 -h LR; = 0 (3.28) 


The: three equations [Eqs (3:26), (3.27)-and (3.28)] are simultaneously 
solved for Ay and, Go\Thus knowing €1, €2, Riy.R2 and Rs, the 
currents Ji; J2 and J3:are determined and hence the potential drops 
across the resistors are known. There are three equations and exactly 
three unknowns. 


Note: We could also apply the’ second rule ‘to the large loop 
consisting of entire circuit abcdefa. For this loop, we have 


— & + hR2 — hRi =0 EEREN 


Notice that this is not a new independent equation, it is simply the 
sum of Eqs (3.27) and (3.28). 

The following examples illustrate the use of PUGNE rules to 
solve erien circuit problems. 


EXAMPLE 3.13 Two cells of emfs €; = 1.5 V and €2 = 2.0) V and 
internal resistances of rı = 1.02 and r2 = 1.5 Q respectively are con- 
nected to an external resistor R = 2.5 Q as shown: in Fig::3.25(a). 
Find: (a) the current. in, the, circuit, and (b). the potential difference 
between points a and b and between b.and.c, 


Solution: (a) '\Let us suppose that the direction of the current J is as 
shown in Fig. 3.25 (b); this direction is chosen arbitrarily. It is not 
necessity tò know in advance the direction of the! current in any 


i€ & ł 
a 


Fig 3.25 > 


ee 
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branch in any complicated circuit. We take the current invany direc- 

tion and apply Kirchhoff’s rules to the ' circuit. If the numerical value 

of the current turns out to be positive, then the chosen direction is 

correct; but if the value turns out to be negative, the actual direction 

of the current is opposite to the one chosen. ; t 
Applying the loop rule to the loop abcdea, we have 


—Iri —\€1 + &2 — In = IR = 0 
at Te E2 — ê 
R+ntr 


EN eB ASS a tke 
Somer ae Se hn 


which is positive. Hence the direction chosen for / is correct 
(b) To find the potential difference between points a and b we start 
from a and traverse the circuit to b, obtaining A EEE IOA 


Val =Va — Vo) Im — 6: = —0:10%1.0 — 1.5 = 1.6 V 
The negative sign indicates that point a is at a lower potential than 
point b. ` s j 


The potential difference between points b and c is given by 
Voe(=Vo — Ve) = €2 — Ira = 2.0 — 0,101.5 = + 1.85 V 


The positive sign shows that point b is at a higher potential than 
point c. Notice that the terminal voltage of G1 is 1.6 V which is greater 
than its emf (which is 1:5 V) and the terminal voltage of Cz is 1.85 V 
which is Jess than its emf(which i8°2.0 V). This means that charge is 
being forced through Er in a direction opposite to the one in which it 
would send charge if it were acting by’ itself. If €1 is a chargeable 
battery (storage battery), it is being charged at the expense of £2. 


EXAMPLE 3.14 In the circuit shown in Fig. 3.26, €1 = 3V, &2 =2V, 
E= 1V and R= ri = ra = ra= VR; (a) Find the’ current thróugh 
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each branch. (b) If rz is short-circuited andthe point A is connected 
to point B, find the the currents through the cells €1, €2, Es and the 
resistor R. 


Solution: (a) Let fi, 2 and J3 be the currents through the resistors 
rı, r2, and r3 respectively as indicated in Fig. 3.26. Using Kirchhoff’s 
second rule to loops abcda and abcdefa, we have 


shin PE ~ & —'hn'=0 
and —hn + & — €3 — fars = 0 
which give ĉi — hn = €2 + br = €3 + hrs (i) 
Applying Kirchhoff’s first rule to junction a, we have 
h=h+h (ii) 
Using (ii) in (i), we get 
ê —(h+ B)n.= €3.+ brs 


or 2h +h = 2 (iii) 
Also €2 + hr = & + hr 
or h-h=1 (iv) 


From (iii) and (iv), we get 
h=1A, h=0 and h=1A 


(b) Since 2 = 0, the potential difference between points a and d 
= emf &2 = 2 V and remains equal to 2 V eyen when r2 is short- 
circuited. Because the potential, difference across a and d remains 
unchanged, the currents J; and Z through cells &; and €2 do not change 
i.e. J) = B = 1 A, even when point A is connected to point B. Hence 
the current through £2 will be 2A. 


EXAMPLE 3.15 Determine the current in each branch of the net work 
shown in Fig. 3.27. 


Solution: Let us choose the direction of the various currents as shown 
in Fig. 3.27. Applying Kirchhoff’s first rule to junctions a, b and c we 
have 


For junction a: T=h-+ h (i) 
For junction b: T=Lh+h (ii) 
For junction c: P= + Is (iii) 


For junction d: k=h+h ia (iv) 
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g 10.9 10v i 
Fig. 3.27 


Applying Kirchhoff’s second rule to loops abde, bedb and adcefa we 
have 


10h + 5h — Sh =0 or 2h+b-h=0 (v) 

S4 — 105 — 5b = 0 or L= 21s -h = 0 (vi) 

Sh + 10/s — 10 + 107 = 0 or hh + 2s — 2. + 21,= 0. (vii) 
Eliminating 7 between (i) and (vii) we get 

3h +:2is 32 + 2h = 0 (viii) 


We have five equations (ii), (iv), (v), (vi) and (viii) and five unknowns 
h, h, B, I4 and Is. Solving these five equations simultaneously we get 


4 6 2 6 
h= 774; h= 7 ® h = 7A I4 mA 
4 
and Is = 77 A. 
Hence T=hth=aA 


Since J; turns out to be negative, the direction /s chosen as shown.in the 
figure is wrong, J flows from d to b. 3 i 


EXAMPLE 3.16 Figure 3.28(a) shows four cells E, F, G and H of emfs 
2,1, 3 and IV and internal resistances 2, 1, 3 and 1 Q respectively. 
Calculate the potential difference between: (a) points B and D and. (b) 
the terminals of cells G and H. 
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E 
(+) l= 
A +) B 
) 
Fit 2n. Ns 
(Gat) 
(+) 
D ares) c 
(a) (b) 
Fig. 3.28 


Solution: Let Iı and h be the currents in branches BAD and DCB 
respectively as shown in Fig. 3.28(b). Let /3 be the current along DB 
through the 2 Q resistor. Applying Kirchhoff’s first law at junction D, 
we have 

h=h+h 
or R=h—-h 
Applying Kirchhoff’s second law to loops BADB and DCBD we have 

Mm+h+W-hyH|2-—1t=1 


or 5h — 2h. +1 (i) 
and 3h +h = Wh ~h) = 3 > b= 2 
or 6l2 — 2h = 2 (ii) 


From (i) and (ii), we get 


h= A and R= 


Therefore b=h-h=-— 5 A 


The negative sign shows that the current through the 2 Q resistor 
flows along BD and not along DB as assumed. 


+ 
(a) Potential difference between B and D = 2x(1/13) = 2/13 V 
(b) Potential difference across the terminals of cell G 


= 3 —(6/13)x 3. = 21/13V 
Potential difference across the terminals of cell H 
=1+ 6/13 = 9/13 V. 
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EXAMPLE 3.17 Twelve identical wires, each of resistance r, are joined 
to form a cube. Find the resistance between (a) two diagonally oppo- 
site corners of the cube and (b) two corners on the same edge of the 
cube. i 
Solution: (a) Let J be the current entering at corner A and leaving at 
corner G of the cube (Fig. 3.29). p . 1/6 
From Kirchhoff’s first rule and 
from symmetry, the current at A 
divides into three equal parts (each 
equal tol/3) along AD, AB and 
AE. Similarly, the current J/3 at 
corners B, E and D divides again 
into two equal parts (each equal 
to 1/6). Thus the currents in all 
the twelve resistances are known; 
they are shown in Fig. 3.29. 

Let V be the potential difference between points A and G. Applying 
Kirchhoff’s second rule to any one path (such as A E F G), we have 

Ir Ir Ir 5Ir 
ar ee eae 

From symmetry, it follows that the same result is obtained for all 
paths between A and G. If Rac is the effective resistance between 
points A and G, we have 


Fig. 3.29 


V = IRac = oe 
giving Rac == 


(b) Let us consider two corners A and B of the same edge of the 
cube, as shown in Fig. 3.30. Let D 3 k 
V be the potential difference bet- 
ween A and B. Let current 7 enter (I 
at A and leave at B. 

Suppose the current in the 
resistor AB is Jı. Let J2 be the 
current in resistor AE, whichis 
the same as that in resistor AD. 
Also let Js be the current in resis- 
tor DC which is the same as that & 13 F 
in resistor EF. Fig. 3.30 
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From Kirchhoff’s first rule, the currents in DH and EH are each 
equal to (2 — b). Similarly, the current in HG is 2(/2 — Js). The 
currents in CB and BF are each equal to /. The current in CG is 
(B — h) and that in GF is (B — hb) + 2(h — b) = (k — B). Thus 
the currents in all the twelve resistors are specified. 

Applying Kirchhoff’s second rule to any three loops, we obtain 
three equations which can be solved for the three unknowns 71, J2 and 
Js. For loop ADCBA, we have 

V= hr + hr + br = (2h + hr (i) 
For loop E F G H E, we have 

0 = 4h — h) — br = (4h — 5h)r 
which gives 4h = 5h (ii) 
For the resistor AB, we have 


= hr (iii) 

Using (iii) in (i), we get 

v=(2n+ <h)r= By (iv) 
Using (iii) in (iv), we get 

14 
h = 5: h 
The total current is 
10 12 
T=ht+ht+h=h Fiqh = ah 


If Raz is the effective resistance of the whole network between points 
A and B, we have 


V = IR = U Ra 


7 

But V=hr 

He E 
nce Rar a" 


3.9 MEASUREMENT OF CURRENT, POTENTIAL DIFFERENCE 
AND RESISTANCE 


One basic instrument in current electricity is the galvanometer. It 
consists of a coil of many turns of an insulated wire suspended or 
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pivoted between the two pieces of a strong permanent horse-shoe 
magnet. The working of a galvanometer will be discussed in Chapter 5. 
Ri A When a current is passed through 

the coil, it experiences a torque 

and deflects. The deflection of the 
R R coil is proportional to the current 
2 3 flowing through the coil. A galva- 

nometer can be easily converted 

into devices for measuring currents 

V and potential differences called 

Fig. 3.31 An ammeter connected to ammeters and voltmeters. The 
read the current in the requirement is that the use of 

circuit and a Ai these devices in a circuit must 

PUL dipecah y Fee not alter the current in the circuit 

resistor Re or the potential difference across 

any resistor in the circuit. One 

such circuit is shown in Fig. 3.31 where A stands for an ammeter and 


V for a voltmeter. 


The Ammeter 

An ordinary moving coil galvanometer is a very sensitive instrument. 
It is designed to read currents as small as a few microamperes. To 
measure currents as high as 1 A or more, a low resistance is connected 
in parallel with the galvanometer coil, The resistance used in this way 
is called a shunt. A shunted galvanometer is called an ammeter. Since 
the resistance of the shunt is very small compared to that of the coil, 
most of the current will flow through the shunt and only a small frac- 
tion passes through the coil. 

An ammeter is always connected in series with the circuit the current 
through which is to be measured as shown in Fig. 3.31. It is essential 
that the resistance ~ of the ammeter be small compared to other resis- 
tances in the circuit. In the circuit shown in Fig, 3.31, the requirement 
is that 

r < (Ri + Ro + Rs) 


Otherwise the very act of connecting the ammeter will itself alter the 
current to be measured. An ideal ammeter would have a zero resis- 
tance. The value of the shunt resistance determines the range of the 
currents a given ammeter can measure (see Example 3.18). 


EXAMPLE 3.18 A galvanometer of resistance 202 gives full-scale 
deflection when a current of 0.001 A is passed through it. Calculate 
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the value of the shunt that must be used to convert it into an ammeter 
than can read currents up to 1.0 A. When this ammeter is put in a 
circuit, does it read (slightly) less or more than the actual current in 
the original circuit? 


Solution: It is clear from Fig. 3.32 that the value of the shunt resis- 
tance must be such that out of a current of 1.0A, only a current 
Ta = 0.001A passes through the galvanometer G and the rest of the 
current /s= 1.0 — 0.001 = 0.999A passes through the shunt S, 


toa o.o01a Ê eat Sy 


Sg ee 


A Ammeter 
Fig. 3.32 Converting a galvanometer into an ammeter 


Let the resistance of the shunt be Rs and that of the galvanometer 
Rg. Since Reand Rs are in parallel, the potential difference across 
each is the same, say V. From Ohm’s law, we have 

V = la X Ra = Is Rs 
or 0,001 x20 = 0.999 X Rs 
or Rs = 0.0202 
Thus, the given galvanometer shunted with a resistance of 0.0202 
becomes an ammeter which will give a full-scale deflection for a 
current of 1.0A. Since Rs € Ra, the effective resistance of the amme- 
ter œ Rs = 0.020 Q. When the ammeter is put in a circuit, it will 
decrease (slightly) the original current. Hence it will read slightly less 
than the actual current, See example 3.20. 


The Voltmeter 


A voltmeter is designed to measure potential differences across the 
resistors in a circuit. A voltmeter is a galvanometer with a high resis- 
tance connected in series with the coil. Itis always connected in parallel 
to the resistor the potential difference across which is to be measured 
as shown in Fig. 3.31. The voltmeter must have a high resistance (R) 
compared to the resistance (R2) across which the potential difference 
is measured. The voltmeter will then take a negligible current so that 
the current (and hence the potential difference across any resistor) 
in the main circuit remains practically unaffected when the voltmeter 
is connected. The range of the voltmeter is determined by the value 
of the high resistance R (see Example 3.19). 


Current Electricity 184 


EXAMPLE 3.19 A galvanometer of resistance 202 gives full-scale 
deflection when a current of 0.001 A is passed through it, Calculate 
the value of the high resistance that must be connected in series with 
it so as to convert it into a voltmeter that can measure potential 
differences up to SV, When this voltmeter is put across a part of the 
circuit, does it read (slightly) less or more than the original voltage? 


Solution: It is clear from Fig. 3.33 that the potential difference Vo 
across the galvanometer G when it gives full-scale deflection is given by 


Vo = Current Resistance 
= 0,001 X20 = 0.02 V 


6 * `~ 
o.ooa & R /G ‘\ 
i i i K L Ný 
te- 0.02 V =a 4. 9 BV—at ME Ra 
; H l Voltmeter 


ee eed 
—_———_- 5.0V — i; 
Fig. 3.33 Conversion of a galvanometer into a voltmeter 


The value of resistance R that must be connected in series with the 
galvanometer of resistance Ra must be such that out of a total poten- 
tial difference of 5 V only 0,02 V = Vo exists across Gand the rest 
Vr = 5 — 0.02 = 4.98 V drops across R. Since the current is the 
same in both G and R, namely, equal to 0.001 A. hence 


Vr 4,98 
Re T” 6001 7 49802 


Thus, the galvanometer with a resistance of 49802 in series with it 
becomes a voltmeter which will give full-scale deflection when a poten- 
tial difference of $V is applied across the combination. 

When this voltmeter whose effective resistance is (~4980 2) is con- 
nected across a resistor r(€ R), the current in the main circuit divides 
between r and R, the voltmeter taking a very small current. Hence the 
current through r decreases slightly, Consequently, the voltmeter reads 
slightly less than the actual voltage across z. See Example 3.20, 


EXAMPLE 3.20 Tworesistors of 400 2 and 800 Q are connected in series 
with a 6.00 V battery of negligible internal resistance. (a) An ammeter 
of 10.0.2 resistance is used to measure the current in the circuit. Find 
the error in the measurement of current. (b) A voltmeter of resistance 
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10,000 2 is used to measure the potential difference across the 400 Q 
resistor. Find the error in the measurement of potential difference. 
Solution: The current in the circuit is 
— 6.00 
400 + 800 
The potential difference across the 400 2 resistor is 
V = 0.005 x 400 = 2.00 V 
(a) When an ammeter of resistance 10 2 is connected in series as 


shown in Fig. 3.34(a), the total resistance of the circuit is 400 + 800 + 
10 = 1210 Q. Therefore the ammeter will indicate a current of 


15h 6:0 
~ 1210 
6.00y Ammeter 


I 


= 0.005 A = 5.00 mA 


r 


= 0.00496 A = 4.96 mA 


IOn 


4000 800n 4000 800n 


(a) 


Voltmeter 
(b) 


Fig. 3.34 


Hence the ammeter reads less than the actual current which is 5.00 mA 
and the error in the measurement of currentis 5.00 — 4.96 = 0.04 mA. 
(b) When a voltmeter of resistance 10,000 2 is connected across the 
400 2 resistor as shown in Fig. 3.34(b), the equivalent resistance R of 
the combination is given by 


ete ae ella 
R = 70,000 * 400 
which gives R= 384.62 
Total resistance in the circuit = 800 + 384.6 = 1184.62 
2 San 6.00 
= — = 3 
Current in the circuit 1184.6 5.065 x 10-3 A 


The potential difference indicated by the voltmeter is 
V’ = 384.6 X5.065 x 10-3 = 1.95 V 


ee ee ee ee ee 


Current Electricity 183 


Hence the voltmeter reads less than the actual potential difference 
V(which is 2.00 V) and the error in the measurement of potential 
difference is 2.00 — 1.95 = 0.05 V. 


EXAMPLE 3.21 You are given two resistors X and Y whose resistances 
are to be determined using an ammeter of resistance 0.5 ohms and a 
voltmeter of resistance 20 k 2 . It is known that X is in the range ofa 
few ohms and Y is in the range of several thousand ohms. In each 
case, which of the two circuits shown in Fig. 3.35 would you choose 
for resistance measurement? Justify your answer quantitatively. 


A A 
1 Te R I I JR I 
Q 
: I 0.5.0 
2 2 V 
O 
20,0000 , 20,0000 
Circuit (a) Circuit (b) 


Fig. 3.35 


Solution; Let us find the error in the measurement of X and Y using 
circuits (a) and (b) of Fig. 3.35. The circuit that corresponds to a 
small error should be chosen. 

(1) Measurement of X: Let us suppose that the resistance X is 5.0 & 
and find the ratio of the voltmeter and ammeter readings using circuits 
(a) and (b). The circuit for which this ratio is closer to 5.0 Q is to be 
preferred. 

Referring to circuit (a) the current J divides into A and /2 so that 
I= h + h. It is clear that the ammeter reading is Jı, and the volt- 


meter reading = 11 X(R + 0.5) 
= 1, x(5.5) 
since, in this case R = X = 5.02. Hence the ratio 
Voltmeter reading _ 
Ammeter reading 5.52 
Thus, if we use circuit (a), the error in the measurement of X is 0.54 
in 5.02. 

Referring to circuit (b), the ammeter reading is (=f + hb) and thi 
voltmeter reading = HR = IX = 5,0h. But 5.04 = 20,000 72. Thu 
we have . 

h= 20,000 
1 = 20,005 
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. __ §.0 x 20,000, 
Voltmeter reading = 5.0 fi = ~ 20,005 I 


Voltmeter reading 5.0x 20,000 _ Q 
Ammeter reading 20,005 EaSI 
We find that if we use circuit (b) for the measurement of a resistance 
in the range of a few ohms, the error inthe measurement is negligibly 
small compared to that in circuit (a). Hence circuit (b) should be used. 

(2) Measurement of Y: Resistance Y is several thousand ohms. Let 
.us assume it to be, say, 50,000 2, If we use circuit (a), the ratio of the 
voltmeter and ammeter readings will be (50,000 + 0.5) = 50,000.5 Q. 
Tf circuit (b) is used, this ratio would be 

50,000 x 20,000 __ 
20,000 + 50,000 — 14285.7.2 

We find that if circuit (b) is used, the error is very large. Hence we 
conclude that for measuring high resistances, circuit (a) should be 
used, 


Hence 


The Potentiometer 


The potentiometer is a device used for accurate comparison of potentials 
differences. It is schematically shown in Fig. 3.36. 


€ 


Fig. 3.36 The circuit diagram of a poten- 
tiometer. At null point with C,. 
I, = Oand with Cz, Ij = 0 


A source (cell C) of emf € is connected to a variable resistor Ri 
(called the rheostat) and a long uniform conducting wire AB in series 
as shown in Fig. 3.36. Two cells, C1 and C2 whose emfs €1 and €2 are 
to be compared, are connected as shown (with the -positive terminals 
of all the three cells connected to A). Sı and S2 are two switches. 
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They are used to bring either C1 or C2 in the circuit. G isa zero-centre 
galvanometer that detects the current flowing through it. A high 
resistance R is connected in series with G to prevent too much current 
from flowing through G. The other end of G is connected to a jockey 
J which slides over the wire AB. 

First the switch Sı is closed so that the cell Ci is brought into the 
circuit. The jockey J is moved along the wire AB till the current in 
the galvanometer is zero and it shows no deflection. Suppose the null 
point occurs when J is at point Pı. This happens if the potential differ- 
ence (Vi) across the length AP: of the wire due to cell C = the 
potential difference across APi due to cell Cı. Since, at null point, 
no current flows through the galvanometer circuit, the latter equals 
the emf £1 of cell Cy, this cell being on an open circuit at null point. 
Thus 


& = Vi 
Let V be the terminal voltage of cell C and k, the resistance per 
unit length of wire AB. Then, from Ohm’s law, it follows that the 
potential difference Vi across AP is given by 


V kARi 
(Ri + KAB) 


where J = V/(Ri + kAB) is the current in the circuit involving AB, 
C and Ri. Therefore 


Vi = Tk APi 


ĉi = IkAPı (3.30) 


Next the switch S2 is closed (switch Sı being open) so that the cell 
C2is brought into the circuit. Suppose now the null point is at P2. 
Then, the emf &2 of the cell C2 is given by 


€2 = IkAP2 (3.31) 
Dividing Eqs. (3.30) and (3.31) we get 
é API 

E:S AP2 G32 


Notice that, at null point, the current (Z) flows only in the circuit 
involving wire AB, resistor Ri and cell C and no current flows through 
either Ci or C2(J1 = 2 = 0). Therefore, the internal resistances of cells 
Cı and C2 do not play any role. Hence the emfs (and not the terminal 
voltages) of Cı and C2 are compared by measuring the lengths AP: 
and AP2 and finding their ratio [Eq. (3.32)]. If one of the emfs (say 
€a) is a standard known emf, this device can be used to find the abso- 
lute emf €1 of any source. 
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EXAMPLE 3.22 Figure 3.37 shows a potentiometer using a cell C of 
emf 2.0 V and internal resistance 0.40 2 connected to a resistor wire AB. 
A standard cell of a constant emf of 1.02 V (for moderate currents up 
to a few amperes) gives a balance point at 67.3 cm length of the wire. 
A very high resistance R = 600 k 2 is put in series with the standard 
cell to ensure that low currents are drawn from the cell. This resistance 
is shorted by inserting switch S when close to the balance point. The 
standard cell is then replaced by a cell of unknown emf € and the 
balance point found by using the above procedure turns out to be 
82.3 cm length of the wire. (a) What is the value of €? (b) What is the 
purpose of using the high resistance R? (c) Is the balance point affected 
by this high resistance? (d) Is the balance point affected by the internal 
resistance of the driver cell C? (e) Would this method work if: (i) the 
internal resistance of cell C were higher than the resistance of wire 
AB and (ii) the emf of cell C were 1.0 V instead of 2.0 V? (f) Would 
the circuit work well for determining extremely small emfs of the 
order of a few millivolts? If not, how would you modify the circuit? 


c 


6 R 
Fig. 3.37 


Solution: (a) The value of @ is given by (€1 = 1.02 V is the emf of 
the standard cell C1) 


_ 1.02 82.3 
cS 67.3 


(b) The high resistance R has a two-fold purpose—to keep the 
current drawn from the standard cell within permissible limit when 
far away from the balance point and to prevent a large current to 
flow through the galvanometer (so that it is not damaged) when far 
away from the balance point. 

(c) No, since at balance point no current flows through R. 

(d) No, the balance point is not affected by the internal resistance 
of C, it depends on the terminal voltage of C and the emf of Ci. 


= 1,25 V 


Se en ai tone ee ee 


me I | pe 
= ol a 
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(e) The method would not work if the potential difference across 
AB due to the driver cell C (which is its terminal voltage) became less 
than the emf of cell Ci, for then there would be no balance point on 
the wire. (i) If the internal resistance of C is higher than the resistance 
of AB, the potential difference across AB due to cell C of emf 2.0 V 
will be less than 1.0 V. Since the emf of the standard cell is greater 
than this value, there will be no balance point on the wire. (ii) For 
the same reason, the method would not work if the emf of C were 
1.0 V instead of 2.0 V. 

(£) Suppose the emf € to be measured is, say 5 mV = 5X 1073 V, 
and the potential difference across AB due to C is 2.0 V. Also suppose 
that the length AB of the wire is 100 cm and its resistance per centi- 
metre is k. Then the value of the balance length will be given by 

5x 10-3 V = pd across AJ due to C 
= current in the main circuit X resistance of AJ 


2.0 2.0 AJ 
Took “AI 100. 
or AJ = 0.25 cm 


Thus the balance point will be very close to A and there is an 
extremely large percentage error in its measurement. To have a large 
balance length, the potential difference across AB must be reduced 
to about 10 mV. To achieve this the circuit shown in Fig. 3.37 is modi- 
fied by putting a suitable resistor R’ as shown in Fig. 3.38, The 
balance length will then be larger and the percentage error will be 
much smaller. 


Source of avery low emf 
Fig. 3.38 


EXAMPLE 3.23 Figure 3.39 shows a potentiometer circuit for com- 
paring two resistances. The balance point with R = 10.0 2 when 
switch Sı is closed and S2 is open is found to be 58.3 cm while that 
when S2 is closed (Sı is open) is found to be 68.5 cm. Find the value 
of ¥. What will you do if you fail to find a balance point with the 
given cell C’. 


188 Physics for Class Xil 


ic 


Fig. 3.39 


Solution; Let V and V’ be the terminal voltages of cells C and C’ 
respectively. Let k be the resistance per unit length of wire AB, and J 
the balance point when Sı is closed. This happens when the potential 
difference across AJ due to C = potential difference across R due to 
GOA Re, 
V yw ER i 
PAB Ro i K 
Let J’ be the balance point when switch Sı is open and S2 is closed, 
then 


V Ph EN 2 
cap 4A =y (ii) 
Dividing (i) and (ii) we get 
R+X AV 
R AJ 


Putting R = 10.0 2, AJ = 58.3 cm and AJ’ = 68.5 cm and solving 
we get r = 1.75 Q. 

If we fail to find a balance point, it implies that the potential drop 
across (R + X) is greater than the terminal voltage of cell C. We can 
perform either of the following two operations to obtain a balance 
point: 

(i) Use one or more cells in series with C or (ii) reduce the current 
in (R + X) and hence potential drop across (R + X) by putting a 
suitable resistor in series with C’. 


EXampLe 3.24 Figure 3.40 shows a potentiometer circuit for deter- 
mining the internal resistance of a cell. When switch S is open, the 
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balance point is found to be at 76.3 cm of the wire. When switch S is 
closed and the value of R is 4.0 Q, the balance point shifts to 60.0 cm. 
Find the internal resistance of cell C’. 


c 


Fig. 3.40 


Solution: Let & be the emf of the cell C’ and r its internal resistance. 
Let / = AJ be the balance length when switch S is open. When a 
resistance R is introduced by closing the switch, a current begins to 
flow through the cell C’ and resistance R. The potential difference 
between the terminals of the cell falls and the balance length decreases 
to l = AJ’, The internal resistance of the cell is given by 
Cait 

I 
where V is the terminal voltage of C’ and Z is the current in the circuit 
involving C’ and R. Also J = V/R. Hence 


r= ($ ctr) )r 
But E/V = IJl’. Hence 


int)... 16.3 — 60.0 \ 
r= R( 7) 40x( oe ) LIQ 


The Wheatstone Bridge 


The Wheatstone bridge is an arrangement of four resistances; three of 
them are known and the fourth can be determined in terms of the 
three known resistances. It was first suggested by C.F. Wheatstone of 
England in the 19th century. Figure 3.41 shows a Wheatstone bridge. 
It consists of three known resistances P, Q and S and a fourth 
unknown resistance R. A source of emf is connected between points 
A and C and a galvanometer between B and D. 
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Fig. 3.41 


Two of the known resistances, say P and Q, are fixed and the 
third resistance S is varied until the galvanometer shows zero deflec- 
tion, i.e. no current flows in BD. When this happens, the bridge is 
said to be balanced and the resistances P, Q, R and S are related as 


SP hi eRe 
Qe eS 
or a a (3.33) 


Thus knowing the values of P, Q and S, the value of R is determined. 
The balance condition (3.33) follows simply from Kirchhoff’s rules. 

Suppose a current J enters junction A, where it divides into Jı and 
I as shown in the figure such that 

I=h+h 
when the bridge is balanced, no current flows along BD. Hence the 
currents in arms BC and DC are Jı and J2 respectively. Now applying 
Kirchhoff’s second rule to loops ABDA and BCDB we have 

hP = BRR 
and h = bS 


Dividing the two we get the balance condition (3.33). 

The Wheatstone bridge is a null method. Hence the internal resis- 
tance of the cell and the resistance of the galvanometer do not come 
into the picture; they do not affect the null point. 


EXAMPLE 3.25 Figure 3.42 shows a metre bridge (which is nothing 
but a practical Wheatstone bridge) consisting of two resistances X and 
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Y together in parallel with a metre long constantan wire AC ofa 
uniform cross-section. D is a movable contact that can slide along the 
wire AC. The resistors ¥, Y and resistances of segments AD and DC 
of the wire constitute the four arms of the bridge. The length of wire 
AC is 100 cm. X is a standard 4.00 2 resistor and Y is a coil of wire. 
With Y immersed in melting ice, the movable contact D is moved 
along the wire until the galvanometer deflection is zero; the null point 
is found to be at a distance of 40.0 cm from point A. When coil Y is 
heated to 100°C, a 100 2 resistor had to be connected in parallel with 
Y in order to keep the bridge balanced at the same point. Calculate 
the temperature coefficient of resistance of the coil. 


(b) 


Fig. 3.42 


Solution: Since the wire AC is of a uniform cross-section, the resis- 
tances of the two segments of the wire AD and DC are in the ratio 
of their lengths. If Ro is the resistance of Y in melting ice (0°C), the 
balance condition of Wheatstone bridge gives 


ARE ig RIE an ee Ghee 
Ro k(00— 1) «(100 — 1) 
where k is the resistance per centimetre of wire AC. Now, / = 40.0 cm, 
and ¥ = 4,00 Q. Substituting these values, we get 
Ro = 6.00 2 
Let R: be the resistance of Y when heated to a temperature 


t= 100°C. When it is shunted with a 100 2 resistor as shown in 
Fig. 3.42(b), the net resistance becomes 


,» _ _ 100R; 
Rest" 100 
Since the balance point remains unchanged, we have 
X _ 40.0 
R' 60.0 
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giving R’ = 6.00 Q 
ah 100R; 
Thus 6.00 = R, + 100 
which gives R, = 6.38 Q 
Temperature coefficient of resistance of the coil Y is 
_ Rr Ro 
Ne Rot 
_ 6.38 — 6.00 
6.00 x 100 


= 6.3 x 1074 K7! 


SUMMARY 


The electromotive force (emf) of a source is the potential difference 
between its terminals when it is on an open circuit, i.e. when it is not 
being used to send any current in the circuit. The SI unit of emf is 
the volt. 

Electric current is the rate at which charge flows through any cross- 
section of a conductor; its SI unit is called the ampere. 

Ohm’s law states that the current flowing through a conductor is 
directly proportional to the potential difference across its ends, pro- 
vided the physical conditions of the conductor (such as temperature) 
remain the same. The ratio of the potential difference across the ends 
of a conductor to the current flowing through it is called its resistance. 
The SI unit of resistance is called the ohm. The electrical resistivity 
of the material of a wire is the resistance of a unit length of the wire 
of a unit cross-sectional area. The reciprocal of electrical resistivity is 
called electrical conductivity. The resistance and resistivity of metals 
increase with increase in temperature. 

The two Kirchhoff’s rules are: (a) the algebraic sum of the currents 
at a junction is zero, and (b) the algebraic sum of the changes in 
potential across the sources of current and resistances in a closed loop 
is zero. 


EXERCISES 


A. Short-Answer Questions 


1, What do you understand by electromotive force? State its SI unit. 
2. State Ohm’s law. 


Sonane 


12. 


13. 
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. Define electrical resistivity. State its SI unit. 


What is a superconductor? 
Name two semiconductors, 


. What is the internal resistance of a cell due to? 


Name the charge carriers in an electrovoltaic cell. 


. State the two Kirchhoff’s rules. 


Name the device used for measuring currents. How is it connected ina 
circuit? 


. Name the device used for measuring potential differences. How is it con- 


nected in a circuit? 


Long Answer Questions 


. What constitutes electric current? Give a quantitative definition of: 


(i) steady current and (ii) varying current. Draw the current-time graph for: 
(i) a steady and (ii) an alternating current. 


. A steady current flows through aconductor of non-uniform cross-section, 


How will you establish that the current is the same for any cross-section of 
the conductor? 

What do you understand by the terms drift velocity and relaxation time of 
the free electrons in a metallic conductor carrying a current? How are the 
two related? 


. A metallic wire of uniform cross-sectional area A has n free electrons per 


unit volume and a constant current J flows through it. Show that the 
magnitude vg of the drift velocity of the free electrons is given by 


ae 
d enA 


. State Ohm’s law for metallic conductors. Does the relation V = IR hold for 


non-ohmic resistors? Explain the meaning of the term resistance in terms of 
the microscopic picture presented in this chapter. 

Define the terms resistivity and conductivity of a conductor, What are their 
units? 

Discuss the distribution of electron velocities in metals. 

Discuss the variation of resistivity with temperature, Define the temperature 
coefficient of resistivity. 

The temperature coefficient of resistance of a metal is 4.5x 10-* K~! What 
is the meaning of this statement? 

What is superconductivity? State two properties of superconductors. What 
is the most important application of superconductors? 


. N cells, each of emf € and internal resistance r are connected in series, 


The battery of cells is connected across an external resistance R. Find the 
current in the circuit. Discuss the special cases (i) R > Nr and (ii) R < Nr. 
N resistors of resistances R,, Ra, Rs,---, Ry are connected in: (i) series 
(ii) parallel. Find the equivalent resistance of the combinations in (i) 
and (ii). 

State Kirchhoff’s rules and use them to find the potential differences across 
the resistors R,, Ra, Ra in the circuit shown in Fig. 3.25 of this chapter. 
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14. 


15, 


16. 


17. 


18. 


19, 


20. 


2i: 


Ç: 


How can you convert a galvanometer into an ammeter? Describe with the 
aid of a concrete example. 

With the help of an example, describe how a galvanometer can be con- 
verted into a voltmeter. 

(a) Describe a potentiometer circuit arranged to compare the emf of a cell 
with that of a standard cell. (b) Explain the reasons for the following 
procedures in the experiment: 


(i) The positive terminal of the cell whose emf is required is connected 
to the same end of the potentiometer wire as the positive terminal of the 
driver cell. 

(ii) The protective resistor is removed before the final balance oint is 
determined. 

(iii) A rheostat is sometimes included in the potentiometer circuit with 
the driver cell but its resistance must not be too high. 


In a potentiometer experiment, a balance length cannot be found. Suggest 
two possible reasons, with explanations and remedies. 

Describe, with circuit diagrams, to show how a potentiometer is used to 
determine: (i) a low resistance and (ii) the internal resistance of a cell in 
terms of a standard resistor. 

Describe clearly how a potentiometer is used to measure an emf of the 
order of 1 mV. 

‘A potentiometer may be regarded as equivalent to a voltmeter.” Comment. 
Discuss the relative merits of using: (i) a potentiometer and (ii) a voltmeter 
to measure the emf of a cell. 

Draw a Wheatstone bridge. Using Kirchhoff’s rules, find the relationship 
between the resistances of the four arms of the bridge at null point. 


Multiple-Choice Questions 


Choose the correct answer or answers from the given alternatives. 


i 


Choose the only incorrect relationship from the following 


(a) Ampere = coulomb per second 
(b) Volt = coulomb per joule 

(c) Ohm = volt per ampere 

(d) Coulomb = joule per volt 


The terminal voltage of a cell connected to an external resistance R is 


(a) always equal to its emf 

(b) always less than its emf 

(c) greater or less than its emf depending on the direction of the current 
through it. 

(d) greater or less than its emf depending on whether its internal resistance 
s less or greater than R. 


. A fresh flashlight cell of emf 1.5 V gives a current of 15 A when connected 


directly to an ammeter of resistance 0.04 2. The internal resistance of the 
cell is 

(a) 0.04 2 (b) 0.06 Q 

() 012° (d) 12 
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The resistance of a straight conductor does not depend on its 

(a) temperature (b) length 

(c) material (d) shape of cross-section 

A wire of resistance 4 Q is stretched to twice its original length. What is 
the resistance of the wire now? 

(a) 19 (b) 42 

(ce) 82 (d) 162 

Each resistance in the network shown in Fig. 3.43 has a value of 6 2. The 
points P and A are connected by a copper wire of negligible resistance. The 
points Q and B are also connected by a copper wire of negligible resistance. 
What is the effective resistance between points P and Q? 

(a) 22 (b) 32 

(c) 62 (d) 182 


ER 
P 6n eat 
X Y 
q 
2n 


2V 


Fig. 3.43 Fig. 3.44 
The effective resistance between points X and Y in Fig. 3.44 is 
(a) 1Q (b) 22 
(c) 42 (d) 62 


. Seven resistors, each of value 20 2, are connected to a 2 V battery as shown 


in Fig. 3.45. What is the reading of ammeter A? 


(a) 1/10 A (b) 3/10 A 
(c) 4/10 A (d) 7/10 A 
A 
Fig. 3.45 
20 9. The reading of ammeter A in the 

circuit shown in Fig. 3.46 is 
(a) 1/8 A 

2. NTA (b) 3/8 A 
(c) 1/2 A 

20 (d) 2A 


a 10. A cell supplies a current of 0.9 A 
through a 2 Q resistor “and a 
2N current of 0.3 A through a 7 Q 
resistor, The internal resistance of 

Fig. 3.46 the cell is 
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(a) 0.5.2 (b) 1.02 
(c) 122 (d) 2.0 Q 
11. What is the emf of the cell used in question 10 above? 
(a) 1.5 V (b) 1.75 V 
(c) 2.0 V (d) 2.25 V 


12. Figure 3.47 shows a circuit with two cells X and Y in opposition to each 
other. Cell X has an emf of 6 V and internal resistance of 2 @ and cell Y has 
an emf of 4V and internal resistance of 8 2. What is the voltage between 
terminals A and B? 


(a) 5.4 V (b) 5.6 V 
(c) 5.8 V (d) 6.0 V 
X 
G4), (-) 
vOl 
A B 
= 
aye (8 es +) 
Y A x 
Fig. 3.47 4 Fig. 3.48 


13. Figure 3.48 shows two cells X and Y connected to a 10 Q resistor. Cell X 
has an emf of 6 V and internal resistance of 2 Q and cell Y has an emf of 
4 V and internal resistance of 8 Q. The terminal voltage of cell Y is 


(a) zero (b) 2V 
@4v (d) 10 V 

14. The polarity of cell Y in Fig. 3.48 is reversed so that the emfs of X and Y 
now oppose each other. The terminal voltage of Y now will be 


(a) 2.8 V (b) 3.8 V 
(c) 4.8 V (d) 5.8 V 


15. A voltmeter having a resistance of 1800 Q is employed to measure the 
potential difference across a 200 @ resistor which is connected to the 
terminals of a de power supply of emf 50 V and internal resistance 20 2. 
What is the percentage decrease in the potential difference across the 200 2 
resistor as a result of connecting the voltmeter across it? 


(a) 1% (b) 5% 
(c) 10% (d) 25% 


16. The deflection in a moving coil galvanometer falls from 50 to 10 divisions 
when a shunt of 12 Q is connected across it. The resistance of the galvano- 
„meter coil is 


(a) 24.2 (b) 36 2 
(c) 48 Q (d) 60.2 


17. 


18. 


19, 


20. 


pam 


22. 
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A galvanometer of resistance 10 Q gives full-scale deflection for a current 
of 1,0 mA. What resistance must be connected in'series with it so as to 
convert it into a voltmeter reading up to 2.5 V? 

(a) 24.9 Q (b) 249 Q 

(c) 2490 Q (d) 24900 2 

With what resistance should the galvanometer in Question 17 above be 
shunted so as to convert it into an ammeter that can measure currents up to 
2.5 A? 

(a) 4x 1071 Q (b) 4x 1078 Q 

(c) 4x103 Q (d) 4x107# Q 

The driver cell of a potentiometer has an emf of 2.0 V and negligible 
internal resistance. The potentiometer wire has a length 100.cm and resis- 
tance 5.0 2. What resistance must be connected in series with the wire so as 
to have a potential drop of 5 mV across the whole wire? 

(a) 1985 Q (b) 1990 2 

(c) 1995 Q (d) 2000 2 

Using the potentiometer of Question 19, a balance length of 60cm is 
obtained for a thermocouple of emf &. The value of Ẹ is 

(a) 3 mV (b) 4mV 

(c) 6 mV (d) 25/3 mV 

In the circuit shown in Fig. 3.49, the potential difference between the 
points B and D is 

(a) 1V (b) 2 V 

(c) 3 V (d) 4V 


Fig. 3.49 


What is the value of the resistance that should be connected in parallel with 
the 12 Q resistor in branch ADC in the circuit shown in Fig. 3.49 so that 
the potential difference between points B and D becomes zero? 

(a) 2 Q (b) 4 Q 

(c) 62 (d) 82 


Numerical Problems 


(In the following problems, take the electronic charge = 1.6x 10-2" C and 
the electronic mass = 9.1 x 10-** kg, whenever necessary). 
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1. 


10% electrons pass from a point A towards another point B in 1s. What is 
the current in amperes? What is its direction? 

A current of 2A flows for 5 minutes ina conductor of resistance 10 2. 
(i) How many coulombs, and (ii) how many electrons pass through any 
cross-section of the conductor in this time? 

What is the number of free electrons in a uniform wire of silver of area of 
cross-section 1.0 107 m? and length 1m? Atomic mass of silver = 108, 
density of silver = 1.05x 10‘ kg m-*. Assume that there is one free electron 
in each atom of silver. The Avogadro number = 6.0x 10" mol“. 


. The wire considered in Problem 3 carries a current of 5A. (i) What is the 


drift velocity of the free electrons in the wire? (ii) How long will the 
electrons take to drift from one end of the wire to the other? 
A uniform copper wire of length 1 m and diameter 0.5 mm has a resistance 


i of 0.08 2. Estimate 7, the average time between collisions of a free electron 


ll, 


12, 


13: 


14. 


15. 


with the copper atom. Assume that there are 8x10% free electrons in 1 m* 
of copper. 


. The average distance an electron travels between two collisions is called 


the mean free path. Assuming that the thermal speed of electrons in 
Problem 5 is about 10° cms"4, calculate the mean free path. 

A wire with a resistance of 5 2 is drawn out so that its new length is twice 
its original length. What is the resistance of the longer wire? 


. A uniform wire has a resistance of 16 Q. It is melted and made into a new 


uniform wire whose diameter is twice that of the original wire. What is the 
resistance of the new wire? 


. A cell has an emf of 1.5 Vand an internal resistance of 1 Q. It is connected 


to two resistance of 22 and 3 Q in series. Find: (i) the current flowing 
in the circuit and (ii) the potential difference across the ends of each 
resistance. 


. A cell supplies a current of 0.6 A through a 2 Q resistor and a current of 


0.2 A through a 7 2 resistor, Calculate the emf and the internal resistance 
of the cell. 

A platinum wire has a resistance of 5 Q at 0°C and 10 Q at 273°C. Find the 
value of the temperature coefficient of resistance of platinum. 

At what temperature would the resistance of a copper conductor be double 
its resistance at 0°C? The temperature coefficient of resistance of copper is 
4x10-2/°C. Will your answer be true for all copper conductors whatever 
their shape or Size? 

A galvanometer together with an unknown resistance in series is connected 
across two identical cell of emf 1.5 V. When the cells are connected in 
series, the galvanometer records a current of 1.0 A and when the cells are 
in parallel, the current is 0.6 A. Find the internal resistance of the cell. 

A battery of emf 1.4 V and internal resistance 2 Q is connected to a 100 2 
resistor through an ammeter whose resistance is 4/3 2. A voltmeter is also 
connected across the resistor. (i) If the ammeter reads 0.02 A, find the resis- 
tance of the voltmeter. (ii) If the voltmeter reads 1.10 V, what is the error 
in the reading? 

What is the equivalent resistance between point A and B of the circuits 
shown in: (i) Fig, 3.50(a), (ii) Fig. 3.50(b), (iii) Fig. 3.50(c), and 
(iv) Fig. 3.50(d). Each resistor has a value of 10 Q. : 


16. 


17. 


18, 


19, 
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(a) (b) 


tc) 


(d) 


Fig. 3.50 


A battery of 24 cells, each of emf 1.5 V and internal resistance 2 2, is to be 
connected so as to send the maximum current through a 12 Q resistor. 
(a) How should the cells be connected? (b) Find (i) the current in each cell 
and (ii) the potential difference across the 12 Q resistor. 

A galvanometer having a coil resistance of 100 2 gives full-scale deflection 
when a current of 1 mA is passed through it. Find the value of the resis- 
tance which can convert this galvanometer into an ammeter giving full-scale 
deflection for a current of 1 A: 

A battery of emf 2.0 V and internal resistance 0,10 Q is being charged by 
means of a battery charger at a current of 5 A, During the charging process 
(a) in what direction does the current flow inside the battery and (b) what 
is the potential difference between the two terminals of the battery? 

In the circuit shown in Fig. 3.51, a voltmeter reads 30 V when it is con- 
nected across the 400 Q resistor. What will be the reading of the same 
voltmeter when it is connected across the 300 @ resistor ? 


IOV 
H0) 


300N 4000 


60Vo——————. 2n 
Fig. 3.51 Fig. 3.52 
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20. 


21. 


22. 


23, 


24. 


25. 


26. 


Two batteries of emfs 10 V (internal resistance = 3 Q) and 12 V (internal 


resistance = 2 Q) are connected to an external resistor of 2 Q as shown in 
Fig. 3.52 (a) Find the current in 2 Q resistor. (b) What is the terminal 
voltage of each battery? 

A resistor is made by joining two wires of the same material. The radii of 
the two wires are 1 and 3 mm, while their lengths are 3 and 5 cm, respecti- 
vely. A battery of emf 16 V and negligible internal resistance is connected 
across the resistor. Find the potential drop across the shorter wire. 

A battery of emf 2.0 V and negligible internal resistance is joined in series 
with a resistor of 500 2 and an unknown resistances X. A voltmeter con- 
nected across the 500 Q resistor reads 2/7 V, and reads 8/7V when connected 
across X. What is the value of X? Find the resistance of the voltmeter. 
Calculate the current J and the potential drop across the 30 Q resistor in 
the circuit shown in Fig. 3.53. 


22.5V 5 AA a 
10 5V Rp 
100 
I 
EDEA EBEV, 
300 25V 
Fig. 3.53 Fig. 3.54 


Find the currents in resistors R,, Ra Rs and R, in the circuit shown in 
Fig. 3.54. Ri = 4.2, Ra = 12 Q, Rs = 10 Q and Ry = 62. 

In a potentiometer experiment, the balance length with a cell A is found to 
be 75.0 cm and with a standard cell of emf 1.02 V, the balance length is 
50.0 cm. (a) Find the emf of A. (b) What is the new balance length if cell 
A has an internal resistance of 
2 Qand a resistor of 8 2 is joined 
to its terminals? 

Figure 3.55 shows a Wheatstone 
bridge that is almost balanced, 
the point C being grounded. 
(a) Calculate the potentials at D 
and B. (b) If a galvanometer is 
connected between B and D, what 
will be the direction of the current 
through it? (c) For what value of 
the resistor BC would the bridge 
be balanced? 


4 


THERMAL AND CHEMICAL EFFECTS 
OF CURRENTS 


4.1 INTRODUCTION 


In the year 1799 the Italian physicist Volta obtained a continuous 
supply of electricity from two metals. He took two metallic plates, one 
of copper and the other of zinc and placed a piece of cloth soaked in 
brine between them. This arrangement is called a voltaic cell. This is 
the beginning of a branch of physics called current electricity which 
deals with charges in motion. 

The effects of electric current :were discovered shortly after the dis- 
covery of the voltaic cell. It was found that water was decomposed into 
hydrogen and oxygen when connected to a series of voltaic cells. This 
was the earliest discovery of the chemical effect of an electric current. 
The heating effect of current was discovered soon afterwards, but the 
most important effect of current, namely, the magnetic effect was dis- 
covered some twenty years later. 

In Chapter 3 we have studied the basic principles underlying the 
flow of charge. In this chapter we will discuss the heating and chemi- 
cal effects of current. The magnetic effect of current will be dealt with 
in Chapter 5. 


4.2 HEATING EFFECT OF CURRENT: JOULE’S LAW 


We shall first discuss the general problem of transfer of energy in an 
electric circuit. We shall then consider the special case when the 
circuit contains a conductor having a finite resistance. We shall show 
that heat is developed in the conductor when a current flows through it. 

Consider an electric circuit consisting of a battery B connected to a 
‘black box’ [Fig. 4.1(a)]. This box may contain a resistor, a motor, an 
electrolyte, or anything else. A steady potential difference V is main- 
tained between the terminals a and b of the black box and a steady 
current J flows in the circuit. Terminal a, which is connected to the 
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Black Box 


conductor 


(a) (b) 
Fig. 4.1 Energy transformation in an electrical circuit 


positive terminal of the battery, is ata higher potential than terminal 
b, which is connected to the negative terminal of the battery. Let us 
say that a charge q moves through the box from a to b in time ¢. Then 
the current 7 in the circuit is 

pl A; (4.1) 

t . 

In moving from a to b, the charge has to do work on whatever is 
contained in the box. This results in a decrease in its electrical poten- 
tial energy, which can be obtained from the definition of V, the 
potential difference between points a and b. The potential difference 
between two points a and b in an electric field is defined as the amount 
of work done in moving a unit positive charge from a to b. If q units 
of charge move from a to b, the work done W by the charge is obvi- 
ously q times V, i.e. 

W = qv (4.2) 


This work represents the decrease in the electrical potential energy of 
the charge. The principle of conservation of energy tells us that this 
energy (like any other potential energy) is transformed (in the box) from 
the electrical potential energy to some other form of energy. To what 
other form the energy is transformed depends on what is contained in 
the box. From Eqs (4.1) and (4.2), we find that in time ¢ the energy 
W transformed is given by 


W=ItV (4.3) 


If the ‘black box’ contains a motor (such as a fan), the energy 
appears largely as mechanical work done by the motor. If the box 
contains an electrolyte, the energy appears largely as stored chemical 
energy (as in storage cells). 


— 
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If the ‘black box’ contains a metallic conductor (i.e. a resistor), 
then the energy appears as heat in the resistor. This can be understood 
from the following example. Consider a stone of mass m falling 
through a height 4. The decrease in its potential energy is mgh, where 
g is the acceleration due to gravity. If the stone falls in air (strictly, a 
vacuum), this energy is converted into the kinetic energy of the stone, 
resulting in its acceleration. But if the stone falls in water, it is pro- 
gressively retarded as it falls in water, ultimately its speed becomes 
constant. The potential energy that is steadily being made available as 
the stone descends then appears in the form of heat in the surrounding 
water. The heat is developed due to the friction between the stone 
and water. 

The motion of an electron through a conductor is somewhat like 
that of a stone through water. As the electron passes through the 
resistor, it falls, as it were, from a higher to a lower electrical potential. 
In the conductor (Fig. 4.1(b)], the electrons move from b to a, which 
is equivalent to a positive charge moving from a to b. The potential 
energy ofan electron of charge —e at bis —eV» and that at ais +-eVa. 
Since Va > V», the electron loses potential energy as it moves from b 
to a. We have seen that electrons travel through a conductor with a 
constant drift velocity va and thus do not gain kinetic energy. The 
electrical potential energy that they lose is, therefore, not converted 
into kinetic energy. It is converted into heat energy in the conductor. 
This can be understood from the microscopic picture presented in 
Chapter 3. We have seen that the motion of electrons in a conductor, 
under the influence of an electric field, is hampered because the elec- 
trons suffer collisions with the atoms of which the conductor is made, 
It is for this reason that a conductor offers resistance to the motion of 
electrons (i.e.to the flow of the current). In between collisions, the elect- 
rons moving through the field acquire kinetic energy in addition to their 
own kinetic energy due to thermal motion. In the collisions, this energy 
is transferred to the atoms of the conductor. Consequently, the atoms 
begin to vibrate about their mean positions more and more violently. 
This increases the average kinetic energy of the atoms. The increase in 
the average kinetic energy of the atoms results in an increase in the 
temperature of the conductor. Thus, the conductor is heated by the flow 


of current through it. 


Joule’s Law 


The heating of a conductor by the flow of an electric current through 
it is called Joule heating. This effect is thermodynamically irreversible. 
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We have seen that, in the case of a conductor, the electrical energy W 
given by Eq. (4.3) is converted into heat energy H, i.e. 


H = tV 


where H is measured in energy units, i.e. joule. 
For a conductor we have 


V =I IR 
Combining these two equations, we have 
H = PRt (4.4) 


Equation (4.4) is called Joule’s law which states that the amount of 
heat developed in a conductor by the passage of a steady current 
through it is proportional to: (i) the square of the current, (ii) the 
resistance of the conductor, and (iii) the time for which the current 


flows. 
If 7 is measured in amperes, R in ohms and ¢ in seconds, the heat 


energy H is the joules, i.e. 
H = PRt joules 


PRt 
S cal 
where J = 4.18 J cal~! is the mechanical equivalent of heat. 

It may be mentioned that Eq. (4.3) applies to the conversion of 
electrical energy into any other form; but Eq. (4.4) applies only to the 
conversion of electrical energy into heat energy in the ohmic resistor. 
Equation (4.4) is a statement of Joule’s law and is a particular way of 
writing the principle of conservation of energy for the special case in 
which electrical energy is converted into heat energy. 


Electric Power 


The rate at which electrical energy W is converted into other forms 
of energy is known as electric power P, which is given by 


P=—=WV (4.5) 


ie. Electric power = current x voltage. 
In the SI system, the unit of electric power is ampere-volt. Since, 


1A=1Cs" 
and 1v=1JC! 
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We have, 
1 ampere-volt = 1 AX1 V 
=1Js? 
1 joule per second is called 1 watt (W). Thus 
Watt = ampere x volt 


Watt-hour Since 1 Watt = 1 J s7}, it is clear that 
1 watt-second = 1 J 
or 1 watt-hour = 3600 J 


Watt-second is a unit of work (or energy) and is equal to a joule. 
Watt-hour (= 3600 J) is a bigger unit of energy. The electric supply 
undertaking uses a much bigger unit for electrical energy consumed 
while calculating our electricity bill. This unit is called the kilowatt 
hour (kWh) 

l kilowatt hour = 1000 watt-hour 
1000x 3600 joules 

= 3.6x 10°F 

The electric meter installed in our houses measures the electrical energy 
consumed in terms of kilowatt hours. Note that the watt (or kilowatt) 
is a unit of electrical power and watt-second (or watt-hour or kilowatt- 
hour) is a unit of electrical energy. 


Il 


EXAMPLE 4,1 A cell of emf 1.5 V and internal resistance 0.102 is 
connected across a resistor R. If the current in the circuit is 2.0 A, 
find: (a) the rate of chemical energy consumption in the cell, (b) the 
rate of energy dissipation inside the cell, (c) the rate of energy dissipa- 
tion in the resistor, (d) the value of R, and (e) the power output of the 
source. 
Solution: Vi 5 Vs IT=2.0A, r= 0,102. 
(a) Rate of chemical energy consumption in the cell (P) = VI 

= 152.0 = 3.0 W 
(b) Rate of energy dissipation in the cell (Pc) = 12r 

= (2.00.1 = 0.4 W 
(c) Rate of energy dissipation in the resistor R(Pr) 

=P + Po = '3.0'— 0.4: ='26 W 


= BSX Ri, 
(d) Potential drop across R = R + 0.10 
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Rate of energy dissipation in R = potential drop across 
Rx current in R 
ASX REZO 
~ R+ 0.10 


which is Pr = 2.6 W. Hence 


xRX 2. 
ISR RENA 
R = 0.652 
— rate of dissipation of energy in the 
resistor 
= 2.6 W 


which gives 
(e) Power output of the source 


EXAMPLE 4.2 An electrical cable having a resistance of 0.22 delivers 
10 kW at 220V dc to a factory. Find the efficiency of the transmission. 


Solution: 
’ iP ive 
Power loss in the cable = JR = (4) R 


10,000)? 
= (oe ) %02 


= 413 W = 0.413 kW 
Now, 


A power delivered by the cable to the factory 
Eiheleneys m power supplied to the cable 


= 0.96 or 96%. 


10 
10 + 0.413 


Exampe 4,3 A series battery of six lead accumulators, each of emf 
2.0 V and internal resistance 0.502 is charged by a 100 V de supply. 
(a) What series resistance should be used in the charging circuit in 
order to limit the current to 8.0 A? (b) Using the required resistance, 
obtain: (i) the power supplied by the de source, (ii). the power dis- 
sipated as heat and (iii) the energy stored in the battery in 15 min. 


Solution: 
(a) Total emf of the battery = 2.0x6 = 12 V 
ry (r) = 0.50x 6 = 3.02. 


Total internal resistance of the batte 
y act in 


While charging, the emfs of the de supply and of the batter 
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opposition since the current is sent in the battery from the negative to 
the positive terminal. Hence the effective emf = 100 —12 = 88 V. If 
R is the required resistance, charging current = 88/(R -++ 3) = 8.0 A 
(Given) which gives R = 8.0 Q, 
(b) (i) Power supplied by the de source = 100 V x/8:0 A 
= 800 W 
(ii) Power dissipated as heat in resistor R = P(R + r) 
= (8.0)? x (8.0 + 3.0) 
= 704W 
(iii) Energy stored in the battery in 15 min ( = 15 60 s) 
= (800 — 704) «(15 60) 
= 86400 J 


EXAMPLE 4.4 (a) A battery of emf & and internal resistance r is con- 
nected across a pure resistive device (such as an electric heater) of 
resistance R. Show that the power output of the device is maximum 
when R = r. Find the maximum power output. (b) What is the power 
output of the source if the battery is shorted? What is the power dis 
sipation inside the battery in that case? 


Solution: (a) The current in the circuit is 


Ree al 
’~ RFN 
Power output of the device is given by 
E R s 
= PRe eS 
P= PR Rp (i) 


For given values of € and r, power output P will be maximum if 
dP/dR = 0 and d?P/dR? < 0. Differentiating (i) with respect to R we 
get (with & and r fixed) 


a? {i Bie Oe Gi) 
aR (Rr RE y 
Now dP/dR = 0 if 
IREA 
‘ (RFA $ 
which gives R= r. 


Thus, P will be either maximum or minimum when R = r. To decide 
whether P is maximum at R = r, we find d?P/dR? at R = r. 
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If its value is negative, P will be maximum. Differentiating (ii) we 
have 


AP WN 262) 7 BR 2} 
dR (R+ AVR 7) 

= find? 

dR? at R=r iy. 8r? 


which is negative. Hence Pis maximum when R = r. Putting R = r in 
Eq. (i) gives 
E 
4r 

(b) When the battery is shorted, it cannot deliver any current in 
resistor R. Hence the power output of the device becomes zero. The 


current through the battery, in this case is £/r and the power dissipat- 
ed inside the battery = (current)? x resistance — (E/r)2 xr = Eyr. 


(P)max = 


EXAMPLE 4.5 (a) An electric motor runs on a de source of emf Ê and 
internal resistance z. Show that the power output of the source is 
maximum when the current drawn by the motor is €/2r. What is the 
maximum power output of the source. (b) Show that the power output 
of electric motor is maximum when the back emf is one-half the 
source emf provided the resistance of the windings of the motor is 
negligible. (c) Compare and contrast this situation with that in 
Example 4.4, 

Solution: (a) When the motor is Tunning (it is an active device), a 
back emf, say €’, is developed in the circuit. If Z is the current in the 
circuit, the power output of the source is given by 


P=(6— Em 
But €’ = Ir, Hence 
P= ElI rr (i) 
Differentiating (i) with respect to J we have 
dP pi 
vii: =~ 27r (ii) 
P will be maximum or minimum if dP/dI = 0 i.e. if 
É 
diay, 
Differentiating (ii) with respect to J gives 
@pP 


= 2 


dr 


: 
: 
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which is negative. Hence P is maximum when Z= €/2r. Setting 
I = &/2r in (i) we have 


2 


Pmax = 4r 
(b) If the external resistance R is negligible, 
ie Ore 
r 
Since R = 0, Power output of the motor, P' = power output of the 
source 
=(= eI 
SEEN CVCE ie 
or : p= HEE = E) 


Differentiating P’ with respect to £” and setting the derivative equal to 
zero gives €’ = E/2. It is easy to see that the second order derivative 
of P’ with respect to 6’ is negative when &’ = €/2. Hence P' is maxi- 
mum when €’ = &/2 provided R = 0. 

A j ay é Erin? 
Also (P’)max = He E Enr AE 


(c) The situation in this example is more general than that in 
Example 4.4 because a motor is not a passive resistor; it develops a 
back emf. The reason why (P)max in Example 4.4 equals (P’)max in this 
example is that the external resistance R is neglected, i.e. the motor 
acts as a passive resistor. Hence the maximum power output in the 
two examples is the same. 


EXAMPLE 4.6 A 64 V dc power supply is used to charge a battery of 
eight lead accumulators, each of emf 2.0 V and internal resistance of 
1/8 Q. The charging current also runs an electric motor connected in 
series with the battery. The resistance of the windings of the motor is 
7.0 Q and the steady current supply is 3.5 A. During 1 hour of charging, 
find: (a) the mechanical energy yielded by the motor and (b) the 
chemical energy stored in the battery. 


Solution: The power supplied by the power supply is 
P = 64VX3.5A = 224 W 
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A part Of this power is lost due to heat in the battery and in the 
windings of the motor. The remaining power is available for mechani- 
cal power yielded by the motor and the chemical power stored in the 
battery. Now 

Rate of dissipation of heat energy in the battery 


= (current)? x (resistance of battery) 
=(.5APx (8x 1 @) 


= (3.5 A)?x(1 Q) = 12.25 W 

Rate of dissipation of heat energy in the windings of the motor 
= (current)? x (resistance of windings) 
= (3.5 A) x (7.0 Q) = 85.75 W 

Total power lost due to heat dissipation 

= 12.25 + 85.75 = 98 W 

Hence, the available power = 224 — 98 = 126 W. Now, 

Chemical power stored in battery = (voltage of battery) x (current) 
16VxX3:5A = 56 W 


4 Mechanical power yielded -by motor = 126 — 56 = 70 W 
(a) Mechanical energy yielded by motor in 1 hour 

= 70X60 60 = 252000 J 
(b) Chemical energy stored in the battery in 1 hour 

= 56x 60x 60 = 201600 J 


EXAMPLE 4.7 A copper wire of cross-sectional area 0.50 mm2 and 
length 10 cm is initially at 25°C and is thermally insulated from the 
surroundings. If a current of 10 A is set up in the wire: (a) Find the 
time in which the wire will start melting. Neglect the change in the 
resistance of the wire with temperature. (b) What will this time be if 
the length of the wire is doubled? Given, density of copper = 9.0 x 103 
kg m=, specific heat of copper = 3.8 x 10-1 J kg K~, melting point 
of copper = 1075°C and its resistivity = 1.6 x 10-8 Qm. 

Solution: 

(a) Mass of copper wire (m) = volume X density 

(0.5 10-6) x 0.1 x 9.0 x 10-3 

4.5 x 10-4 kg 

Rise in temperature (47) = 1075 — 25 = 1050°C 


l 


Thermal and Chemical Effects of Currents 211° 


Heat energy required to melt the copper wire is 

PRt=mxATxC (i) 

where J = current = 10 A, R = resistance of wire, t = time required 
to melt the wire and C = specific heat of copper. Now 

wp PE g 

R= A (ii) 


where P = resistivity, L = length and A’ = cross-sectional area of the 
wire. Using Eq. (ii) in Eq. (i) we have 
mAtCA 
PpL 
Substituting for m, AT, C, A, P and L in (iii) and solving we get 
= 5.0 XLS 
(b) If the length (L) of the wire is doubled, its mass (m) is also 
doubled. It follows from Eq. (iii) that ¢ remains the same, i.e. the 
wire will start melting at the same time. 


(iii) 


4.3 CHEMICAL EFFECT OF CURRENT 


The chemical effect of an electric current is one of the earliest effects 
of current known to man. One of the earliest industrial applications 
of electricity was the coating of a metal with a layer of another metal. 
This is called electroplating. Its purpose is to protect the metal from 
atmospheric corrosion and to give it a more attractive appearance. At 
one time, nickel plating was very popular; but nowadays chromium 
and platinum plating is used. The process involved in electroplating is 
called electrolysis. 


Electrolysis 


Almost immediately after the invention of the simple cell by Volta, 
now called the voltaic cell, two professors in England, Anthony 
Carlisle and William Nicholson, discovered a new phenomenon called 
electrolysis. They connected two platinum wires to a voltaic cell and’ 
dipped them in a vessel containing water to which a few drops of 
sulphuric acid had been added. They observed clouds of bubbles 
arising from each wire. They collected these gases in separate bottles. 
When the gases were tested it was found that one of them was hydro- 
gen and the other oxygen. 

It was already known that water consists of hydrogen and oxygen 
in a chemical combination. Carlisle and Nicholson showed, for the 
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first time, that water could be decomposed into its elements by passing 
an electric current through it. This discovery was of profound impor- 
tance because scientists thought that it was possible to discover the 
chemical composition of other substances by passing a current th rough 
them and thus decomposing them. This indeed was done a few years 
later by Humphry Davy and Michael Faraday. 


Terms Used in Connection with Electrolysis 


The process by which a substance is decomposed by the passage of 
an electric current is called electrolysis. The substance which conducts 
electricity and undergoes decomposition is called an electrolyte. The 
two wires (plates) which are connected to the battery are called 
electrodes. The electrode at which the current enters the electrolyte is 
called the anode and that by which the current leaves it is called the 
cathode. The vessel containing the electrolyte and the electrodes in 
which electrolysis is carried out is called an electrolytic cell or 
voltameter. 


Water Voltameter 


A simple form of a voltameter for the study of the electrolysis of water 
is illustrated in Fig. 4.2. It consists of two graduated tubes T; and T2 
provided with platinum electrodes Pı and P2. The tubes are connected 


Oxygen 


Fig. 4.2 Water voltameter 


ne ee a eT eT ee ee 
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-to a reservoir R as shown. Water with a few drops of sulphuric acid 
added to it (to make it conduct electricity) is poured into the reservoir 
till the tubes Tı and T2 are completely filled. The electrodes are con- 
nected to a battery. When current is passed through acidulated water, 
it is decomposed into oxygen and hydrogen. Hydrogen is liberated at 
the anode and oxygen at the cathode. When sufficient gas has been 
collected, it is observed that the volume of hydrogen is twice that of 


oxygen. 


Fig. 4.3 Copper voltameter 


Copper Voltameter 


Figure 4.3. shows a copper voltameter which consists of a glass vessel 
containing copper sulphate solution as electrolyte and two copper 
plates as electrodes. When the electrodes are connected to a battery, 
copper sulphate solution decomposes into copper ions and sulphate 
ions. The copper ions move towards the negative electrode and get 
deposited there. The sulphate ions travel to the positive plate and 
combine with copper atoms of the plate forming copper sulphate. The 
copper sulphate so formed goes into solution and the concentration 
of the solution is preserved. Thus the cathode gains as much copper 
as the anode loses. 


Tonic Theory of Electrolysis 


We shall now explain why an electrolyte conducts electricity when it 
is dissolved in water. Take copper sulphate as an example. It consists 
of copper ions (Cu**) and an equal number of sulphate ions (SOs~ ~) 
arranged in a definite manner so that the whole is electrically neutral. 
A copper ion (Cu**) is a copper atom which has lost two electrons 
and hence has a net positive charge (+-2e). A sulphate ion is an SO4 
group that has gained the two electrons lost by the copper atom and 
hence has a negative charge (—-2e). When copper sulphate is dissolved 
in water, the ions dissociate (or separate) and are able to moye freely 
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in the electrolytic solution. In fact, the word ion literally means 
‘wanderer’. When two electrodes are dipped in an electrolyte and con- 
nected to a battery, the positive ions (called cations) are attracted 
towards the negative electrode (i.e. the cathode) and the negative ions 
(called anions) are attracted towards the positive electrode (i.e. the 
anode). This migration of ions in both directions constitutes the flow 
of an electric current through an electrolyte. 


Electrolysis of Acidified Water 


We have already described an experiment for the electrolysis of acidi- 
fied water. We can now understand the mechanism of electrolysis on 
the basis of the ionic theory. In this experiment only water is decom- 
posed. A small quantity of acid is added only to provide a large 
number of extra ions to make the solution more conducting, Water 
acidified with sulphuric acid contains hydrogen ions (H+) and hydroxyl 
ions (OH-) produced by the dissociation of water, together with 
hydrogen ions (H*) and sulphate ions (SO; ~) produced by the dis- 
sociation of sulphuric acid. 

When current is passed through the electrolyte, the H+ ions travel 
to the cathode where they receive electrons and become neutral 
hydrogen atoms. The H atoms then combine in pairs to form mole- 
cules of hydrogen gas (H2) which is liberated at the cathode. The action 
at the cathode may be represented by the following equations: 

H pe a 
H.+ H-> H2 

While the H+ ions are moving towards the cathode, the OH- and 
SO;7~ ions move towards the anode, Here the pairs of OH~ groups 
combine to form water, H20; and oxygen O. The oxygen atoms com- 
bine in pairs to form molecules of oxygen gas (O2) which is liberated 
at the anode. The SO;~ ions remain in solution. The action at the 
anode may be represented by the following equations: 


OH- — e +> OH 
OH + OH — H20+0 
0+0>Q 


Electrolysis of Copper Sulphate Solution 


Copper sulphate solution contains Cu*t* and SO;~ ions of copper 
sulphate together with Hand OH- ions of water. When current is 
passed, Cu** and H* ions travel to the cathode. The H+ ions’ remain 


Thermal and Chemical Effects of Currents 215 


in solution. The Cut? ions take two electrons of the cathode and 
become neutral Cu atoms, which are deposited on the cathode. After 
the current has passed for a sufficiently long time, the cathode becomes 
covered with a reddish layer of pure copper. At the anode, however, 
the SO; ~ ions combine with the copper ions of the anode, forming 
CuSO4 which goes into solution, with the OH- ions remaining in 
solution. Thus, as the electrolysis continues, the thickness of the 
copper layer on the cathode increases while the anode slowly loses 
copper and dissolves away. The concentration of copper sulphate in 
the electrolyte remains constant. Electrolysis stops when the anode is 
completely dissolyed. 


Faraday’s Laws of Electrolysis 


Michael Faraday did a number of experiments in which he passed 
currents through different electrolytes and weighed the substances that 
were liberated at the electrodes. He analysed the results of his experi- 
ments and discovered the following two laws. 


First Law 


The mass. of the substance liberated in electolysis is proportional to the 
quantity of electricity (i.e: charge) passed through the electrolyte. If m 
is the mass of the substance liberated and q the total charge passed, 
then 


mag 
or m= z4 = zit (4.6) 


where / is the current passed in time t. The proportionality constant 
z is called the electrochemical equivalent (ece) of the substance. Its 
value depends on the nature of the substance. If q= 1 C, then m=z. 
Thus, the electrochemical equivalent of a substance is defined as that 
mass of it which is liberated during electrolysis when | C of electricity 
is passed through the electrolyte. The ece of a substance may be 
expressed in kilograms per coulomb. 


Mass of the substance liberated (in kilograms) 
(Charge in coulombs) 


ece 


Mass of the substance liberated (in kilograms) 
Current (in amperes) X time (in seconds) 


To determine the ece of copper, for example, the cathode in the 
experiment illustrated in Fig. 4.3 is weighed before the current ‘is 
passed. A current of about 1 ampere (kept constant with the help of 
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the rheostat) is passed for about half an hour. The cathode is weighed 
again. Knowing the mass of copper deposited, the current and the 
time for which the current is passed, we can calculate the value of the 
ece of copper, 

Table 4.1 shows the value of the ece of a few substances. 


Table 4.1 Electrochemical equivalents of substances 


Element Electochemical equivalent 
(kg C-*) 
Silver 1.118 107° 
Copper 0.329 x 107% 
Gold 0.681 x 107° 
Oxygen 0.0829 x. 10-* 
Hydrogen 0.0105 x 107° 
Second Law 


The masses of different substances liberated in electrolysis by the same 
quantity of electricity are proportional to their chemical equivalents. 
Thus, if mı and m2 are the masses of substances of chemical equiva- 
lents e1 and e2, liberated when the same quantity of charge (e.g. when 
the same current is passed for the same time) is passed, then according 
to the second law 

mi e 


mo a En 


tt may be mentioned that the chemical equivalent of an element is 
numerically equal to its atomic mass divided by its valency, i.e. 
t Atomic mass 

~Valency 4 

Thus; according to the second law, if the same current is passed 
through a solution of copper sulphate and acidified water for the same 
time, then for every one gram of hydrogen liberated in the electro- 
lysis of water, 31.5 grams of copper will be liberated in the electrolysis 
of copper sulphate. 


Chemical equivalent = 


Relation between Electrochemical Equivalent and 
Chemical Equivalent 
Suppose the same quantity of charge qis passed and mı and m2 are 
the masses liberated of substances having electrochemical equivalents 
zı and zz respectively; then from the first law, we have 

mi = 21g 
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and m = 22g 
m z 

or R NEE 
mo å z2 


Combining this equation with Eq. (4.7) we have 


ei Zi ei e2 
ZSR one Hie 2 
e2 z2 z1 22 
which means that 
ro = constant = F (say) (4.8) 


where F is called Faraday’s constant. 
To understand the meaning of F, let us use Eq. (4.6) in Eq. (4.8) 
to get 


epee 

m 
If m = e, we have, 

F=q 


We know that the ece of copper is 0.000329 g C7! and that its 
chemical equivalent is 31.5. Therefore, the amount of charge needed 
to liberate 31.5 g of copper is 31.5 g/0.000329 g C~! = 96500 C. Thus, 
Faraday’s constant represents 96500 C of charge. 

The meaning of z, the chemical equivalent, may also be understood 
as follows: Consider a mole of an element liberated in electrolysis. 
Then the number ofatoms of that clement liberated is W, the Avogadro 
number. If the valency of the atom is p, then for each atom liberated, 
a charge pge must pass through the electrolyte. Here ge is the magni- 
tude of the electronic charge = 1.6% 19-!° C, So, for one mole, the 
amount of charge passing through is Npge. If M is the mass of a mole, 
then in Eq. (4.6) m = M and It = q = Npqe. Hence Eq. (4.6) reads 


M = zNpqe 
p a tM D 
Wh bale deem tae J 


where the proportionality constant is 1/Nge. The product Nge is called 
a Faraday (F), i.e. F = Nge = q. The quantity M/p (i.e. mass of a 
mole divided by valency) is called the chemical equivalent (symbol e), 
ren 


218 Physics for Class XII 


Thus 
z= or F=— 


which is Eq. (4.8). Thus Faraday’s constant F is the amount of charge 
in coulombs required to liberate 1 mole of a substance; its value is 
96500 C mol" 


Experimental Verification of Faraday’s Laws 


The first law can be verified with the experiment illustrated in 
Fig. 4.3. Pass a known current J (measured with ammeter A) for a 
certain length of time ¢. By adjusting the rheostat the current is kept 
constant. The cathode is weighed before and after passing the current 
and the mass m of copper deposited is determined. The experiment is 
repeated with double the current (27) flowing for the same time ż. It 
is observed the mass of copper deposited will be twice (2m) that in 
the first experiment. The experiment is repeated by passing the same 
current (/) as in first case but for twice the time (2z). It is observed 
that the mass deposited is again doubled. This verifies the first law. 

The second law may be verified by taking three voltameters con- 
taining acidified water, copper sulphate solution and silver nitrate 
solution, respectively. They are connected in series, so that the same 
current passes through them. The electrolysis is carried out in each 
voltameter for the same time. The masses of hydrogen gas liberated, 
copper and silver deposited are determined. It is observed that for 
every 1 g of hydrogen liberated, 31.5 g of copper and 107.88 g of silver 
are deposited, thus verifying the second law. 


Applications of Electrolysis 
Electrolysis finds a variety of applications in industry. 


Electroplating As mentioned earlier, electroplating is one of the 
earliest applications of electrolysis. The purpose is to give articles 
made of one metal a coating of another metal, in order to give them 
a more attractive appearance and to protect them against corrosion. 


Purification of Metals Industrially, electrolysis plays a very important 
role in the refining of metals such as copper, Large plates of impure, 
crude copper serve as anodes placed in large vessels containing copper 
sulphate solution, The cathodes are thin sheets of pure copper. When 
a current is passed, pure copper ions from the anode are deposited on 
the cathode, Impurities at the anode are left behind and later removed. 
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Copper purified in this manner is called electrolytic copper. Zinc, 
aluminium, cadmium and other metals may be purified by electrolysis. 


Chemical Analysis Sir Humphry Davy determined the chemical com- 
position of many salts by electrolysing their solutions, 


Manufacture of Chemicals Electrolysis is used in industry to produce 
pure sodium or potassium metal by electrolysis of sodium hydroxide 
with iron electrodes. Oxygen and hydrogen are manufactured by the 
electrolysis of water. 


Printing Industry The types used in the printing of books are made 
using an electrolysis process. A wax impression of the type, for 
example the letter ‘a’, is made and the surface of wax is coated with 
graphite to make it conducting. This is made a cathode in a copper 
voltameter and a thin layer of copper is deposited on it by electrolysis, 
The copper is peeled off leaving the impression of the type on it, 
which can be used for printing. The discs of gramophone records are 
similarly coated with nickel. 


EXAMPLE 4.8 For what time must a constant current of 2 A pass 
through a copper voltameter to deposit 1 g of copper? The electro- 
chemical equivalent of copper is 0.000329 g C-!. 


Solution: We have 


m = zit 

Here m=1g 
z = 0,000329 g C7! 
I=2A 


IAS Uh as vised oN 
zl 0.000329 x 2 

1520 s 

= 25 min 20 s. 


l 


EXAMPLE 4.9 An ammeter is suspected of giving inaccurate readings. 
In order to check the readings, it is connected in series with a silver 
voltameter and a steady current is passed for one hour. The ammeter 
indicates 0.54 A and 2.0124 g of silver is deposited. Is the ammeter 
reading correct? If not, what is the error? The electrochemical equi- 
valent of silver of 0.001118 g C~, 

Solution: The actual value of the current can be computed from 

m 


juizi 
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Substituting the values of m, z and 4, we have 


mee 2014 
= 0.001118 3600 


= 0.50 A 


Hence, the current indicated by ammeter is higher than the actual 
current. The error is (0.54 — 0.50) = +0.04 A. It may be mentioned 
that this method of calibrating an ammeter, although somewhat 
laborious, is capable of good accuracy. In fact many years ago, the 
ampere used to be defined in terms of the mass of silver deposited per 
second in a silver voltameter. 


I 


EXAMPLE 4.10 A copper voltameter consists of two parallel-plate 
copper electrodes 5.0 cm apart, the surface area of each electrode 
being 1.0 m?. 'The electrodes are immersed in a copper sulphate 
solution of resistivity 1.5 x 10-? Q m. Calculate the potential difference 
which must be established between the plates in order to deposit 
0.48 kg of copper on the cathode in 1 hour. The value of Faraday’s 
constant is 96500 C and the relative atomic mass of copper is 63.5. 


Solution: The electrochemical equivalent of copper (because valency 
of copper = 2) is 


M 63.5 g 


7 = = = 4 —f 
e OORT IBC 


= 3.29x 10-7 kg C7! 


From m = zit, we have 
m 0.48 


= 2 
Te amx 1077x3600 OXIA 
The resistance of the voltameter is 
DE S E VREE AE PESA 
BS PA aa (LORE Ao oe Q 


From Ohm’s law the potential difference across the plates is 
V = IR = (4.05 10?) (7.5 x 1074) 
= 3.03101. V 
= 0.3 V. 


Note that we have used Ohm’s law. It is found experimentally that 
Ohm’s law is valid for voltameters with soluble electrodes (such as 
copper and silver voltameters). But for water and platinum volta- 


| 
| 


Ta 
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meters, a ‘back emf’ must be taken into account before applying 
Ohm’s law (see Example 4.11). 


EXAMPLE 4.11 A steady potential difference of 1.62 V is maintained 
across two platinum electrodes placed in a solution of CuCl. At the 
end of 600 s, the mass of copper deposited on the cathode is measured 
to be 5.92 g. If the back emf of the voltameter is 1.34 V, find the 
resistance of the yoltameter. The ece of copper = 3.29 x 10-7 kg C1, 


Solution; m= 5.921073 kg 
Current through the voltameter is 


sleet 5:92 1078 och (sy 
T= 7 3529x1077 2600 29229 A 


Effective potential difference V = 1,62 — 1.34 = 0,28 V. The resis- 
tance of the voltameter is 


Vn, 028 9 34x 19-3 
T FH 55 7934x1073 @ 


R= 


EXAMPLE 4.12 The mass of hydrogen (H2) evolved per unit coulomb 
of charge passed through a water voltameter is 1.05% 10-8 kg C™!. 
The corresponding figures for copper deposited in a copper voltameter 
and silver deposited in a silver voltameter are 3.29 x 10-7 kg C7! and 
1.12 x 1076 kg C~! respectively. The relative atomic masses of hydro- 
gen, copper and silver are 1.008, 63.54 and 107.9 respectively. 
(a) What conclusion will you draw from these measurements? 
(b) Predict the amount of iron deposited per unit coulomb of charge 
passed through a voltameter with Fe electrodes in FeCl3, The relative 
atomic mass of iron is 55.85, 


Solution: (a) The vyalencies of hydrogen, copper and silver are 1, 2 
and | respectively. The ratios of atomic mass and valency are 1.008 
(for hydrogen), 63.54/2 = 31.77 (for copper) and 107.9 (for silver), 
i.e. their chemical equivalents are in the ratio of 1.008 : 31.77 : 107.9. 
From the measurements we notice that the masses deposited per unit 
coulomb are in the ratio of 1.05 10-8 : 3.29 10-7: 1.12 10-6 or 
1.05 : 32.9 : 112. The two ratios are equal within the limits of experi- 
mental error. Therefore, we conclude that the masses deposited per 
unit coulomb are in proportion to the ratios of the chemical equiva- 
lents. This is Faraday’s second law of electrolysis. 

(b) The valency of Fe in FeCls is 3. Therefore, the chemical equiva- 
lent of iron = 55,85/3 = 18.62. Using Faraday’s:second law, the 
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mass of iron deposited per unit coulomb is 


1.05 x 10-8 x 18.62 


TT = 1.94x 10-7 kg C7! 


4.4 ELECTROCHEMICAL CELLS 


Many chemical reactions are acĉompained by a release of energy. If 
this happens in an electrolyte, with one or more ionic species taking 
part in the reaction, the energy released will increase the potential 
energy of the ions, In such situations, the chemical reaction is the 
source of electrical energy. If the chemical reaction proceeds at a 
steady rate, the system can be used as a source of electrical power. 

The energy released in a chemical reaction is of the order of 2x 10°J 
per mole or 2 105/6 x 1033 per molecule. If the ionic charge on one 
of the reactants (or products) is 2 e (where e = 1.6X107!9C, the 
electronic charge), this energy will move the charge up by a potential 
V given by 

x 10° 
rey = PS 
or 
2x 105 

2% 1.6% 10719x 6x 1023 


Thus an electrochemical cell (i.e. a cell that converts chemical energy 
into electrical energy) has an emf of the order of 1 V. Known emfs are 
in the range 1 to 1.5 V, the highest being about 2.5 V. 

Electrochemical cells are of two kinds, namely, primary cells and 
secondary cells. Secondary cells are also called storage cells or accumula- 
tors. Primary cells are those which produce an emf as a result of an 
irreversible chemical reaction, and hence cannot be recharged. Since 
the emf of a cell is derived from a chemical reaction, the total energy 
it can provide is limited by the amount of reactants which are gradually 
used up (as in the case of Voltaic, Daniell and Leclanche cells) unless 
the reactants are continuously supplied and products removed (as in 
the case of fuel cells), On the other hand, secondary cells produce an 
emf as a result of a reversible chemical reaction, and hence can be 
recharged, 


y= ESEN: 


Primary Cells 


(a) The Voltaic Cell The simple voltaici cell consists of two plates, 
one of copper and the other of zinc, both dipped in dilute sulphuric 
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acid contained in a glass vessel and kept apart from each other as 
shown in Fig. 4.4. The two plates are called the electrodes and dilute 
Sulphuric acid is the electrolyte. As a result of a chemical action (dis- 
cussed below), an emf of 1.08 V is developed between the plates, The 
copper plate is called the positive electrode (or terminal) and the zinc 
plate is the negative electrode. 


~— ~— Electron flow 


sak 
Current Metallic wire 


Copper -— Zinc 


_—Glass 
vessel 
Hydrogen j — Dilute 
bubbles Sulphuric Acid 


Fig. 4.4 The Voltaic cell 


Chemical action of the voltaic cell: When water is added to dilute 
pure sulphuric acid, the acid splits into hydrogen and sulphate ions. 
The ionization of sulphuric acid in water can be represented as 


H2SO4 => 2H! + SO; 


The two hydrogen atoms lose one electron each and therefore acquire 
a positive charge. The sulphate ion takes the two electrons and acquires 
a negative charge. 

The zine metal is not’soluble in water. However when it is placed 
in an acid solution, some of the zinc atoms ionize to become zinc ions 
which are soluble. The zinc atom ionizes by leaving electrons behind, 
All metals ionize like this. Each zinc atom which goes from the metal 
plate into the acid solution leaves two electrons behind on the plate, 
Having lost two electrons, each zinc atom becomes a doubly charged 
positive ion. The ionization of a zinc atom is represented by 


Zn => Zrt 2e- 
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Let us now consider how the cell operates to produce a steady flow 
of electrons through a wire connecting the zinc and copper plates. A 
Zn** ion goes into solution from the zinc plate, thereby leaving the 
plate with an excess of two electrons. Each Zn** jon going into solution 
combines with SO; -~ ion to form zinc sulphate. 


Zn**+ + SOZ- = ZnSO; 


Since the electrolyte must remain electrically neutral, each SO; ~ ion 
it loses, leaves it with an excess of two H* ions, These two ions leave 
the solution by picking up two electrons from the copper plate and 
becoming hydrogen atoms. 
2Ht + 2e- = 2H 
The neutral hydrogen atoms are not soluble and get collected at the 
copper plate (see Fig. 4.4). The robbing of electrons from the copper 
plate leaves it with a deficiency of two electrons, i.e. the copper plate 
acquires a positive charge. 

Thus for each Zn** ion going into solution, there is an excess of 
two electrons at the zinc plate and a deficiency of two electrons at the 
Copper plate. These excess electrons from zinc flow along the wire to 
copper to make up the deficiency. This sequence of events happens 
for billions of zinc ions going into solution every second, with the 
result that there is a steady flow of electrons through the wire. These 
electrons flow from zinc to copper through the wire as shown in 
Fig, 4.4. According to our convention, the electric current flows in the 
direction opposite to that of electron flow, i.e. from copper to zinc as 
shown in the diagram. Inside the electrolyte, the negatively charged 
ions flow from copper to zinc, 

The copper plate is said to be at a higher potential than the zinc 
plate. The chemical action described above maintains the potential 
difference between the plates. A simple voltaic cell produces a poten- 
tial difference of 1.08 V between its terminals which is the emf of the 
cell. : 

(b) The Daniell Cell The Daniell cell consists of a zinc electrode 
immersed in dilute sulphuric acid and a copper electrode in copper 
sulphate solution, with a membrane (a procelain porous pot) through 
which the ions can pass from one solution to the other (Fig. 4.5), The 
zinc ions go into solution at the zine (negative) electrode and copper 
ions are deposited at the copper (positive) electrode. The reactions 
are: 

Zn -> Znt+ + 2e- (at the zinc electrode) 


Znt*t + CySOs — ZnSOs + Cutt (in solution) 


PEN hh 
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Fig. 4.5 The Danieli cell 


and Cut* -> Cu — 2e™ (at the copper electrode) 
The total reaction is represented as 
Zn + CuSO4 —> ZnSO4 + Cu 


The emf of the cell is 1.1 V. 

The Voltaic or Daniell cells cannot supply a steady current. It is 
found that the current quickly falls to a very low value. This happens 
because hydrogen bubbles get deposited on the copper plate as explain- 
ed earlier. The hydrogen layer weakens the main current for two 
reasons. Firstly, hydrogen, being a bad conductor of electricity, 
partially insulates the copper plate thus retarding the chemical action 
of the cell. Secondly, the hydrogen layer sets up a ‘back emf’ in the 
cell. These two factors diminish the original emf of the cell and hence 
the current in an external circuit, This defect which is caused by the 
deposition of hydrogen bubbles on the copper plate is called polariza- 
tion. Polarization can be prevented if the hydrogen, before it reaches 
the positive plate, is oxidized to water by some oxidizing agent such 
as nitric acid, manganese dioxide, potassium dichromate, etc. These 
chemicals are called depolarizers, When a depolarizer is added to the 
acid, the hydrogen bubbles rapidly disappear due to their oxidation 
into water and the original emf of the cell is restored. 


(c) The Leclanché Cell Any pair of dissimilar conducting materials 
can be put into any electrolyte and will become a cell which will con- 
vert chemical energy into electrical energy ina manner similar to the 
cells described above. Various, cells have been made using different 
electrodes and electrolytes. These cells vary widely in the amount of 
chemical energy released per coulomb of charge, which is just another 
way of saying that different cells have different emfs since the emf is 
the energy released in joules per coulomb of charge. 
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In 1865 Georges Leclanché constructed a cell which has an emf of 
about 1.5 V. The cell consists of a carbon rod surrounded by a mix- 
ture of powdered carbon and manganese dioxide in a porous pot. The 
porous pot and an amalgamated zinc rod are placed in a glass vessel 
containing a solution of ammonium chloride. The carbon rod acts as 
the positive electrode and the zinc rod as the negative electrode. The 
electrolyte (Fig. 4.6) is an ammonium chloride solution. The polariza- 
tion of the cell by the hydrogen atoms is prevented by manganese 
dioxide which oxidizes the hydrogen to form water. Carbon powder 
is mixed with manganese dioxide to make it conducting and to increase 
the effective surface area of the carbon electrode. Local action 
at the zinc electrode is prevented by using amalgamated zinc. 


+ 
Carbon Zn 


Glass vessel 
Porous pot 
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chloride solution 
Mixture of carbon ond 
Manganese dioxide, 


Fig. 4.6 The wet Leclanche cell 


The cell has one drawback in that it cannot maintain a steady emf 
of 1.5 V for a long time if a large current is drawn from the cell. The 
reason is that the depolarizing action of manganese dioxide is slow. 
Thus, if a large current is drawn from the cell (which implies that the 
number of hydrogen ions to be neutralized is large) the manganese 
dioxide cannot oxidize the hydrogen as fast as it is formed. Hence 
some hydrogen atoms get deposited on the carbon electrode and the 
cell is polarized, resulting in a fall in its emf. If the cell is allowed to 
rest for some time so that no further formation of hydrogen occurs 
but depolarizing action of manganese dioxide continues until all the 
hydrogen is oxidized to water, the cell regains its original emf and is 
ready for use again. It is for this reason that Leclanché cells are most 
suitable for use in the telephone, telegraph, electric bell, etc. where 
only intermittent current is drawn from the cell, 


(d) The Dry Cell The cells described above are wet cells and are not 
easily portable because they use a solution as an electrolyte. The dry 
cell is a modified form of the wet Leclanché cell in which the ammo- 
nium chloride solution is replaced by a jelly consisting of starch, flour 
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and ammonium chloride (Fig. 4.7). The positive terminal is a carbon 
rod surrounded by a compressed mixture of manganese dioxide and 
carbon. The carbon rod along with the surrounding depolarizing 
mixture is placed inside a zinc can and the intervening space is filled 
with the ammonium chloride jelly. The zinc can acts as the negative 
terminal. To prevent the jelly from drying up, the top of the cell is 
sealed by an insulating material. A cardboard washer is inserted at 
the bottom between the carbon rod and the zinc can so that the car- 
bon rod does not come into contact with the zinc can at the bottom. 
The zinc can is surrounded by an insulating thick paper. 
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Fig. 4.7 The dry Leclanche cell 


The emf of a dry cell is about 1,5 V. Dry cells are widely used in 
torches, transistor sets, tape recorders, etc, They are cheap and 
portable. 

When an external circuit (e.g. a resistance wire) is connected across 
the cell, the zinc atoms in contact with the electrolyte ionize, losing 
two electrons per atom. The electrons flow through the wire and Zn'* 
ions pass into solution. Thus zinc is the negative terminal and the 
ionization at this terminal is represented by 


Zn —> Znt* + 207 


The ammonium ions of the electrolyte neutralize by combining with 
the electrons from the carbon electrode (which is the positive terminal) 
to which the electrons flow from the wire. Thus at the carbon elec- 
trode, we have 


2 NH + 2e- 2 NH; + H2 
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The hydrogen is neutralized by MnO> at the carbon electrode and in 
the electrolyte, the zine ions (Z,**) combine with chlorine ions (cI-) 
to form zinc chloride. So the complete reaction is 

Zn + 2NH4CI + MnO: -> ZnCh + 2NH; -+ H20 


+ Mn203 + Energy 
This reaction releases energy which is stored in the cell as electrical 
energy producing an emf of 1.5 V, 


Secondary Cell or Accumulator 


The cells described above are known as primary cells. In these cells, 
chemical energy is converted into electrical energy as a result of an 
irreversible chemical reaction between the components of the cell. In 
these cells, the zinc is slowly consumed in the chemical reaction. When 
all the zinc is used up, the cell cannot be restored to its original con- 
dition by passing a current in the opposite direction. In other words, 
Primary cells cannot be recharged. ; 

There is another class of cells known as secondary cells which are 
based on a reversible chemical reaction between the components of 
the cell. These cells can be recharged by passing a current through 
them from an external source, such as a dynamo. These cells are also 
known as Storage cells or accumulators, The lead-acid cell described 
in the following is an important type of lead accumulator generally 
used in laboratories, 

A lead-acid accumulator essentially consists of a plate of spongy 
lead (which is the negative terminal) and another lead plate coated 
with lead oxide PbO2 (which forms the positive terminal). The plates 
are immersed in sulphuric acid which is the electrolyte. 

When a current is drawn from the cell (by connecting it to an exter- 
nal circuit), i.e. when the cell js discharging, the hydrogen ions drift to 
the positive plate and sulphate ions to the negative plate. As they give 
up their charges, they react with the plates and reduce the active 
materials of each plate to lead sulphate. 

At the negative plate the reaction js 


Pb + SOJ- — 2e~- PbsO, 
The chemical action at the positive plate is given by 
PbO2 + H2SO4 + 2H+ + 2e- > PbSO4 + 2M0 
But H2SO, molecules do not exist in the solution; they are dissociated 


into 2H* and SOJ- ions. The above Teaction may, therefore, be 
written as 


PbO2 + SOP- + 4H* + 2e- > PbSO, + 2H20 
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The lead sulphate formed in thisreaction is spongy, and is more active 
than the usual hard form. In the above discharging reactions, water 
is formed and sulphuric acid is consumed and its density, therefore, 
falls. 


Charging the Accumulator When the cell is discharged with use, it 
can be recharged by connecting it to a dc source of emf greater than 
that of the cell in such a way that the supply sends a current 7 through 
the cell in a direction opposite to that of the discharging current (see 
Fig. 4.8). 


DC. Source 


Pb 0, depo- Leod 
sited on this 
plate 


Fig. 4.8 Charging a lead-acid accumulator 


During the charging process, the hydrogen ions are carried to the 
negative plate and the sulphate ions to the positive plate. The chemi- 
cal reactions are as follows: 

At the negative plate: 
PbSO4 + 2H* + 2e- > Pb + H250, 
At the positive plate: 
PbSO4 + 2H20 + SOJ- — 2e7 -> PbO2 + 2H2SO4 


Thus we recover the active materials, namely, lead at the negative 
plate and lead oxide at the positive plate. During the charging process, 
water is consumed and sulphuric acid is formed. The acid, therefore, 
recoyers its normal density and the cell is ready for use again, 


The Fuel Cell 
In fuel cells the chemical energy of fuels supplied from outside is 
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converted into electrical energy. The main advantages of these cells 
are that there is no need to replace reactants (as in primary cells) or 
to recharge them (as in secondary cells). These cells can be put to 
large-scale use and are still in the process of development. 

Figure 4.9 shows the essential parts of a hydrogen-oxygen fuel cell. 
It consists of an insulated vessel A fitted with electrodes B and C and 
containing potassium hydroxide which serves as the electrolyte. The 
electrodes are nickel plated plates with very fine pores that let the 
gases pass through. The surface coating of nickel acts as a catalyst for 
the chemical reactions at the electrodes. The fuel for the cell is hydro- 
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Fig. 4.9 The hydrogen-oxygen fuel celt 


gen gas contained in a storage tank D. Hydrogen gas under regulated 
pressure is supplied to the electrode C where it combines with the 
hydroxide ions to form water. In this reaction, electrons are released. 
These electrons are received by electrode C which, therefore, becomes 
the negative terminal of the cell. Oxygen gas, from a storage tank E, 
is supplied under regulated pressure to the other electrode B. At this 
electrode, oxygen combines with water as well as electrons from this 
electrode to form hydroxide ions. Having lost electrons, this electrode 
becomes the positive terminal of the cell. The energy released in the 
chemical reactions at the electrodes is stored in the cell as electrical 
energy. 

The chief merit of the fuel cells is that they are very efficient; the 
chemical energy can be completely converted into electrical energy. 
The main reasons why these cells haye not yet been fully developed 
for large-scale use are the prohibitive cost of materials and the lack 
of long-term reliability. 
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4.5 THERMOELECTRICITY 


Seebeck Effect 


In 1826, Seebeck discovered that if a circuit is composed of two dis- 
similar metals and the junctions of these metals are maintained at 
different temperatures, an emf is set up in the circuit. Consequently a 
current flows in the circuit. Figure 4.10 shows two pieces of wire, one 
of copper and the other of iron, joined together at their ends at A and 
B. A sensitive galvanometer G is included in the circuit as shown. 
When one junction, say B, is heated and the other kept at a constant 
temperature, the galvanometer shows a small deflection indicating that 
a current flows in the circuit. The current so produced flows from 
copper to iron through the hot junction as indicated by the arrows. 
The current flowing in the circuit as a result of the difference in 
temperature is called thermoelectric current and the emf that derives 
this current is called thermoelectric emf or simply thermo emf. The pair 
of dissimilar metals joined at their ends constitutes a thermocouple. 
The conversion of heat energy directly into electric energy when the 
junctions of two dissimilar metals are kept at different temperatures 
is known as the Seebeck effect. 


Co RER 


Fig. 4.10 Seebeck effect 


In his original experiment, Seebeck used a thermocouple made of 
copper and bismuth. He could detect the current even when he held 
one junction in his hand. Later, he noticed a similar behaviour in 
many other pairs of metals. He found that the value of the thermo 
emf was different for different pairs of metals constituting the thermo- 
couple when the same temperature difference was maintained between 
their junctions. He arranged the metals in a series such that when any 
two of them formed a couple, the current flowed at the hot junction 
from the metal occurring earlier in the series to the one occurring 
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later in the series. Some of the substances in the series are: 
Bi, Ni, Co, Pt, Cu, Mn, Pb, Au, Ag, Zn, Cd, Fe, Sb 


The more separated the metals are in the series, the greater is the 
value of the thermo emf generated. Thus the emf developed in a Bi-Sb 
thermocouple is higher than that in a Cu-Zn thermocouple. 

The sign and magnitude of the thermo emf depends on the two 
metals involved. The effect is reversible, i.e. if the hot and cold junc- 
tions are interchanged, the emf changes sign; its magnitude remaining 
unchanged. 


Measurement of Thermo EMF 


The thermo emf is measured by a potentiometer described in Chapter 3. 
The ordinary potentiometer cannot be used for measuring thermo emf 
because its value is very small, usually of the order of a few millivolts 
(see Table 4.2). Hence the balancing length of the potentiometer is 
very small and cannot be measured with any accuracy. Figure 4.11 
illustrates a modified form of potentiometer used for measuring very 
small emf’s. To obtain a reasonably large value of /, the potential 
difference across AB must be of the order of a few millivolts. This is 
achieved by connecting high resistances Ri and Rz in series with the 
wire AB, thus allowing a large potential drop across (Ri + R2) and 
the rest across the wire AB. 


Table 4.2 Magnitude of thermo emf in microyolts for some 
thermocouples 

Temperature of cold junction = 0’C 

Temperature of hot junction = 100°C 


Thermocouple Thermo emf (microvolt) 
(uV) 
Lead-copper 300 
Lead-Platinum 400 
Iron-lead 1400 
Copper-Constantan 4000 
Iron-Constantan - 5400 
Bismuth-lead 6900 


The first step is the determination of resistance r of wire AB. The 
next step is the calibration (i.e. determination of k) of the potentio- 
meter, This is done by using a standard cadmium cell of known emf 
Eo = 1.0184 V (Fig. 4.1 la). Resistances are taken out of Ri and R2 
so that (Ri + R2) = 40002. The jockey J is placed in contact with 
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Screen 


(b) 


Fig. 4.11 (a) Calibration of potentiometer 
(b) Measurement of thermo emf of a couple 


A and the value of Rz is adjusted, keeping (Ri + Ra) fixed, until the 
galvanometer shows no deflection. When this happens, the potential 
difference across R2 due to battery € 


= Co, the emf of the standard cell 


== 1.0184 V 
Since Vey = Ri se pwe have 
V _ 1.0184 


R+R+r Ra G9) 
Now the potential Vas across the wire AB is given by 


Peete VE. 
AB Ri + Rr 
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Using Eq. (4.9) we have 
= == 
Vas = 1.0184 RB 


If the wire AB is 1000 cm long, the potential drop per cm (k) 


Vas 


k= “000 


= 1.0184 =x 10-3 Vom! 
R2 


The potentiometer is now calibrated and ready for use. The thermo- 
couple is connected as shown and the balancing length / is determined 
as mentioned earlier (Fig. 4.11b). The thermo emf is then obtained 
from the relation 
€ = 1.0184 x — x 1073 xi 
R2 

Knowing r, / and Rz, the thermo emf € is measured for any 
temperature of the hot junction. The normal practice is to keep the 
cold junction at 0°C. Table 4.2 shows thermo emf for some thermo- 
couples when the hot junction is kept at 100°C, 


Variation of Thermo EMF with Temperature 


The cold junction is immersed in dry ice and the hot junction is em- 
bedded in a sand bath which is heated. For any temperature of the 
hot junction the thermo emf developed is measured as explained above. 
It is found that for a given pair of metals the thermo emf depends on: 
(i) the temperature of the cold junction, and (ii) the temperature 
difference between the two junctions. The temperature of the cold junc- 
tion is normally kept fixed at 0°C and that of the hot junction is grad- 
ually increased, A typical curve showing the variation of thermo emf 
for any couple with temperature 

is shown in Fig. 4.12. The thermo 

emf increases as the temperature 

of the hot junction is raised, reach- 

ing a maximum value at a tempe- 

rature tn after which it begins to 

decrease. The temperature tn is 

tx called the neutral temperature of 
F : the couple and is different for 
different couples. For a copper- 

Temperature = iron couple ty ~270°C. On further 

Fig. 4.12 Variation of thermo emf Tising the temperature of the hot 
with temperature junction, thermo emf decreases, 


Thermo emf —> 


o 
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becoming zero at a certain temperature fı called the temperature of 
inversion. For copper-iron couple f1 is 540°C. When the temperature 
is raised still further, thermo emf is reversed and the current then flows 
in the couple in the opposite direction. The inversion temperature 
depends upon the temperature of the cold junction. It is always as 
much above the neutral temperature as the cold junction is below it. 


The Seebeck Coefficients Experiments show that the thermo emf is 
almost exactly a parabolic function of temperature, as shown in 
Fig. 4.12. Hence the relation between thermo emf € and the tempera- 
ture difference t between the hot and the cold junctions can be repre- 
sented by 


€=at+ + Be (4.10) 


where « and B are called the Seebeck or thermoelectric coefficients. 
The values of « and Ê depend upon the pair of the metals constituting 
the thermocouple. For copper-iron, « = 14 #V/°C and B = — 0,04 
#V/(?C)?. Now from Eq. (4.10) the rate of change of emf with tempe- 
rature is given by 

dé 


ery tant earl (4.11) 


The quantity S = dé&/dt is called the thermoelectric power of the couple 
at the particular temperature; it isexpressed in volts per degree Celsius, 
S is a linear function of temperature as shown in Fig. 4.13, The inter- 
cept of the line is z and the slope is 8. Table 4.3 shows the values of 
« and £ for some materials relative to lead. 


Temp, difference—> 


Fig. 4.13 Thermoelectric power line of a 
thermocouple 


Peltier Effect 
The converse of Seebeck’s effect has also been observed. In 1834, a 
French scientist Jean Charles Athanase Peltier, discovered that when 
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‘Table 4.3 Values of « and 2 of some substances relative to lead 


Substance a B 
(V/C) BV/CC)? 
Aluminium —0.76 + 0.0039 
Antimony +35.6 +0.145 
Bismuth (commercial) —43.7 — 0.465 
Copper -+2.76 +0.012 
Iron +16.65 —0.030 
Platinum —3.04 —0.033 
Silver -+3.44 + 0.008 
Constantan —33.10 +0.080 


Gold +2.80 +0.010 


current is passed across the junction of two different metals, heat is 
either evolved (generated) or absorbed (liberated) (i.e. the junction is 
either heated or cooled) depending upon the direction of. the current. 
The quantity of heat evolved or absorbed depends upon the tempera- 
tures of the junctions and the materials of the conductors (Fig. 4.14). 
This discovery led to the explanation of the Seeback effect. 


Copper 


Current 
ay, Cooted 
A te 


Fig. 4.14 The Peltier effect 


In Seebeck’s effect (Fig. 4.10) we have seen that when a copper-iron 
junction is heated, current flows from copper to iron across the hot 
junction and from iron to copper across the cold junction. But if both 
the junctions are at the same temperature to begin with, and a current 
is sent, as shown in Fig. 4.14, heat is liberated at the junction which 
should have been heated to produce the current in the same direction 
(consequently this junction is cooled) and heat is generated at the 
other junction (consequently this junction is heated), This is Peltier 
effect. If the Seebeck emf (i.e. thermo emf) is from copper to iron at 
the hot junction, an external emf applied in this direction will produce 
cooling at this junction and heating at the other. Thus the junction at 
which the current enters from copper to iron is cooled and that at 
which the current enters from iron to copper is heated (Fig. 4.14). 
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The Peltier Coefficient The amount of heat energy (in joules) evolved 
or absorbed at a function of two different metals when I coulomb of 
charge flows across the junction is called the Peltier coefficient. It is 
represented by the symbol 7 which is expressed in joules per coulomb 
or volt and its value depends upon the material of the two metals and 
the absolute temperature of the junction. 

If the two junctions are at same temperature, their Peltier coefficients 
are equal, If one junction is at a higher absolute temperature T2 than 
the other junction at absolute temperature 71, their Peltier coefficients 
m and 7 will be different. If a charge q coulombs is passed through 
the circuit, the external work done = g@ where @ is the total emf in 
the circuit. The heat absorbed at the junction = (72 — 71) q where 
T2> Tı. This produces a net emf across the junction given by 
E = m — ny. This is the Peltier emf. 


Note: The Peltier effect is very different from the Joule heating effect. 
The Joule effect, which is always a heating effect, is proportional to 
the square of the current (J?) and is, therefore, an irreversible effect. 
The Peltier effect, on the other hand, is directly proportional to current 
(7) and is reversible i.e. heat can be evolved or absorbed depending on 
the direction of the current. Hence the usual formula /?R = power 
dissipated is not applicable to this situation. 


Thomson Effect 


The famous British physicist William Thomson (later Lord Kelvin) 
suggested that when a current flows in a thermocouple circuit, the 
absorption or evolution of energy does not occur merely at the junc- 
tions (as suggested by Peltier) but all along the conductors, by virtue 
of the difference of temperature between the ends of each element of 
a thermocouple. Thus the Thomson effect is the absorption (or evolution) 
of energy due to the flow of current in an unequally heated single 
conductor. 

Consider a thick copper rod with its ends maintained at the same 
constant temperature and the centre maintained at a much higher 
temperature [Fig. 4.15 (a)]. If no current flows in this conductor, the 
points P and Q, equidistant from the centre, would be at the same 
temperature due to thermal conduction alone. If now a current is 
sent through the rod in the direction shown in the figure, itis observed 
that the temperature at P is less than that at Q. This means that heat 
energy has been transferred from P to Q (in the direction of the 
current), This is called the positive Thomson effect. A similar effect is 
observed in Cd, Zn, Ag and Sb. 
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Fig. 4.15 Thomson effect in: (a) copper and (b) iron 


Now consider an iron rod under similar conditions [Fig. 4.15 (b)]. 
When a current is sent in the iron rod in the direction from P to Q, 
‘the point P becomes hotter than point Q, i.e. the heat energy is trans- 
ferred from Q to P (ina direction opposite to that of the current). 
This is called the negative Thomson effect. A similar effect is also 
observed in Pt, Bi, Co, Ni and Hg. If the direction of the current in 
either of the above cases is reversed, the Thomson effect is also 
reversed, 

In lead, the Thomson effect is zero. It is for this reason that the 
thermoelectric behaviour of metals is studied by taking lead as the 
second element as in Table 4.3. 


The Thomson Coefficient We have seen that in all conductors, except 
lead, energy is absorbed or evolved all along an unequally heated con- 
ductor when a current is made to flow through it. The difference in 
the energy absorbed or evolved all along the two metals, which form 
a thermocouple, gives rise to an emf round the thermocouple due to 
Thomson effect. The Thomson emf for a given metal A is given by 
(ca) dT where dT is the difference in temperature between adjacent 
points on the metal. The symbol ca denotes the Thomson coefficient 
of A. 

The Thomson coefficient (o) is defined as the energy absorbed or 
evolved when 1A current flows for Is between two points of a conductor 
which differ in temperature by 1°C (or 1 K). Thus if 1C of charge is 
carried from a point at absolute temperature Tin a conductor to 
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another point at temperature (T + dT), the energy absorbed or 
evolved = ø dT. The Thomson coefficient (¢) is also defined as the 
potential difference set up between two points per unit difference of 
temperature between them i.e. 


_ dé 
"=ar (4.12) 


Relationship between the Seebeck, Peltier and Thomson Coefficients 


Thomson showed that the Seebeck coefficient S (also called thermo- 
electric power), the Peltier coefficient m and the Thomson coefficient o 
are related as follows: 


Bester A um 
sA ET (4.13) 
atid PEET r (25) au (S (4.14) 


For a derivation of these relations, refer to the supplement at the end 
of this chapter. 


The Origin of Thermoelectricity 


We can understand thermoelectricity from our knowledge of the 
atomic structure of conductors. We know that every conductor has a 
large number of free electrons which wander about in the body of the 
conductor just like the molecules of a gas. The electrons have speeds 
up to a rather high value ~10° ms“!. As the temperature is increased, 
the kinetic energy of the electrons increases. Thus if one end of a 
metal is hotter than the other, the electrons from the hotter end, 
being more energetic, diffuse faster than the electrons from the colder 
end. Thus there is a net electron flow which sets up an emf which 
counteracts and finally stops the flow of electrons. This is the Thom- 
son effect. 

The density (i.e. number/volume) of the electrons near the interface 
(end) of a conductor is, in general, different for different conductors 
since it depends on the temperature at the interface and the material 
of the conductor. Hence, when two dissimilar metals are brought into 
contact, the electrons tend to ‘diffuse’ (just like the molecules of two 
gases) from one conductor into the other. The rates of diffusion are 
different, since electron densities in the two metals are different. The 
metal that has undergone a net loss of electrons becomes positively 
charged while the one that has gained electrons becomes negatively 
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charged. As the charges are built up, a contact potential difference 
established across the interface (boundary) between two metals. Wh 
the temperatures of the two junctions are equal, there is no net œr 
in the circuit and consequently no current flows. When, however, 
junction is heated, the contact potential at this junction becomes 
than that at the cold junction; the difference between the two is th 
resultant emf which drives the current in the circuit. This is the See 
beck effect. i 

The contact potential difference Eas is defined as the energy gaine 
by an electron crossing junction AB from metal A to B (i.e. the i 
face between A and B) divided by the electron charge. So the v 
done Was to move an electron from metal A to metal B acros: 
junction is 

Was = Wa — Wa = efan 


Where Wa and Ws are the work functions of A and B respecti 
This net work done is stored in the system as electrical energy in he 
form of an emf Easa Since, for any pair of conductors, Was & € 
the value of Gan is small; of the order of a few millivolts. 


Applications of Thermoelectricity 


The important applications of thermoelectricity are: (a) measureme 
of temperature, (b) detection of thermal radiations and (c) in de 
such as refrigerators and generators. 


(a) Thermoelectric Thermometer The thermo emf of a couple is gi 
by “q 


È= att lee 


attwo known standard temperatures, e.g. the melting points of ce ta 
solids. Any unknown temperature can then be computed from tl 
above equation by measuring the corresponding emf produced at 
temperature (see Example 4.13). 

In a thermoelectric thermometer, the wires forming the coupl 
fused at the hot junction which is enclosed in a porcelain tl 
(Fig. 4.16). The wires to the cold junction are insulated and solder 
at the end which is immersed in dry ice. A galvanometer is calibra 
to directly indicate the temperature of the hot junction. As statec 
earlier, a copper-constantan thermometer is suitable for measuti 
temperatures of upto about 300°C. Thermocouples of platinum ang 
platinum-rhodium alloy are used for measuring temperatures of up 1 
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Calibrated 
galvanometer Insulated 


junction 
Fig. 4,16 Thermoelectric thermometer 


about 1600°C. As a temperature measuring device, a thermoelectric 
thermometer has many merits. 


(i) The thermometer measures the temperature of the hot junction. 
Since the size of this junction can be made extremely small, it is parti- 
cularly suitable for measuring temperatures in very small regions or 
cavities. : 

(ii) It is very accurate. The copper-constantan thermocouple, for 
instance, produces an emf of 40 microyolts per degree temperature 
difference between its junctions. This emf can be easily measured with 
an accuracy of 1 microvolt. The temperature difference can, therefore, 
be measured with an accuracy of about 1/40 degree, 

(iii) Because of its small mass and low thermal capacity, the test 
junction rapidly attains thermal equilibrium with the surroundings. 
It can, therefore, be used to detect variations in temperature of 
animals, insects, etc. 


(b) Thermopile The thermopile is a device used for measuring very 
small temperature differences of the order of 0.001°C or for detecting 
and measuring the intensity of heat radiations. The emf generated by 
a thermocouple is very small, of the order of a few millivolts. The 
sensitivity of the device can be considerably increased if a number of 
thermocouples are connected in series so that the emfs are added 
up. Such a combination is called a thermopile. 

Figure 4.17 shows a bismuth-antimony thermopile. A single thermo- 
couple of bismuth and antimony can produce a comparatively large 
emf for a small difference in temperatures of the junctions. A series 
combination of such couples can be made so sensitive that it can 
detect heat radiations from a candle several metres away. One set of 
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Bismuth 


Fig. 4.17 A bismuth-antimony thermopile 


junctions (A) is exposed to heat radiations and the other set (B) is 
protected by an insulating lid as shown in the figure. The exposed 
ends are blackened to increase the absorption of radiation falling on 
them. The deflection of the galvanometer is proportional to the inten- 
sity of the incident radiation. 


(c) Thermoelectric Refrigerator and Generator We have seen that 
thermoelectric effects are reversible. So they can be used as heat engines 
and heat pumps (refrigerators). In a heat engine, thermoelectric effects 
can be used to absorb net heat and do useful work. In a refrigerator, 
they can be used to remove heat by doing work on the working sub- 
stance (see Chapter 11 of the Class XI textbook). Thus Peltier effect 
can be used in a thermoelectric refrigerator. If a current is passed 
through a circuit with two junctions which are at different tempera- 
tures, one finds that heat is removed from one junction and liberated 
at the other. If the net result is that some heat is removed from the 
system, one has a refrigerator. Such a refrigerator obviously has no 
motors or moving parts and is, therefore, noise-free. Because of the 
low efficiency, such refrigerators are not in commercial use. 

The Seebeck effect can be used in a thermoelectric generator. Exten- 
sive research is being carried out, especially in the Soviet Union, to 
develop generators which have a high thermo power, low resistivity (to 
minimize Joule losses) and low thermal conductivity (to enable large 
temperature differences to be maintained). The most suitable mate- 
rials, from these points of view, are based on the semiconductor 
BiTes. In remote areas, thermoelectric generators are used in radio 
receivers and transmitters. 


EXAMPLE 4.13 The thermo emf generated in a thermocouple, whose 
cold junction is at 0°C and hot junction isat #°C is given by € = at 
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+ bf, where a and b are constants of the couple. At two known 
temperatures 20°C and 240°C, the emf’s generated by this couple are 
respectively 791 pV and 9482 V. (i) Determine the constants a and b. 
(ii) At what value of t is € = 4160 pV? (iii) What is the neutral 
temperature of the couple? 


Solution: 
Ê = at + bP? 
Given Er = TVEN, ti = 20°C 
E2 = 9482 uV, t2 = 240°C 
(i) Therefore, we have 
791 = 20a + (20)%b 


and 9482 = 240a + (240)*b 

Solving these two equations simultaneously for a and b, we have 
a = 42.8 pV/°C 

and 


b = —0.012 pv/(°C? 
(ii) Using these values of a and b and E = 4160 pV in the equation 
Ê = at + bt?, we have 
4160 = 42.8¢ — 0.0127? 
This quadratic equation is solved for t. The positive root is 
t = 100°C 
(iii) The neutral temperature ty is the value of ¢t when d&/dt = 0, i.e. 
Ê attains a stationary value. Differentiating the equation € = at + bi? 
and setting d€/dt = 0, we get 


0=a-+ 2bt 
When this happens, t = tn, hence 
0 = a + 2bin 
PISANA 
or tN = 7b 
SANSI 428 _ 5 
Se pie aig 


EXAMPLE 4.14 A copper-constantan thermocouple produces an emf 
of 40 uV per degree Celsius in the linear range of temperatures. A 
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galvanometer of resistance 10 2 and capable of detecting currents of 
the order of 1 „Asis employed. What is the smallest temperature that 
can be detected by this galvanometer? 


Solution: 

I= IA = 1x106 A 

R=102 
The smallest potential difference that can be detected by the galvano- 
meter is 

V =IR = 1 x1076x 10 = 10-5 V 

If ôt is the smallest difference in temperatures of the cold and hot 
junctions, the corresponding thermo emf is 


40 pV x 8t = 40 x 107° St 


Thus 
40 x 10-6 d¢ =: 1075 
APS AOR A $ 
or 8t = ose = © C 
SUPPLEMENT 


RELATION BETWEEN SEEBECK, PELTIER AND THOMSON 
COEFFICIENTS 


As a result of the absorption and evolution of heat energy at the 
junctions (Peltier effect) and all along the conductors (Thomson 
effect), a total Seebeck emf is produced which sends a current round 
the thermocouple. 

Consider a thermocouple of two metals A (say copper) and B (say 
iron) having junctions 1 (cold) and 2 (hot) kept at absolute tempera- 
tures T and (T + dT). As a result let a current J (Seebeck effect) flow 
for, say, £ seconds in the direction shown in Fig. 4.18. The charge 
transported by the current during ¢ seconds is q = It. If 7 and 
(m + dz) are the Peltier coefficients at temperatures T and (T + dT) 
respectively and ca and og are the Thomson coefficients of metals A 
and B respectively, then 


Peltier energy absorbed at junction 2 = g72 = q(7 + dz) (i) 
Peltier energy evolved at junction 1 = gm 


ll 
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Fig. 4.18 Relation between S, 7 anda 


or Peltier energy absorbed at junction | = —qm = —qr (ii) 

Thomson energy absorbed in metal A = qsa dT (iii) 
Thomson energy evolved in metal B = gop dT 

or Thomson energy absorbed in metal B = —qog dT (iv) 


Thus, for the whole circuit, energy is absorbed at the hot junction 
(Peltier effect) and also along the two conductors (Thomson effect), 
while energy is evolved at the cold junction. If d€ is the thermo emf 
of the couple, the total energy produced is q dE which is equal to the 
sum of the energies absorbed in the various parts of the circuit. Thus, 
adding (i) to (iv) and equating the sum to q d& we have 


qdE = qlr + dr) —qr + qoadT — qogdT 


or dé = dr + (oa ~ op)dT (v) 
or dé = dr + oag dT (vi) 
where OAB = OA — OB. 


Now we know that the Peltier and the Thomson effects are rever- 
sible. Hence a thermocouple may be compared to a reversible heat 
engine and the second law of thermodynamics may be applied. We 
have seen that the energy absorbed at (T + dT) and given out at T 
due to Peltier effect are g(7 + d7) and gz respectively and the energy 
absorbed due to Thomson effect is g(¢a — ox) dT. Hence from the 
second law of thermodynamics we have 

ga + dn) g7 , goa — os) dT _ o 
(T + dT) Je T 
aT + Tdr — nT —7dT , (Ga — op) dT 
PaA TR SAT ASN? SB acca ta tee 


ors T( + dT) Y 
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Tdr dT , (oa — op) dT 


or ge: ae F 0 l. T(T + dT) = T?] 
or da — Ty (ca — op) dT = 0 (vii) 
or dz -+ (¢, — op) = a (viii) 
From Eqs (v) and (vii) we have 

dE =r ue 
or Sa g£ =< (ix) 
which is relation (4.13). Equation (ix) gives 

= TS = TÌ 
m= TS = IT 


Thus the Peltier coefficient (7) at any temperature for any two metals 
forming a thermocouple is equal to the product of the absolute tem- 
perature (T) and the thermoelectric power S(=dé/dT) at that tempe- 
rature. This gives us a practical method for measuring 7. 

Now from Eq. (vii) we have 


CA — OBS — SR tT 


nan ri 


at\ar 
: Beet E ds 
or oan = — Tae z(3) @) 


which is relation (4.14). Thus the Peltier and Thomson coefficients are 
expressible in terms of the Seebeck coefficient. 


SUMMARY 


The heating of a conductor by the flow of an electric current 
through it is called Joule heating. This effect is thermodynamically 
irreversible. The amount of heat energy = J?Rt. Electrical power is 


ee ee eee ee a eee 


: 
: 
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the rate at which electrical energy is consumed and is equal to the 
product of current and voltage. 

When a current is passed through an electrolyte, free ions of elements 
are liberated at the electrodes. Michael Faraday carried out a number 
of experiments using different electrolytes and formulated the two 
laws of electrolysis. In electrolytic cells, the energy released in a 
chemical reaction is stored in the form of electrical energy. 

The conversion of heat energy directly into electrical energy when 
the junctions of two dissimilar metals are maintained at different 
temperatures is called the Seebeck effect. The absorption or evolution 
of heat at the junctions of a thermocouple due to the passage of 
current is called the Peltier effect. The absorption or evolution of 
heat due to the flow of current in an unequally heated single conduc- 
tor is called the Thomson effect. 


EXERCISES 


A. Short-Answer Questions 


1. State Joule’s law of the heating of a conductor. 

2. Define electric power and state its SI unit. 

3. Distinguish between kilowatt and kilowatt hour. 

4, State Faraday's laws of electrolysis. 

5. What do you understand by the electrochemical equivalent of a metal? 
6. What is Faraday’s constant? State its value. 

7. State the Seebeck effect, 

8. State the Peltier and Thomson effects, 

9. What is the order of magnitude of thermo emf? 

0. What do you understand by the thermoelectric power of a thermocouple? 


B. Long-Answer Questions 


1. From first principles, obtain the expression for the heat developed ina 
resistor by the passage of an electric current through it. 

2. The rate P of Joule heat is given by 

P=IxV 
Where J is the current in the conductor and V, the potential difference 
across its ends. Does this relation hold for a conductor that does not obey 
Ohm’s law? 

3. Using Ohm’s law (V = JR), the rate of Joule heating can be written as 
either P = /?R or P = V3/R. The equation P = I'R seems to suggest that 
the rate of Joule heating is reduced if R is decreased, but the equation 
P = V?|R seems to suggest just the opposite. How do you reconcile this 
apparent paradox? 

4. Is the filament resistance lower or higher in a 200 W light bulb than ina 
100 W light bulb? Both bulbs are designed to operate on 220 V. 
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5. How does the conduction of electricity in a metallic conductor differ from 
that in an electrolyte? 

6. State Faraday’s laws of electrolysis. How will you experimentally verify 
them? 

7. Define electrochemical equivalent of an element. What is the meaning of the 
statement ‘the electrochemical equivalent of copper is 0.000329 g C71? How 
is it experimentally determined? 

8. Describe a copper voltameter and explain how it can be used to measure 
current. What is the accuracy of its measurement? 

9. Describe two important applications of electrolysis. 

10. Describe the construction and the chemical action of: 

(i) Daniell cell and (ii) Leclanché dry cell. 

11. Distinguish between primary and secondary cells. Describe the chemical 
action of a lead-acid accumulator when: (a) it is used to send a current 
through an external circuit, and (b) it is being charged. 

12. What are fuel cells? What are their advantages over electrolytic cells? 

13. Describe the working of a hydrogen-oxygen fuel cell. 

14. What is the Seebeck effect? How can it be experimentally demonstrated? 

15. What is a thermocouple? Graphically sketch the variation in the thermo 
emf generated by a couple as the temperature of the hot junction is gradually 
increased, the temperature of the cold junction being maintained at 0°C. 
What is the neutral temperature and the temperature of inversion of a 
couple? 

16. Describe clearly how a potentiometer is calibrated to measure an emf of 
the order of 1 m V. 

17. What is a thermopile? How can it be used for measuring the temperature of 
a hot body? List two advantages of using a thermocouple as a temperature 
measuring device. 

18. What is Peltier effect? How does it differ from Joule’s heating effect? 

19. State and explain Thomson’s effect. 

20. Define the Seebeck, Peltier and Thomson coefficients in thermoelectricity 
and deduce the relations between them. 


C. Multiple-Choice Questions 
Choose the correct answer or answers from the given alternatives. 


1. Choose the WRONG statement. The amount of heat developed in a con- 
ductor is director proportional to 


(a) the resistance of the conductor 

(b) the current flowing in the conductor 

(c) the square of the current in the conductor 
(d) the time for which the current is passed. 


2. An electric heater has a rating of 220 V, 1100 W. How much electrical 
energy in kilowatt hours will it consume if used continuously for four 


hours? 


(a) 2.2 (b) 4.4 
©) 6.6 @ 88 
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, What is the resistance of the element of the heater in Question 2? 


(a) 22 2 (b) 44.2 
(c) 66 Q (d) 88 Q 


. An electric kettle has two coils, When one coil is connected to the ac mains, 


water in the kettle boils in 10 min, When the other coil is used, the same 
quantity of water takes 45 min to boil. How long will it take for the same 
quantity of water to boil if the two coils are connected in parallel? 


(a) 6 min (b) 12 min 
(c) 18 min (d) 24 min 


. Referring to Question 4, how long will it take for the same quantity of 


water to boil if the two coils are connected in series? 


(a) 5 min 37.5s (b) 6 min 37.5 s 
(c) 7 min 37.5s (d) 8 min 37.5 s 


. Three bulbs of ratings 40, 60 and 100 W are designed to work on a 220 V 


mains. Which bulb will burn most brightly if they are connected in series 
across 220 V mains? 


(a) 40 W bulb (b) 60 W bulb 
(c) 100 W bulb (d) All will burn equally brightly 


. Three equal resistors, connected in series with a battery, together dissipate 


10 W of power. What will be the power dissipated if the same resistances 
are connected in parallel across the same battery? 

(a) 10/3 W (b) 10 W 

(c) 30 W (d) 90 W 


, Choose the correct statement. The masses of different substances liberated 


in electrolysis by the same quantity of electricity are proportional to their 
relative: 


(a) atomic masses 

(b) valencies 

(c) ratios of atomic mass and valency 
(d) products of atomic mass and valency 


. How many coulombs of electricity must pass through acidulated water to 


liberate 22.4 litres of hydrogen at STP? 


(a) 1.6 10-8C (b) 1C 
(c) 96500 C (d) 6.2410" C 
. During electrolysis, the current in the electrolyte is maintained by the 
flow of 
(a) electrons only (b) negative ions only 
(c) positive ions only (d) both positive and negative ions 


. For what time must a constant current of 2A pass through a copper volta- 


meter to deposit 1 g of copper? The ece of copper is 0.00033 gC~1. ` 


(a) about 20 min (b) about 25 min 
(c) about 30 min ` (d) about 35 min 
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12. An ammeter is suspected of giving inaccurate readings. In order to check 
the ammeter, it is connected in series with a silver voltameter and a steady 
current is passed for one hour. The ammeter indicates 0.54 A and 2.0124 g 
of silver are deposited. What is the error in the ammeter reading? The ece 
of silver is 0,001118 gC-}. 


(a) —0.01 A (b) +0.02 A 
(c) —0,03 A (d) +0.04 A 


13. A battery of emf 3 V and internal resistance 1.0 2 is connected to a copper 
voltameter and a current of 1.5 A flows in the circuit. What is the resistance 
of the voltameter? 


(a) Zero (b) 1.02 
(c) 1.5 Q (d) 2.0 Q 


14. A copper voltameter is connected in series with a heating coil of resistance 
10 Q. A steady current flows in the circuit for 20 min and deposits 0.99 g of 
copper. If the ece of copper is 0.00033 gC-?, the amount of heat generated 
in the coil in this time is 


(a) 25000 J (b) 50000 J 
(c) 75000 J (d) 100000 J 


15. Choose the correct statement. The thermo emf of a thermocouple 


(a) is independent of the nature of the pair of metals used in it 

(b) depends upon the temperature of the cold junction alone 

(c) depends upon the temperature of the hot junction alone 

(d) depends upon the temperature difference between the two junctions as 
well as the temperature of the cold junction. 


16. A copper-constantan thermocouple produces an emf of 40 pV per degree 
Celsius in the linear range of temperatures. A galvanometer of resistance 
10 2 and capable of detecting currents of the order of IgA is employed. 
What is the smallest temperature that can be detected by this galvanometer? 
(a) 1/8°C (b) 1/4°C 
(c) 1/2°C (d) 1°C 

17. The thermo emf £ (in volts) of a certain thermocouple is found to vary with 
6 (in °C) in accordance with the relation 

8: 


E=400- = 


where @ is the temperature of the hot junction; the cold junction being kept 

at 0°C. What is the neutral temperature of the couple? 
(a) 100°C (b) 200°C l 
(c) 300°C (d) 400°C 


D. Numerical Exercises 


1. Heat is developed ina resistor at a rate of 90 W when the current is 3 A. 
What is the resistance? 

2. What voltage drop will there be across a 2 kW electric heater element whose 
resistance when hot is 20 Q? 


14 
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A 1000 W immersion heater is placed in a pot containing 2 litre of water at 
20°C. How long will it take to heat the water to boiling temperature if 20% 
of the available energy is lost to the surroundings? 

A 1000 W immersion heater is placed in a copper geyser of mass 2 kg con- 
taining 20 litre of water at 20°C, How long will it take to heat the water to 
70°C? Specific heat of water is 4200 J kg-? K~? and of copper is 390 J kg! 
Ke 

A electric fan has a rating of 220 V, 40 W. Calculate (i) the resistance of 
the fan, and (ii) the cost of using it for 6 hours each day for 30 days at 30 
paise per unit of electrical energy. $ 

An electric kettle has two coils. When one coil is connected to the ac mains, 
water in the kettle boils in 10 minutes and when the other coil is used the 
same quantity of water takes 45 minutes to boil. How long will it take for 
the same quantity of water to boil if the two coils are connected in: (i) 
series and (ii) parallel? 


. At room temperature, the thermo emf generated in a thermocouple is 50 pV 


per degree Celsius. Assuming a linear relationship between the emf and 
temperature, compute the smallest temperature difference that can be 
detected with a thermocouple using a galvanometer of 20 2 resistance and 
capable of detecting current as low as 1 pA. 


. The emf E (measured in microyolts) of a certain thermocouple is found to 


vary with ¢ in accordance with the relation 
t? 


E = 40t- 55 


where f is the temperature of the hot junction, the cold junction being kept 
at 0°C., What is the neutral temperature of the couple? 


. For what time must a constant current of 2 A pass through a silver volta- 


meter to deposit 1.12 g silver? The electrochemical equivalent of silver is 
0.00112 g C7. 


. A thin metal plate, 5 cmx4 cm, is to have a layer of copper 0.1 mm thick 


deposited on both sides. If a current of 1 A is used, how long will this take? 
The electrochemical equivalent of copper is 0.0003 g C~} and its density is 
9000 kg m=*. 

A battery of emf 3 V and internal resistance 1.0 2 is connected to a copper 
voltameter and a current of 1.5 A flows in the circuit. Calculate the resis- 
tance of the voltameter. 


. A current is passed through a silver nitrate solution for an hour and the 


mass of silver liberated is determined. How long should a current of the 
same strength be passed through a solution of ferric chloride to liberate 
iron of the same mass? 


. A copper voltameter is connected in series with a heating coil of resistance 


10 2. A steady current flows in the circuit for :20 minutes and deposits 
0.99 g of copper. Calculate the amount of heat generated in the coil in this 
time. The electrochemical equivalent of copper is 0.00033 g C-1. 

The walls of a closed cubical box of edge 50.0 cm are made of a material of 
thickness 1.00 mm and thermal condutivity 1.64 10-2 J s~? m™4K-*. The 
interior of the box is maintained at 100°C above the outside temperature by 
a heater inside the box and connected across a 400 V de source. Calculate 


the resistance of the heater. 
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15. What must be the wattage of a bulb which will glow with maximum bright- 
ness when it is connected across a 4.5 V battery of internal resistance 2 Q? 
(Hint: For maximum dissipation of energy, the resistance of the bulb must 
be equal to the internal resistance of the battery.) 

16. A hall is lighted by 12 bulbs, each rated 100 W, 200 V by a dynamo of emf 
215V. Find the resistance of the leads. What is the percentage of energy 
lost in the leads? 

17. The maximum power rating of a resistance box is 1.00x107* watt per ohm. 

‘Find the limiting safe voltage that can be applied to the box when (a) a 
1.5 Q and (b) a 2500 Q resistor is being used, 

18. The resistance of the nichrome filament of a heater measured at room tem- 
perature of 15°C is 32 2. When connected to 230 V mains, the filament dis- 
sipates 1250 W. If the temperature coefficient of resistivity of nichrome is 
4.00 10-5/°C, find the working temperature of the filament. 

19. The thermelectric power (de/dT) for iron against lead at ¢°C is given by 
1734 — 4.87 t and that for copper by 1376 + 0.95 t. Find the thermo emf of 
a copper-iron thermocouple with junctions at 20°C and 200°C. 

20. If 1.00 g of hydrogen on burning to form water liberates 1.47% 10° J of 
energy, find the back emf of a water voltameter when it is connected to a 2.0 
V accumulator. The ece of hydrogen is 1.04 x 107° g C7. 


5 
MAGNETIC EFFECTS OF CURRENT © 


5.1 INTRODUCTION 


The science of electricity evolved from the observation of the Greek 
philosopher, Thales, in the sixth century BC, that a rubbed piece of 
amber will attract pieces of straw. The science of magnetism goes back 
to the observation that naturally occurring ‘stones’ (e.g. magnetite) 
will attract iron. The two sciences developed independently until 1820, 
when Hans Christian Oersted discovered the connection between them. 
He showed that a current ina wire can also produce magnetic effects, 
namely, that it can change the orientation of a compass needle. This 
gave birth to a new science, electromagnetism, which was further 
developed by many workers; the most notable contributions coming 
from Michael Faraday (1791-1867) and James Clerk Maxwell (1'831~ 
1879), Oersted’s experiment clearly established that a current carrying 
wire exerts a force on a magnet such as a compass needle. Faraday 
argued that, from Newton’s third law, the reverse should also’ be true, 
i.e. the magnet should also exert an’equal and opposite force on the 
wire carrying current. It was Maxwell who put the laws of electro- 
magnetism in the form of a set of simple equations, called Maxwell’s 
equations that describe the behaviour of the electric and magnetic 
fields, 


5.2 OERSTED’S EXPERIMENT 


Hans Christian Oersted, Professor of physics at Copenhagen in 
Denmark, was the first to discover the connection between electric 
current and magnetism. Let us perform the famous experiment he 
performed in the year 1820. We need only a compass needle, a length 
of a wire, a battery and a switch (or key). Set up the circuit as shown 
in Fig. 5.1. A section AB of the wire is set parallel to the magnetic 
needle [Fig. 5.1(a)]. When the key is not inserted, the wire and the 
needle are both pointing North-South. The moment the key is inserted 
the magnetic needle swings to a new position as shown in Fig. 5.1(b). 
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=e 


Current ~Current y 


(a) (b) te) 


Fig. 5.1 Oersted’s experiments 


When the current in the circuit is reversed the needle deflects in the 
opposite direction [Fig. 5.1(c)]. 

It is important to realise that the deflection of the needle is due to 
the magnetic field and not due to any electric field. We know that 
there exists an electric field around a charge. When a current flows 
through a wire, there is no net charge on the wire. The electrons move 
from one end of the wire to the other, and the number of electrons 
entering one end is equal to the number of electrons leaving the other 
end, so that the wire stays electrically neutral as the charges move 
through it. Hence there is no net electric field around the wire. The 
needle is deflected by the magnetic field. Thus a moving charge, i.e. 
current, produces a magnetic field. 

We may go a step further and make a general statement that a 
moving charge is a source of magnetic field. When there is no current 
in the wire, the electrons move about in the wire due to their thermal 
motion. Each electron acts as the source of a magnetic field. Since the 
thermal motions are random (or undirected) due to collisions, these 
fields cancel out. There is no net magnetic field as there is no net flow 
of charge in any direction. 


5.3 BIOT-SAVART LAW AND MAGNETIC FIELD 
DUE TO A CURRENT 


The next problem js to obtain the quantitative relationship between 
the current in any conductor and the resulting magnetic field at a 
point in the space around it, Each moving charge in a conductor 
contributes to the magnetic field. The net magnetic field at a point is 
the sum of all the contributions of individual charges. Since the 
number of charges is enormously large, this procedure is obviously 
hopeless. In physics, whenever we have to deal with an infinitely large 
number of contributions, we often use a simplified procedure which 
we shall illustrate by the following simple example. 
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Let us consider the problem of calculating the magnetic field B at 
a point P due to a current / flowing in a wire bent into any arbitrary 
shape (Fig. 5.2). Rather than deal with an infinite number of indi- 
vidual charges, we divide the wire into small elements (called current 
elements) placed end to end. Let the length of each infinitesimally 
small element be dl. In 1820 Biot and Savart succeeded in finding 
the contribution of the magnetic field at a point due to such a 
current element. This was stated in the form of a law called the Biot- 
Savart law. According to this law, the magnitude of the magnetic 
field dB at a point P due to a current element dl is given by 


= Ho Idi sin 8 
ag = tee (5.1) 


„Direction of Vector dl 


Fig. 5,2, Biot-Savart Law, Magnetic field contribution 
dB at a point P due to a current element d\ 


where r is a displacement vector from the element say CD to P, the 
observation point, and @ is the angle between this vector and element 
length dl. The length of the clement is regarded here as a vector dl 
whose magnitude is dl and whose direction is that of the tangent to 
the conductor at that point (shown dashed in Fig. 5.2). 7 is the current 
in the conductor and jo is a constant called the permeability of free 
space (vacuum). Equation (5.1) gives only the magnitude of dB. The 
direction of dB is that of the vector (dI r). It is perpendicular to both 
dl and r, In Fig. 5.2, for example, dB at point P for the current 
element shown is directed into the page (shown by a cross, indicating 
the tail of the arrow) at right angles to the plane of the figure. 
The law of Biot and Savart may be written in a vector form as 


dB = tol (axe) (5.2) 


This formulation reduces to that of Eq. (5.1) when expressed in 
terms of magnitudes. The law as formulated in Eq. (5.2) gives com- 
plete information about the magnitude as well as the direction of dB. 
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The resultant magnetic field B due to all the current elements of a 

conductor is then found by integrating (i.e. summing up the individual 

contributions); i.e. 
pager na 

It may be mentioned that it is possible to give a rigorous theoretical 
proof of this law which is beyond the scope of this book. Biot and 
Savart, however, arriyed at the law only empirically basing their 
arguments on the experimental results of the magnetic effect of current. 
We shall illustrate this law by using it to calculate the magnetic field 
due to some simple current distributions. In each case, the results are 
found to be in complete agreement with experimental observations. 

It is interesting to note [see Eq. (5.1)] that the Biot-Savart law is 
an inverse square law that describes the magnetic field due to a current 
element. This law may be regarded as the magnetic equivalent of 
Coulomb’s law, which is also an inverse square law that describes the 
electric field due to a charge element. However, the source of magnetic 
field is not a magnetic charge (i.e. the magnetic counterpart of an 
electric charge) which is a scalar but a current element which is a 
vector. In fact, till today, no magnetic charges (called magnetic mono- 
poles) have ever been detected in any experiment. 

In fact, all known steady magnetic fields are produced either by 
electric currents or by atomic magnetic moments associated with 
angular momenta of charged particles (see Chapter 6), Magnetic fields 
are also produced by time-dependent electric fields, e.g. due to accele- 
tated electric charges, as we will see in Chapter 9, 


The ST Unit of Magnetic Field 


The SI unit of magnetic field is called tesla (symbol T) after the name 
of the great Yugoslav scientist Nikola Tesla (1856-1943). It can be 
defined by Eq. (5.1) where: the constant 0/47 is given the exact value 
10-7 TmA!, Thus a tesla may be defined as follows: A small current 
element dil metre long, carrying a current of 1 A, produces, at a 
distance of 1 m from it.and perpendicular to it; a magnetic field of 
1077 tesla,. This. defines tesla in terms of current. In the next section, 
we will define tesla in terms of the force experienced by a moving 
charge (i.e. current). In chapter 9 we will find the relationship between 
the constant (0/47) and the constant (470) (a constant used in electro- 
statics in chapter 1). It will be shown that the product of these two 
constants (poco) =.1/c? where ¢ is the velocity of light in vacuum 
= 3x 108 ms71. Thus this product has’ a fixed size and'dimension. 
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Therefore, if one of them is chosen according to convenience, the other 
one is automatically fixed. We will discuss this in the next section. 

We will now apply the Biot-Savart formula to obtain the magnetic 
field at a point due to some simple current distributions. 


(a) Magnetic Field due to-an Infinitely Long Current Carrying Straight 
Wire We will use the law of Biot and Savart to find B due toa 
current J in an infinitely long straight wire. Figure 5.3(a) shows a side 
view of the wire. We wish to find B at a point P distant r from the 
wire. The magnitude of the contribution dB due to a current element 
CD of length dl is given by 


__ {vo L dl sin 8 
as = (p) 


where x is the distance of the element CD from point P. 


Lines of 
“force 


Fig. 5.3 (a) Magnetic field due to an infinitely long straight wire, 
(b) magnetic field lines 


The directions of the contributions dB at point P for all elements 
are the same, namely, pointing into the page of the figure at right 
angles to the plane. The magnitude of the total field at point P is 


given by 
1=4+2 cin 0 
Bee pol Í sin Lal 
fetto tay Xe 
where / isthe distance of the element from O, the foot of the per- 


pendicular drawn from P on the wire. 
It is clear from the figure that /, @ and r are related by 


r $ covet d 
x7 sin CMOS ore ree (5.3) 
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F = tanb ` (5.4) 


r cot 6 (5.5) 


or 1 
Differentiating this equation we get 
dl = —r cosec? 6 d0 (5.6) 


From Eq. (5.4) it is clear that when /—> +0, ?-—>0Oand when 
l> —o, 07. Using Eqs (5.3) and (5.6) in the equation for B, 
we get 


20 
B= sat f sin 9 (—r cosec? 8 dé) —— an 
PERE tel f. sin 6 dô 
nr Jn 
= ol cos af. 
= pe z (cos 0° — cos 7) 
= fl (5.7) 


2ar 


The direction of magnetic field B can be obtained from the right- 
hand rule stated below [see Fig. 5.3(b)]. 

Hold the wire carrying current in your right hand so that the thumb 
points along the wire in the direction of the current, then the fingers will 
encircle the wire in the direction of the lines of magnetic force. A line 
of force is a curve, the tangent to which at any point gives the direc- 
tion of the magnetic field at that point. The lines of force due to the 
field of a long current-carrying wire are concentric circles in a plane 
perpendicular to the plane of the wire. The magnetic field at all points 
on a Circle has the same value and its direction is perpendicular to the 
radius yector. 


Note: Strictly speaking, the expression (5.7) holds only for an 
infinitely long wire which is an idealization. In practice, if r < 1, the 
correction to Eq. (5.7) is of order of (7/1)? which may be ignored. 


(b) Magnetic Field due to a Current Carrying Circular Loop We will 
now apply the Biot-Savart law to find the magnetic field due to a 
current carrying circular loop of wire. We consider the following two 
cases: 


2 
K 
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Case I—Field at the centre of a circular loop: Consider a loop (or 

I a circular coil) of uniform wire 

carrying a current J as shown in 

Fig. 5.4. Let a be the radius of the 

c loop. Let us assume that the loop 

D © lies in the plane of the paper. We 

h wish to calculate the magnetic 
field at the centre O of the loop. 

We divide the wire into a large 

Fig. 5.4 Magnetic field at the centre number of rent elements each 

of a circular loop carrying Of infinitesimally small length dl. 

current Consider one such element, say 

CD, of the loop. From Biot- 

Savart law, the magnetic field dB (due to this current element) at the 

centre O is given by 


j 
Tangent» 
i 


Be pol (dX a) 


4n a 
The direction of the field is perpendicular to the plane of the loop and 
points into the plane of the paper. This is indicated by a cross & in 
Fig. 5.4. Since the direction of vector dl is tangential to the circle at 
the point in the middle of element CD, the angle 0 between dl anda 
is 90°. Setting sin @ = sin 90° = 1 in the preceding equation the 
magnitude of dB is given by 


pol dl (5.8) 

Now since the angle ô between dl and a is the same (equal to 90°) 
for all elements, the magnitude of the field due to each element is 
given by Eq. (5.8). Further, the direction of dB due to each element 


is the same, pointing into the plane of the paper. Therefore, the resul- 
tant field at O is given in magnitude by 


But J di is just the total length of the loop of wire which is equal 
to 27a. Hence. 


(2ra) = Sa (5.9) 


If instead of a single loop of wire, there is a coil of N turns wound 
one over another, then clearly the total length of the wire is 27aN 
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and the magnetic field at the centre of the coil is given by 


Be (5.10) 
2a 
where a is the mean radius of the coil of N turns. 

Case II—Field on the axis of a circular loop: ‘Consider a circular 
loop of radius a carrying a current J as shown in Fig. 5.5(a). We wish 
to calculate the magnetic field at a point P on the axis of the coil at a 
distance r from its centre O. The plane of the loop is perpendicular 
to the plane of the paper. As before, we divide the coil into a large 
number of elements, each of length dl. The vector dl of the current 
element at the top C of the loop points out of the page at right angles 
to it. Therefore, the angle 8 (not shown in the figure) between dl and 
R (the distance vector from the centre of the element at C to point P) 
is 90°. Hence the magnitude of field dB at point P due to the element 
at C is given by (from Biot-Savart law) 


W 


7N 


dB cos œ ta) (b) I 


Fig. 5.5 (a) Magnetic field on the axis of a circular coil carrying current, and 
(b) magnetic field lines 


To find the direction of dB let us recall-that vector dl is perpendi- 
cular to the plane of the paper. Since the direction of field dB is 
perpendicular to both dl and R, and lies in the plane of the paper, it 
is clear that dB lies in the plane of paper and is perpendicular to R. 
This direction is shown as PQin the figure. Let « be the angle between 
CP and the axis OP of the loop. Let us resolve vector dB into two 
rectangular components, one along the axis of the coil (dB sin «) and 

_ the other at right angles to this axis (dB cos a). 

From symmetry, there is a point D opposite to point C where the 
current element points inside the paper at right angles to it. This 
follows from the direction (anti-clockwise) of the current as shown in 
Fig. 5.5(a). It is clear from symmetry that the magnitude of dB at 
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point P due to this element is the same as that due to the element at 
C, but the direction of dB is along PS as shown. This vector may also 
be resolved into two rectangular components dB sin « and dB cos «, 
It is clear from Fig. 5.5(a) that the contributions perpendicular to the 
axis of the loop cancel each other while those parallel to the axis add 
up. This holds for all current elements of the loop. Hence, the total 
magnetic field at point P due to the loop is given by 


B= | dBsin« 


Substituting for dB, we have 


“Since xo and J are constant, and R and « are constant for all points 
on the circular loop, we have 


_ Ho [sin % 
B= tn RE | dł 
Now, since d/ = 27a, where a is the radius of the loop, we have 


_ Hola sin % 


2 2R? 


From Fig. 5.5(a), it is clear that 


sina = 
R 
and R = (r + e) 
Substituting for sin « and R, we get 
2 
B PE n E, (5.11) 


~ WE a3? 

If there are N turns in the coil, then 

oN ia? 
I + ape ow) 
Equation (5.11) shows that the field falls off rapidly with distance r. 
Figure 5.5(b) shows the magnetic field lines due to a circular coil. 

Notice that if r= 0 (at the centre of the loop), Eq. (5.11) reduces to 
Eq. (5.9) obtained for case I. 


B= 


EXAMPLE 5.1 A horizontal overhead power line carries a current of 
90 A in the east to west direction. Find the magnitude and direction 
of magnetic field due to the current 1.5 m below the line. 
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Solution: The magnitude of magnetic field is given by 


where J = 90 A,r = 1.5 m and po = 4X 10-7 Tm AM, Substituting 
these values, we get 


B= 1.2X105T 


Applying the right-hand side rule, we find that the direction of B is 
towards the south. 


EXAMPLE 5.2 Two concentric circular coils X and Y of radii 16 cm 
and 10 cm respectively lie in the same vertical plane containing the 
north-south direction. Coil X has 20 turns and carries a current of 
16 A; coil Y has 25 turns and carries a current of 18 A. The sense of 
the current in X is anticlockwise, and in Y clockwise, for an observer 
looking at the coils facing the west. Give the magnitude and direction 
of the net magnetic field due to the coils at their common centre. 


Solution: The magnitude of magnetic field at the centre of coil Y is 
given by 


_ Ho IyNy 
BT ay 
4r X107 18x25 R 
7 x @.1) 9m x 10-4 T 


Since the current in coil Y is clockwise, the direction of field By is 
towards the west (see Fig. 5.6). 


N coil x 
Coil Y 


Observer 
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The magnitude of magnetic field at the centre of coil X is given 
by 


IxNx 
ax 


Bx = 9 


= ox ara = 47x 1074 T 
Since the current in coil X is anticlockwise, the direction of field 
Bx is towards the east as shown in Fig. 5.6. Since the two fields are 
collinear and oppositely directed, the magnitude of the resultant 
field = difference between the two fields and its direction is that of 
the bigger field. Hence the net magnetic field at the common centre 
is 57X 10-4 T = 1.6 X 10-3 T and is directed towards the west. 


Example 5.3 Helmholtz, an eminent scientist of the 19th century, 
showed that two narrow circular coils of the same radius (a) and 
carrying the same current (/) in the same direction can produce a 
uniform magnetic field over a small region around a point mid way 
between them. Show that the magnetic field over this small region is 
given approximately by 


B= 0,72 Nt 
i a 


Where N is the number of turns in each coil. 


Solution: Consider a small region PQ = 2d near the point O which 
is midway between two coils X and Y, each of radius a. Thus 
OP = OQ = a/2 (see Fig. 5.7). 


Coil 9 CoilY) 


2d 


—+—7—_-— 
PỌQ 


a a 
2 2 


Fig. 5.7 


k Let us find the resultant magnetic field at point P due to the two 
coils. The magnetic field at point P due to coil X is [use Eq. (5.12) 
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and putr = (a/2 — d)]. 


Ta 1 
Bx 2 Xa 2 3/2 
DEN d} +a 


The magnetic field at point P due to coil Y is [setting r = (a/2 + d) 
in Eq. (5.12)] 


peoN Ia? 1 


y% 


By = 7 xX {(¢ A a) = ay” 


Since the currents in the two coils are in the same direction, the fields 
Bx and By actin the same direction so that the magnitude B of the 
resultant field is simply the sum of Bx and By, i.e. 


B 


ll 
F 
+ 
& 
< 


1 


er ET 


E ANZN a a adyn 4d\-3!2 
2 Hole? elt u) +(1+2) | 
m 


__ poNI (4)? Crise a 
= ie () xj be A © 


where we have expanded the terms in the square bracket binomially 
and neglected terms of order (d/a)? and higher which is justified since 


d < a,i.e. 
a ae - #,(-3)= 6d 
(1 vy 1 ~ Ex s)=1+2 
4d\-3/2 6d 
and (+2) else 


Notice that terms of order (d/a) in expression (i) cancel. Hence the 
field at point P is given by (to our approximation that d? < a?) 


— (47 2NI uoNI Ši 
Oa a Gi) 


It is evident that the magnitude of the resultant magnetic field at 
point Q is also given by expression (ii). Hence the field over a small 
region around a point midway between the coils is given by (ii) and 
is uniform over this region: such an arrangement to produce a nearly 
uniform magnetic field over a small region is known as Helmholtz 
coils. j 


— is 
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EXAMPLE 5.4 A straight wire carrying a current of 12 A is bent into 
a semicircular arc of radius 2.0 cm as shown in Fig. 5.8(a). What is 
the direction and magnitude of B at the centre of the arc? Would your 
answer change if the wire were bent into a semicircular arc of the 
same radius but in the opposite manner, as shown in Fig. 5.8(b)? 


ig) (b) 
Fig. 5.8 


Solution: The field at the centre O of the arc due to each straight 
portion of the wire is zero because point O lies on the line joining the 
straight portions. Thus the field at O is only due to half the circular 
loop and hence its magnitude is [see Eq. (5.9)] 

1 wol 

2: Rie 


SO SS Saeco SANESE yg 
= 5 Xa pee 1.9.x 10-4 T 


Since the current in the arc is in the anticlockwise sense, the field is 
normal to the page and directed into it. If the wire is bent as shown 
in Fig. 5.8(b), the magnitude of B remains unchanged but its direction 
will now be normal to the page towards the reader, since the current 
round the loop is clockwise now. 


B= 


5.4 FORCE ON A MOVING CHARGE IN A J} 
MAGNETIC FIELD 


The experiment illustrated in Fig. 5.9 is designed to demonstrate that 
a wire carrying current experiences 
a force when placed in a magnetic 
field. The experiment also shows 
how the direction of the force is 
related to the direction of the 
magnetic field. A straight wire, 
with a flexible joint at its upper 
end, hangs vertically between the 
pole-pieces of a U-shaped magnet 
NS. The lower end of the wire current 


dips into a small pool of mercury S] 


in a depression cut into a flat Fig 5.9 Force ona current carrying 
block of wood. When, the key is conductor in a magnetic 


closed, a current flows in the field 
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vertical wire downwards. The wire immediately experiences a force 
in the direction shown in the figure. When the current is reversed 
(by interchanging the terminals of the battery), the wire moves in the 
opposite direction. The direction of the force exerted on the wire is 
seen to be perpendicular to the direction of the current and the 
direction of the magnetic field, the latter two being mutually perpendi- 
cular to each other. The direction of the force is also reversed when 
the direction of the field is reversed. This is done by turning the 
magnet over so that its N-pole is at the position previously occupied 
by its S-pole. 

It is misleading to say that the magnetic field exerts a force on the 
wire. In fact, a magnetic field exerts a force on any moving charge, 
be it in free space or in a metallic wire. Since the charges moving in 
a wire are confined to the body of the wire, the wire itself experiences 


Ga] 


Electron 
beam 


Fig. 5.10 Deflection of electrons in a 
magnetic field 


a force. The fact that the field acts on charges moving freely can be 
established if we apply a magnetic field to the moving electrons in a 
cathode ray tube. The electrons are bent when a U-shaped magnet is 
placed as shown in Fig. 5.10. When the polarity of the magnet is 
reversed the electrons are deflected in the opposite direction. The 
amount of deflection of the beam is a measure of the magnitude of the 
force experienced by electrons moving in the field. If the direction of 
motion of the electrons in the cathode ray tube is changed relative to 
that of the field, the deflection of the beam also changes. The deflec- 
tion becomes zero if the electrons move along aparticular direction. If 
theelectrons are moving at right angles to this direction, the deflection 
becomes maximum. i 

Suppose a positive charge q is fired with a velocity v in a uniform 
magnetic field B. Experiments tell us that the force F experienced by 
the charge depends not only on the magnitudes of v and B but also 
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on the angle between them. Force F is found to be zero if v is parallel 
to B, i.e. if the angle @ between v and B is zero, but F is maximum 
if v and B are perpendicular to each other, i.e. if @ = 90°. Experiments 
also show that the direction of force F is always perpendicular to 
both v and B. These observations suggest that the force F must be 
expressed as a vector product of v and B. Since the magnitude of F 
depends also on the magnitude of charge g, we may express F by the 
following vector equation: 


F = q(vXB) (5,13) 
The magnitude F of vector F is given by 
F = quB sin 0 (5.14) 


It is clear from Eq. (5.13) that the direction of F is perpendicular to 
both v and B in accordance with experimental observation. 

Figure 5.11 shows the relationship among the three vectors B, F 
and v, Vectors Band v lie in the x-y plane. The force Fis at right angles 
to this plane and points along the 
z-axis. Notice that F is at right 
angles to v and also to B. Equa- 
tion (5,13) and (5.14) are con- 
sistent with experimental observa- 
tions which are: 

1. F=0, if v = 0, i.e. a charge 
at rest does not experience any 
magnetic force. 

2. F = 0if @=0 or 180° ie. 
the magnetic force vanishes if v is 
either parallel or antiparallel to 
Fig. 5.11 Relationship between F, v the direction of B, and 

and B and illustration of 3. F = Fma if 0 = 90°, i.e. if 
equation F = q(vx B) v is at right angles to B, the 
deflecting force has a maximum value given by 


Fmax = q2B sin 90° = quB 


Force on a Current-Carrying Conductor in a Magnetic Field 


A current is an assembly of moving charges. In a current-carrying 
conductor, the free (conduction) electrons move in the body of the 
conductor, Because a magnetic field exerts a sideways force on a mov- 
ing charge, we expect that it will exert a sideways force on a conductor 
carrying a current also. 
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Fig, 5.12 Force ona current-carrying conductor 
in a uniform magnetic field 


Figure 5.12 shows a conductor PQ of length /, cross-sectional area A 
placed in a uniform magnetic field B at an angle 8 with the magnetic 
field lines. The conductor carries a current I as shown. The current 7 


is due to the electrons drifting with velocity vg in a direction opposite 
to that of the current. From Eq. (3.5) of chapter 3 we have 


I = enoAia (5.15) 


where no is the number of free electrons per unit volume of the con- 
ductor and e is the magnitude of charge on an electron. In the 
magnetic field B each electron experiences @ force f given by 

= e(vaX B) = evaB sin 9 (5.16) 
In order to calculate the force exerted by the magnetic field B on the 
conductor, we divide the conductor into small current elements, such 
as CD, each of length di. It is clear that the number of free electrons 
in an element of length d/ is noA d/, Hence the magnitude of the force 
experienced by a current element is given by 3 

dF = mA dl(evaB sin 9) 


: = ned divaB sin 8 
Using Eq. (5.15) we have 


dF = Id/B sin 0 
In vector notation this reads 


dF = ((d1xB) 
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where dl is the vector length of the current element directed along the 
current. Since B is uniform over the length of the conductor, the total 
force F exerted on it by the magnetic field is given by 


F= | dF = rf dixB = (xB) (5.17) 


The magnitude of the force is 
F = IIB sin 8 (5.18) 


The direction of the force is given by Eq. (5.17) and is in the direction 
of (1X B) where the vector } is taken along the direction of the current, 
Notice that the direction of the 
force is perpendicular to both 1 
Forefinger and B. The relationship between 
(Field) F, land B can be described pic- 
torially by Fleming’s left-hand 
Second Finger rule which reads “Hold the thumb 
(Current) and the first two fingers of your left 
Fig. 5.13. Fleming’s left-hand rule hand mutually at right angles to 
each other (as shown in Fig. 5.13). 
Then, if the forefinger points in the direction of the field and the 
second finger in the direction of the current, the thumb will point in 
the direction of motion of the conductor (or force)”. 


Thumb - Motion ( Force) 


Unit of B The unit of magnetic field B can be obtained from 
Eq. (5.14) which gives 


ics F 
Bs qe sin 8 
If F=1N 
q=1C 
v= 1 ms 
0 = 90° 
then 
peas aN IC 
~ 1CX1 ms! Xsin 90° 
1N 
pal pee st se wS 
TAXI m Se ETEN 
= INA! m 


In the SI system, the unit of B is the tesla T. One tesla is one 
newton per ampere metre. Magnetic field B is said to be 1 T if a 
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charge of 1 C moving with a speed of 1 ms™ at right angles to the field 
experiences a force of 1 N: 

A field of 1 tesla (T) is a very strong magnetic field. Very often, 
magnetic fields are expressed in terms of a smaller unit called the 
gauss (G). 

1G= 104% 


Force Between Two Parallel Wires Carrying Current 


Consider two long parallel wires AB and CD separated by a certain 
distance R and carrying currents /1 and h as shown in Fig. 5.14. The 
ai ada ' i magnetic field of one will exert a 
ii i ; ar force on the other. Figure 5.14(a) 
A! ic A; Ho is the case when the currents in 
the wires are in the same direction. 
From Eq. 5.14 it is clear that the 
t 1 H l2 magnitude of the magnetic field 
F F B produced by [i at a point on 
the other wire is given by 

poli 

A R =D B j- R —D B= GR 
! i H 1 The direction of B is perpendi- 
] | ' i cular to both Jı and R, the per- 
(a) Attraction tb) Repulsion pendicular distance between the 
Fig, 5.14 Force between two parallel wires. B is therefore directed into 
currents the page and is at right angles to 
wire AB or (Ji). Since B is also 
perpendicular to J2 the magnitude of force exerted by B on an 

element dl of wire CD is 


dF = h dIB sin 90° = h dlB 
Substituting for B, we have 


_ polih dl 
we aaa R 
or 
_ Holi bl 
con 


where /, the length of wire CD, is assumed to be large. 
Force per unit length is 


fate polih (5.19) 
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From Fleming’s left-hand rule, this force on wire CD is to the left, 
i.e. towards the wire AB. Similar considerations apply for the force 
exerted on wire AB by the field of wire CD. Thus, we conclude that 
when the currents in the wires are in the same direction, the forces 
between them are attractive. On the other hand, if the currents are in 
Opposite directions (anti-parallel), the two wires repel each other as 
shown in Fig. 5,14(b). 


Definition of Ampere 
The force between two infinitely long parallel wires carrying current 


has been used as the basis for the definition of a standard ampere of 
current in the SI system. From Eq. (5.19) it follows that if 


h=h=1A 
=Im 
then 


7 


f= = = 2x 10-7 Nm=! 


for free space. Thus the ampere is the strength of that steady current 
which, when flowing in two Parallel infinitely long conductors of negligi- 
ble cross-section placed in a vacuum at a distance of 1.0 m from each 
other, produces between the two conductors a force of 2X 10-7 newton 
Per metre length. 


EXAMPLE 5.5 The battery of an automobile is connected to the start- 
ing motor by straight wires 70 cm long and 1.5 cm apart. If, at the 
time of starting, the current in the wires in 300 A, estimate the force 
between the wires. Is the force attractive or repulsive ? i 


Solution: The force per unit length between is the wires is 


— 4r X10-7x 300x300 

— — 2mx(1.5x 10-2) 
Therefore, the force between the wires (7 = 70 cm = 0.70 m) is 

F=fl 3 

= 1.20.70 = 0.84 N 

This value is approximate since our formula for f holds Strictly for 
infinitely long wires. Since the currents in the two wires are in opposite 
directions, the force is repulsive. 


= 1.2 Nm" 
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EXAMPLE 5.6 A straight horizontal conducting rod of length 0.45 m 
and mass 60 g is suspended by two vertical wires at itsends. A current 
of 5.0 A is set up in the rod through the wires. (a) What magnetic 
field should be set up normal to the conductor in order that the tension 
in the wires is zero? (b) What will be the total tension in the wires if 
the direction of current is reversed, keeping the magnetic field the same 
as before? (Ignore the mass of the wires, and assume g = 9.8 ms~?.) 


Solution; (a) In order that the tension in the supporting wires is zero, 
the downward gravitational force mg on the rod must be balanced by 
an upward force B// due to magnetic field, i.e. 


BIl = mg 


or = — 


(60X10) X9.8 _ 
SOAs a L 


The direction of B is such that Fleming’s left-hand rule gives an 
upward force. 

(b) If the current is reversed, the direction of the force due to B 
becomes downwards, in the direction of the gravitational force. Hence 
the tension in the strings is 

T = Bil + mg 
= 0.26% 5.0% 0.45 + 0.06 9.8 


1.17N 


1 


5.5 LORENTZ FORCE 


The force experienced by a charge moving in space where both electric 
and magnetic fields exist is called the Lorentz force. Suppose there 
exists an electric field E at a certain point in space. The electric force 
F. experienced by a charge q placed at that point is given by (see 
Chapter 1) 


Fe = gE 


An important property of the electric field is that the force experienc- 
ed by the test charge placed at any point in the field is independent 
of whether the charge q itself is moving or not. Thus, if the electric 
field intensity at a point is E, the force experienced by a test charge q 
at rest Or in motion is gE, 
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In section 5.4, we have seen that the magnetic force Fm experienced 
by a charge q moving with a velocity v in a magnetic field B is 
given by { 

m = g(vX B) 
Hence the Lorentz force (i.e. total force) on a charge moving with 
velocity v in an electric field E and magnetic field B is 
= Fe + Fm 
or F = gE + vxB) (5.20) 
In section 5.9, we will discuss some interesting consequences of 
Lorentz force. 


Relative Magnitudes of Electric and Magnetic Forces 
It is interesting to compare electric and magnetic forces under similar 
conditions. From Coulomb’s law (see chapter 1), the magnitude of the 
electric force between two charges qı and q2 separated by a distance r 
is given by 
1 
FS ee Be (5.21) 


Arneo r 
Equation (5.19) gives the force per unit length between two parallel 
infinitely long wires carrying currents J; and /2. This relation is true 
only near the centres of the wires. The exact magnitude of the magne- 
tic force between two parallel wires (carrying currents Ji and 7) of 
elements d/; and dh separated by a distance r is 


po hi 
Fa = Go oy + dh dh (5.22) 


We have seen above [Eq. (5.15)] that 
Th dh = eno(Ai dh)or = qı 
and h dh = eno(A2 dh)v2 = 202 
since  eno(Ay dh) = electronic charge X number of free electrons per 
unit volume X volume of element dh 
= electronic charge X number of free electrons in 
element di 
= qi, the charge in element 
Similarly eno(A2 dh) = 2, the charge in element dh. Equation (5,22) 
then reads 


fn = fo AE tate (5.23) 
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It must be clearly understood that there is no electric force between 
two current-carrying wires because a conductor carrying a current 
remains electrically neutral since charge cannot accumulate anywhere 
in a conductor. The rate at which electrons enter one end of the con- 
ductor is equal to the rate at which they leave the other end. Thus 
sending a current through a conductor does not disturb its electrical 


neutrality. 
Taking the ratio of (5.21) and (5.23) we have 
oe = (Hoeo)v122 


We will see in chapter 9 that the product (00) = 1/c?, where c is the 
speed of light in free space. Thus 

Fm v2 

Am FI (5.24) 
Typically, the electron drift velocities vı and v2 are of the order 
of 10-5ms-! and the value of c = 3x108 ms~!. Thus the ratio 
Fm/ F, ~ 10. In other words, under similar conditions, the magnetic 
forces are much smaller than electric forces. Why then are magnetic 
forces observed and not washed out by electric forces? The reasons 
are as follows. First, matter is electrically neutral to a very high degree 
of accuracy, especially, conductors in which, due to free-electron 
movement, the electrical neutrality cannot be easily disturbed. Secondly, 
in an electrical current of even a moderate amount, ¢.g. 1 A, the 
number of electrons drifting together is very large. Consequently, the 
small magnetic forces on individual electrons add up to sizeable 
amount, making it observable: It follows from Eq. (5,24) that for charges 
drifting with speeds comparable to the speed of light, magnetic and 
electric forces are of the same order of magnitude. 


5.6 AMPERE’S CIRCUITAL LAW 


In electrostatics (chapter 2) we have seen that the basic laws of elec- 
trostatics could be rephrased in the form of a law (Gauss’s Law) 
which gives a quantitative relationship between the surface integral of 
the electric field over a closed surface and the charge inside it. Is there 
a similar relationship between magnetic field and current? Since a 
charge produces an electric field and a current (moving charge) pro- 
duces a magnetic field (Oersted’s discovery), it is reasonable to expect 
that a magnetic analogue of Gauss’s law can be found. Ampere was 
the first person to discover the relation between magnetic field B and 
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current J. He did not formulate it in terms of the field; this was done 
later by Clarke Maxwell. This relationship is called Ampere’s circuital 
law (or simply Ampere’s law) which may be stated as follows: 

The loop or line circuit integral of the magnetic field along a closed 
curve is proportional to the current threading or passing through the 
closed circuit, i.e. 


$ B- dl = pol (5.25) 


where so is the permeability of free space. 
The rigorous proof of the law is outside the scope of this book. We 
will, however, show that it is plausible by the following argument. 
Consider an infinitely long straight wire carrying a current [Section 5.3, 
Fig. 5.3(a)]. We have seen that the magnitude of the magnetic field 
due to the current carrying wire at a distance r from it is given by 
[Eq. (5.7)] 


— bol 
a= (5.26) 


The lines of force of the field are shown in Fig. 5.3(b); they are con- 
centric circles in a plane perpendicular to the plane of the wire with 
B the wire at the common centre, 
The magnetic field at all points 
onacircle has the same magnitude 
and. its direction is perpendicular 
dë to the radius vector. Let us con- 
sider one such circle of radius r 
as shown in Fig, 5.15, 

We divide the circular path into 
small elements of length dl and 
evaluate the quantity B-dl and 
integrate it over the entire path, 


Notice that B and dl are both 
tangential to the circle at every 


Straight Conductor point, i.e. the angle between them 
Fig. 5.15 A circular path around a ` jg zero so that the scalar product 


straight wire carrying a B-dl = B dicos 0° = B dl. Thus 
current I. The central dot 


indicates current I emerg- W® have 

ing from the page, the Jia A 

wire being perpendicular B-dl Bdl = B Ọ dl 
to the page 


The magnitude B of magnetic 
field has been taken out of the sign of integration since B has a 
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constant value at every point on the circle. Now $ d/ is simply the 


circumference of the circle which is 27r, Hence 
$ B- dl = B(27r) 
Substituting for B from Eq. (5.26) we have 
$ B: dl = pol 


which is Ampere’s law stated above, Although we have established 
the law for the special case of a field due to a straight and long 
current-carrying conductor, Ampere’s law is true in general for 
any magnetic field (except for a magnetic field arising from a time- 
varying electric field, for which case the law has to be modified), for 
any assembly of currents and for any path of integration. 


Generalization 


We have established the correctness of Ampere’s law by performing the 
integration along a circular path around a straight current conductor. 
We will now show that the law holds in the case of any arbitrary 
plane closed path around a straight conductor, 

Consider a closed path (shown dotted) around a straight current 
carrying conductor shown by a big dot in the middle (Fig. 5.16). The 
path can be imagined to be made up of a large number of radial seg- 
ments (such as ab) and circular arcs (such as be), Radial segments 


Fig. 5.16 A closed loop of arbitrary shape around 
a straight current-carrying conductor 
Placed perpendicular to the page 
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(such as ab, cd, ef, . . ., etc.) and circular arcs (such as be, de, fg, .. ., 
etc.) are shown in the figure. Since B is every where perpendicular to 


the radius, the contribution ofall the radial segments to Ọ B-dl = 0. 


Therefore $ B-dl is simply the value over all the circular segments, 


Let us evaluate the contribution of one such circular segment (such 
as bc) of arc length be = d/ which is a part of a circle of radius, say, 
r as shown. The line integral of B nae this segment is (‘." d/ = r@) 


$, B-dl = EGA) =e 


where 0 is the angle (in radians) subtended by the are be at the centre 
O. Notice that the contribution of the circular segment is independent 
of the radius r, and is proportional to the angle @ sustended by that 
arc at the centre, Since the angle 8 for the entire closed loop is 27, 
the integral over the entire eye is 


f B-dl = lyan = = poľ 


which is Ampere’s law. This calculation is based on an infinitely long 
current-carrying wire. It can be shown that the law, in fact, is true for 
any number of wires. Ampere’s law is thus completely general, though 
we shall not prove it for move complicated circuit shapes. 


Applications of Ampere’s Law to Toroidal and Straight Solenoids 


Take a wooden ring and wind round it a large number of turns of a 
wire. Now imagine that the wooden ring is not there; we have a toro- 
idal solenoid as shown in Fig. 5.17(a). Next take a round pencil and 
wind round it a large number of turns of a wire. Remove the pencil 
and we have a straight solenoid as shown in Fig. 5.17(b). 

We will apply Ampere’s law to find the magnetic field set up by the 
solenoid when a current is passed through it. 


(a) Magnetic Field Inside a Current-carrying Toroidal Solenoid 
Suppose the current in the coils is clockwise and we wish to find the 
field B at a distance r from the centre [Fig. (5.17(a)]. From symmetry, 
the field has the same magnitude at all points on the circumference of 
the circle of radius r. The direction of the field is tangential to the 
circle at every point. Hence the line integral of B around the circular 
path of radius r [shown dashed in Fig. 5.17(a)] is 


$ B-di= B far = B(2ar) (5.27) 
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- =m m Axis 


I I 
(b) 


Fig. 5.17 (a) Toroidal solenoid, and (b) straight solenoid 


From Ampere’s circuital law, 
faa = pol 


where J is the current threading the area bounded by the path of 
integration, Let # be the current’ in the turns of the solenoid. Notice 
that J is not the same as i because the path of integration (which is a 
circle of radius z) encloses more than one turn. If N is the total 
number of turns in the solenoid, then 

1=Ni 


so that $ B:di = poNi (5.28) 
From Eqs (5.27) and (5.28), we get 
Bar) = poNi 


B= KoNi 


or 
2ar 


(5.29) 


If n is the number of turns per unit length of the toroid, then 
n = N/2zr. Hence in terms of n, Eq. (5.29) becomes 


B = poni (5.30) 


SRE S 
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Notice that B is independent of r, depending only on the current (i) 
and the number of turns per unit length (). The field inside a toroidal 
solenoid is constant in magnitude and is always tangential. Toroidal 
solenoids are used to produce magnetic fields or as inductances or in 
transformers (see chapter 8). 
(b) Magnetic Field Inside a Long Current-carrying Straight Solenoid 
A straight solenoid may also be visualized as follows. Imagine the 
radius of the toroidal solenoid becoming bigger. Any small portion of 
it will then appear straight. Since Eq, (5.30) is independent of the 
radius (r), it follows that the magnetic field inside a straight solenoid 
of n turns per unit length and carrying a current i is given by 

B = poni (5.31) 
The direction of the field is parallel to the axis of the solenoid 
(Fig, 5.17(b)] and is fairly uniform except at the ends, Strictly speaking, 
Eq. (5.31) holds for an infinitely long solenoid. Such a solenoid is 
used if a uniform field is desired in a limited region. 


EXAMPLE 5.7 A solenoid is 1.0 m long and 3.0 cm in mean diameter. 
It has five layers of windings of 800 turns each and carries a current of 
5.0 A, Find the magnitude of the magnetic field at its centre. 

Solution: The magnitude of magnetic field at or near the centre of a 
straight solenoid is [(Eq. (5.31)] 

B = poni (i) 
where n is the number of turns per unit length. Note that we can use 
this expression for B even if the solenoid has more than one layer of 
windings because the diameter of the windings does not enter in the 


expression. Now, to find 7, simply multiply the number of turns per 
layer by the number of layers and divide the product by the length of 


the solenoid. Thus 


— 800x5 _ 3 
n= ro = 40,000 m 


Now i = 5.0 A and po = 4T X 10-7 TmA—!. Using these values in (7) 


we get 
B=2.5x10?T 


5.7 CURRENT LOOP AND MAGNETIC DIPOLE 


A current-carrying straight solenoid behaves like a bar magnet. It will 
attract iron objects such as common pins. If suspended freely, it will 
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orient itself in the north-south direction just as a bar magnet does, A 
bar magnet has two opposite poles at its ends; it is called a magnetic 
dipole. To see this connection, let us consider a circular current loop. 
In Section 5.3, we have seen that the magnitude of the magnetic field 
at a distance r from the centre of the loop and along the axis passing 
through it (in a direction perpendicular to the plane of the loop) is 
given by [see Eq. (5.11)] 
2 
ERORI ih aes 
2; Pray? 
where a is the radius of the circular loop. At distances r > a, this 
expression reduces to 
pad le 2 ua) 2K(na") 
2 or* 4a r? 


ct ys) Woe 
or s= (2) a (5.31) 


where A = ma? is the area of the circular loop. Let us compare it with 
the electric field due to an electric dipole at a point far from and at 
a point on the dipole axis. This field has been calculated in Section 1.12 
and has a magnitude given by [see Eq. (1-17)] 


Lens 2P, 
Ted. G.32) 


where p is the electric dipole moment. Notice that B due to a current 
loop and E due to an electric dipole have the same (1/r3) dependence 
- on distance. Equation (5.31) may be written as 


2 
B= ved rc (5.33) 


where m = IA. By analogy with electric dipole moment p in Eq. (5.32), 
quantity m is called the magnetic dipole moment; it is a vector 
quantity: 
m= JÀ (5.34) 

where A is the area vector, 

Current loops, compass needles and bar magnets are all magnetic 
dipoles with north and south poles, One face of a current loop is the 
north pole and the other face the south pole. 


5.8 TORQUE ON A CURRENT LOOP AND GALVANOMETER 


We will now show that a current loop placed in a magnetic field 
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experiences a torque. Comparing it with the torque experienced by an 
electric dipole in an electric field, we will again show that a current 
loop is a magnetic dipole. This dipole is used to measure currents (see ` 
the next sub-section on ‘galvanometer’). 

Consider a rectangular loop PQRS of wire of sides a and b suspend- 
ed in a uniform external magnetic field B. Let ô be the angle between 
the direction of B and that of the vector perpendicular to the plane of 
the coil [see Fig. 5.18(a)]. Let a current J flow in the loop as shown. 

The net force on the loop is the resultant of the forces on the four 
sides of the loop. Consider first the arms PQ and RS. It is easy to see 
that the force on each arm is the same. These equal forces are in 
opposite directions and are collinear (along the suspension shown by 
dashed line). Therefore, these forces give rise to no net force or torque 
and hence they do not have any effect on the motion of the coil. 

Next consider forces on arms SP and QR. The force on each arm 
is F = BIb, The forces on SP and QR are in opposite directions but 
not collinear. The perpendicular distance between the two forces is 
asin 9, as is obvious from Fig. 5.18(b). They, therefore, form a couple. 
The magnitude of the torque acting on the loop is 


T = force X perpendicular distance (or moment arm) 
= Blb x (a sin 4) 
= BIA sin 8 (5.35(a)) 
or T = mB sin 8 (5.35(b)) 


where m = JA is the magnitude of the magnetic dipole moment. In 
vector notation, the torque vector is given by 


<== mxB (5.36) 


This complete equation gives the magnitude as well as direction of T. 
The direction of t is such that it rotates the loop in the clockwise 
sense about the axis of suspension. Expression (5.36) for torque on a 
current loop in a magnetic field is similar to expression (1.22) of 
Chapter 1 for torque on electric dipole in an electric field. Thus again 
we find that a current loop is a magnetic dipole. 

If we have a rectangular coil of N turns, the torque multiplies M 
times and becomes 


7 = NIBA sin 0 (5.37) 
This equation can be shown to hold for all plane current loops of area 


A, irrespective of whether they are rectangular or not. The torque on 
a current loop is the operating principle of the electric motor and 
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(b) 


Fig. 5.18 (a) A rectangular current loop ina uniform 
external magnetic field, and (b) top view of 
the loop with side SP coming out of the paper 
and side OR going in 


most electric meters used for measuring currents and voltages C 
galvanometers. 


The Moving Coil Galvanometer 


A galvanometer is a device for measuring electric currents. 


alled 


S ae 
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Figure 5.19 illustrates the essential parts of moving coil galvanometer. 
Tt consists of a rectangular coil of many turns of an insulated wire 
suspended between the two pole pieces of a strong permanent horse- 
shoe magnet. One end of the coil is attached to a fine phosphor 
bronze strip which: (i) serves as a suspension for the coil, and (ii) 
serves as one of the leads or terminals for passing current. The other 
end of the coil is attached to a loosely coiled strip which serves as the 
other lead as shown. The upper end of the suspension is attached to 
a torsion head which can be rotated to set the coil in the zero position. 
A mirror is fixed on the phosphor bronze strip by means of which the 
deflection of the coil is measured with a lamp-and-scale arrangement. 
To level the instrument, levelling screws (not shown in the figure) are 
provided at the base. 


Torsion Head 
Suspension strip 
Mirror 


Soft Iron 
Cylinder 


Rectongular Coil 
Coiled Strip 


Fig. 5.19 Essential parts of a moving coil 
galvanometer 


The working of the galvanometer is based on the fact that when a 
current is passed through a coil placed in a magnetic field, it ex- 
periences a torque given by Eq. (5.37). Under the influence of torque 
the coil rotates producing a twist in the suspension strip which provides 
the counter-torque that opposes and cancels out the magnetic torque 
7 resulting in a steady angular twist « corresponding to the current Z. 
The counter torque is given by ka where k is the torque required to 
produce a unit angular twist in the suspension strip. When the coil 
comes to rest, then from Newton’s third law, the action torque given 
by Eq. (5.37) and the reaction torque k% must be equal. Thus, 


NIBA sin 6 = ka 
ede feel ton Vass 
or Ga (sex) sin 0 (5.38) 


The relation between Z and « is not linear because and @ are related. 
Hence we have to construct a non-linear scale to measure currents 
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and the instrument has to be calibrated using known currents. 
We can get rid of the factor sin in Eq. (5.38) if we use a radial 
magnetic field instead of the hori- 
zontal field. This is done by 
making the faces of the magnetic 
concave and insertipg a soft-iron 
core (Fig. 5.20). The field lines 
are then radial and 9 = 90° so 
that sin @= 1 -and Eq. (5.38) 
reduces 


Uniform Radial Field 
Point of Suspension 
i 3 Festi k 
Fig. 5,20 Radial m tic field = |——]} -«. = C 
ig adjal magnetic fie! I (wea) “= Ca (5.39) 


where C = (k/NBA) is called the galvanometer constant. The current 
now is directly proportional to « and hence we can construct a linear 
scale to read the deflection. If « and C are known, the current J is 
measured. 


Sensitivity A galvanometer is said to be sensitive if it can measure 
or detect extremely small currents, say, of the order of 1077A or 1078A. 
In other words, a small current should produce a large, measurable 
deflection. It is clear from Eq. (5.39) that, for a given I, « can be 
increased by: (i) increasing A, the area of the coil, (ii) increasing N, 
the number of turns, (iii) increasing B, the strength of the field, and 
(iv) decreasing k, the restoring couple per unit twist of the suspension 
wire. It is for this reason that the suspension wire is made of phosphor 
bronze because its k is very low. 


Galvanometer 
/ Mirror 


A soft iron cylinder is inserted 
inside the coil to concentrate the 
Translucent lines of force and to make the field 


cred S Scale radial. The concentration of lines 
of force increases the value of B 
Lamp and consequently the sensitivity 


of the galvanometer. To read 

deflection, a pointer may be 

Fig. 5.21. Lamp-and-scale arrange- attached to the suspension wire 

ment which may move over a scale, A 

more sensitive method is to attach 

a small mirror to the suspension wire and employ a lamp-and-scale 
arrangement as shown in Fig, 5.21. 


ExAmpie 5.8 A rectangular coil of 50 turns carries a current of 2.0 A 
and is placed in a magnetic field B of 0.25 T, as shown in Fig. 5.22. 
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P Q 
a SN 
S R 


10 cm 


Fig. 5.22 


Find the torque acting on the coil. In what direction will the coil 
rotate? 


Solution: The sides PQ and RS are parallel to the field lines; hence 
the force on each in zero. The force on vertical sides PS and QR is 


f= BII = 0.25% 2.00.12 = 0.06 N 
The force f acts on PS in a direction out of the page and on QR into 
the page, thus forming a couple. The total force is 
F = 500.06 = 3.0 N 
Torque 7 = 3.0NX0.10 m 
=0.3 Nm 


The torque tends to rotate the side PS out of the page and QR into 
the page. 


EXAMPLE 5.9 A rectangular coil of area 5.0 X 1074m? and 60 turns 
is pivoted about one of its vertical sides. The coil isin a radial hori- 
zontal field of 90 G. What is the torsional constant of the hairsprings 
connected to the coil if a current of 0.20 mA produces an angular 
deflection of 18°. 
Solution: 

B= 90 G = 90x107 T, A = 5.0 x 1074 m? 

0 = 90° (for radial field), N = 60 

I = 0.20 mA = 0:20 x107? A, a = 18° 
From Eq. (5.39), the torsional constant of the hairsprings is given by 


-INBA 
EETA 


k 
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Using the above values and solving, we get 
k = 3.0 107? Nm per degree 


ExAmpie 5.10 (a) A circular coil of 30 turns and radius 8.0 cm 
carrying a current of 6.0A is suspended vertically in a uniform hori- 
zontal magnetic field of magnitude 1.0 T. The field lines make an 
angle of 60° with the normal to the coil. Calculate the magnitude of 
the counter torque that must be applied. to. prevent the coil from 
turning. 

(b) Would your answer change if the circular coil is replaced by a 
coil of some irregular shape that encloses the same area? (All other 
particulars are also unaltered.) 


Solution: (a) Magnitude of the counter torque = magnitude of the 
torque due to B 


= NIBA sin 8 
= 30 X 6.0 X 1.0 x (mx 0.08 x 0,08) x sin 60° 
= 3.1 Nm 


(b) The answer would not change since the torque on a planar coil 
ina field T = NJAXB is true for a planar loop of any shape. 


5.9 MOTION OF A CHARGED PARTICLE IN A UNIFORM 
MAGNETIC FIELD 


Forces acting on charged particles moving in magnetic and electric 
fields are used to deflect, focus and accelerate beams of charged 
particles in many practical devices such as the TV tube (which is just 
a cathode ray tube) and the cyclotron. In this section we will discuss 
the motion of a charge in a uniform magnetic field. In the next section 
we will deal with the motion of a charge when an electric field is also 
present, 

Suppose a particle, carrying a charge q and having a velocity v 
enters a uniform magnetic field B directed, say, along the z-axis of a 
rectangular coordinate system. What path or trajectory does the 
charged particle follow in the field? Newton’s second law of motion 
provides the answer to this question. We know that the charged 
particle experiences magnetic Lorentz force 


F = qvxB) 


which imparts an acceleration dy/d?'to the particle. If m is the mass of 
the particle, we have from Newton’s second law (force = mass Xx 


rr e a erT eee, a E ea 
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acceleration) 
d 
F=m T = qvxB) (5.40) 


Since F = q(v X B), it follows that force F is perpendicular to magne- 
tic field B, i.e. F has no component parallel to B. Thus A(=F;) = 0. 


Now F; =m a Since F; = 0, it is clear that 
do, _ 
m F 0 


Hence v:(=u) = constant, i.e. the component of the velocity in the 
direction of the magnetic field cannot change with time. The kinetic 


energy + m(vi) associated with the parallel component of velocity is 


also constant. 

Furthermore, the magnetic force F = q(v X B) is perpendicular also 
to velocity v (or the direction of motion) of the particle. Hence it can 
do no work on the particle. Hence no work is done on a charged 
particle moving in a uniform magnetic field. Remember, this result holds 
only if the magnetic field is uniform, i.e. it is constant in space and 
time. This implies that the kinetic energy of the particle must remain 
constant, i.e. 


KE= + mv? = constant 


This can be explicitly proved as follows: 
The rate of change of kinetic energy is 


d EL EL :) 
PT iG mg 


i + ma (v2) (.. m = constant) 

= Fmt ww (2 = wy) 
1 dy 2) 
=o ae AT 

ae 

= (mt) -v dee sich aya 

ea as 

SRN ( u ia 
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d(l ‘) at 
or a “( 7 mv?) = F-v 
But (F-v) = Osince F is perpendicular to Y and the dot product of 
two perpendicular vectors is zero. Hence the total kinetic energy 


+ mv? does not change with time, i.e. 


4 m? = Frè ake uss v2) = constant 
1 1 2 2 
or S m= > m (1 + ui) = constant 


2 2 2 
where vi = vx + vy and oy = vz. We have already seen above that 


1 
D m oh = constant 


Hence 
1 


zm w = constant (5.41) 


Since a = -+ vy it is clear that vx and vy are the perpendicular 
components of a resultant velocity vı as shown in Fig. 5.23 where 
u= te + ve Thus vx and vy are the perpendicular components ofa 
resultant velocity vı as shown in Fig. 5.23. 


Pais 


Fig. 5.23 7he x andy components of the 
velocity of a charged particle 
moving in a magnetic field direc- 
ted out of the page 


Therefore, x and 2y are expressed in terms of v, as 
dy = 0, cos (5.42a) 
vy = 0, sin ê (5.42b) 
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where ô is angle which the resultant vi subtends with x-axis, Notice 
that, although vx and v, both change with time, vı [see Eq. (5.41)] 
cannot change with time. A 

Now let us consider the x and y components of Eq. (5.40), which 


are: 


doy 
m= = qBoy (5.43a) 
and mos = —qBvx (5.43b) 


Using Eqs (5.42a) and (5.42b) in Eq. (5.43a) we get (since vi: = 
constant) i { 


mo a (cos 6) = qBo, sin 8 


do 


or —m sin Pp = qB sin 6 
dð gB 
or ae py (5.44) 


i.e angle 0 changes at a constant rate. The arrowhead of vector Y1, 
k ; dð 
therefore, rotates with a constant angular velocity w = ER given by 


wigs 
os (5.45) 


If q is negative and B directed out of the page along +z axis, the 
sense of rotation will be clockwise as shown in Fig, 5.23. Integrating 
Eq. (5.44) we have 


g = E 4 ty = ar + o (5.46) 


where bo is the constant of integration. Therefore Eqs (5.42 a and b) 
become 


oy = & = v, cos(—wt + 4%) 
ie g = 0, sin(—wt + o) 


Integrating the above equations, we have 
y=- (2) sin(— wt + o) + xo 


yer (4) cos(—ot + 4) + yo 
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These equations give 
2 
(x — x0)? + (y — yo)? = (4) (5.47) 


This is the equation of a circle with centre at (xo, yo) and radius 
r = vı/w. Hence the trajectory of the particle is circular. The charged 
particle moves in a circle in the x-y plane of radius r = v,/w and 
angular velocity œ = qB/m. This can also be understood as follows: 

We have seen that the force acting on a moving charge in a uniform 
magnetic field: (i) is perpendicular to its velocity and (ii) cannot 
change the kinetic energy of the particle, i.e. the force cannot change 
the magnitude v; of the velocity v, it can only change the direction of 
vı. These are exactly the conditions of uniform circular motion, as we 
have seen in Chapter 4 of the Class XI Physics textbook. Thus the 
charged particle follows a circular path and experiences a centrepetal 
force 


mî 
P= ia (5.48) 
where r is the radius of the circular path. Now we know that 
F = qv xB) 
Fx = qvyB 
and Fy = —QxB 
Fis Fi + Fp =P BOs +4) = PB. 
or F, = qBoy (5.49) 
Equating (5.48) and (5.49) we get 
BEZ 
qBo, F 
mo, 
OE ema (5.50) 


which gives the radius of the path. The angular velocity w is given by 


v B 


Fr m 


ou 


which agrees with the expression (5.45) obtained above. The frequency 
v measured in hertz is given by 


ver = 2 (65.51) 
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Notice that the frequency of rotation is independent of the speed of 
the particle and the radius of its circular path; it depends only 
on its mass, charge and magnetic field. Equation (5.50) suggests 
that faster particles move in larger circles and slower particles move 
in smaller circles; but all particles take the same time to complete one 
révolution in the field. The frequency y is a characteristic frequency of 
the charged particle in the magnetic field and is sometimes called the 
cyclotron frequency of the particle in the field because the particles 
circulate at this frequency in the cyclotron, which is a device used to 
accelerate charged particles. 

We have seen that a charged particle moving in a uniform magnetic 


field. has two kinds motion: a z-oxis 
linear motion in the direction of A B 
the magnetic field (the z-direction) if 


and a circular motion in a plane 

perpendicular to B which is the 

x-y plane. Hence the complete 

trajectory of the particle is a helix 

as shown in Fig. 5.24. E 
è 

The Cyclotron i 


Befo 4 F oe Fig. 5.24 Actual trajectory of a nega- 
re discussing the principle on tively charged particle ina 


which a cyclotron operates, let us uniform magnetic field 
recall the effect of an electric field 

E and a magnetic field B at a point, say P, in space on the motion of 
a charged particle at that point P. The electric field E exerts a force 
gE on the particle of charge g and this force is independent of the 
velocity of the particle. The particle is accelerated in the direction of 
the field, the magnitude of its acceleration being gE/|m. On the other 
hand, the magnetic field, at right angles to the direction of motion of 
the particle throws the particle in a circular orbit. 

The cyclotron is a device which is used to accelerate charged parti- 
cles, such as protons, deuterons, a-particles, ete., to very high energies. 
The first cyclotron was designed and put into operation by Ernest 
Lawrence in 1932 in California, U.S.A. 


Principle The principle on which a cyclotron works is based on the 
fact that an electric field can accelerate a charged particle and a magne- 
tic field can throw it into a circular orbit in which the particle revolves 
with a frequency that does not depend on its speed. A modest poten- 
tial difference is used as a source of electric field. If a charged particle 
is made to pass through this potential difference a number of times, it 
will acquire an enormously large velocity. 


292 Physics for Class XII 


Construction ‘cyclotron consists of a hollow cylinder made from a 
copper sheet. The cylinder is split into two parts, Di and D2. Each 
part is known as a dee. Figure 5.25(a) shows the top view and 
Fig. 5.25(b) the side view of a cyclotron. At the centre of the dees is 
the source of positive ions. The dees are kept between the pole pieces 
of a strong electromagnet whose field B points out of the plane of 
Fig. 5.25(a). A high frequency alternating voltage is applied between 
the dees by an electric oscillator whose frequency can be adjusted. 
The strength of the magnetic field is of the order of 1-2 T. The magni- 
tude (peak value) of the electric field is about 10‘ to 10° V and its 
frequency is about 10° to 107 Hz. The whole assembly is housed in a 
vacuum chamber which is evacuated to a pressure of about 1076 mm 
Hg. If this were not done, the ions would continually collide with air 
molecules and lose energy. 


Beam 
Deflection 
Plate YY ey 
WA 
Di EL S o> Electro- 
S magnet 
Yip A) 
= Dee D3 
(a) Top view (b) Side View 


Fig.5.25 The principle of a cyclotron 


The ion source at the centre of the cyclotron consists of deuterium 
which is bombarded with high energy electrons. This bombardment 
produces many positive ions. Many of these ions are free deuterons 
which emerge from a hole in the ion source and are available to be 
accelerated. 


Working Suppose a positive ion, emerging from the ion source, 
finds that it is facing a dee, say Di, which is negative at that instant 
of time. It will accelerate toward this dee and will enter it. Once the 
particle enters the dee, it is screened from the electrical forces by the 
metallic walls of the dee. However, the magnetic field is not screened 
by the dees. Hence the ion bends in a circular path whose radius, 
which depends on the yelocity, is given by 

my 

“GB 


r= 


Magnetic Effects of Current 293 


After describing a semicircle, marked 1, the particle emerges from dee 
Dı and finds itself in an electric field. Let fo be the time taken by it to 
describe the semicircle 1. 


2v qB 
Let us assume that during this time, the accelerating potential has 
changed sign, i.e. dee D2 is now negative and Di is positive. Thus, the 
ion again faces a negative dee (D2) and is further accelerated and again 
describes a semicircle marked 2 but this time in dee D2. Since the 
speed of the particle is increased, the radius of semicircle 2 is larger 
than that of semicircle 1. Since the time period T is independent of 
velocity, the time of passage through dee D2 is still fo, This process is 
repeated. The particle describes semicircles 3, 4, 5, etc., of larger radii 
until it reaches the outer edge of the dee where it is pulled out of the 
cyclotron by a negatively charged deflector plate as shown in Fig. 5.25a. 
Thus the particle acquires additional energy after describing each 
semicircle. After a number of such stages, the particle energy can 
become enormously large. With an accelerating potential of 105 V 
the energy of the particle after 100 such passages through the field can 
become as high as 10 million electron volts (10 MeV). 

The key to the operation of cyclotron is that the characteristic fre- 

. quency at which a charged particle circulates in a magnetic field must 

be equal to the fixed frequency of the electric oscillator, or 


v= Vo 
This is the condition of resonance which states that, if the energy of a 
particle is to be increased, then energy from the oscillator must be fed 
to it at a frequency vo that is equal to the natural frequency at which 


the particle circulates in the field. 
From Eq. (5.51), we can write the resonance condition as 


Lass (5,52) 


For a given ion q/m is fixed. For a given B, the frequency Yo of the 
oscillator is adjusted until Eq. (5.52) is satisfied. The oscillator is then 
said to be ‘tuned’ to the field. Usually vo is fixed and B is varied to 
meet the requirement in Eq. (5.52). 

The energy of the particle emitted from the deflector plate depends 
on the radius R of the dees. From Eq. (5.52) the velocity of the parti- 
cle circulating at the radius R is given by 


UBR Ps (5.53) 
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The kinetic energy of the particle emerging from the cyclotron is 


2B2R2 
K= 5 mů = ER (5.54) 
Uses The high energy particles produced in a cyclotron are used for 
bombarding nuclei or for prodticing other high energy particles, such as 
neutrons, by collisions. These fast neutrons are used in atomic reac- 
tors. These high energy particles act as powerful bullets which can 
smash atoms. They have been used in the artificial transmutation of 
elements and also in causing induced radioactivity in various elements. 


Exampte 5.11 A uniform magnetic field of magnitude 1.0 T points 
horizontally from south to north. A 5.0 MeV proton moves yertically 
downward through this field. G) What is the magnitude of the force 
acting on the proton and (ii) What is its direction? The mass of proton 
= 1.7x 107” kg. 
Solution: (i) The kinetic energy of the proton is 

f K = 5.0 MeV 
5.0 X 10° eV 


= 8.0x1078 J 


Its speed v is given by the relation K = 4 mi, giving 


Cay 
ES os 
m 

a = 8.0 or). 

1.7 10727 

= 3.1107 ms“! 

Now the equation F = quB sin 8 gives the force, i.e. 
F= 1.6X107!9x 3.1 x 107 1.0 xsin90° = 4.96 x 10-7 N 
The proton also experiences a gravitational force = mg 
= 1.7% 10727x 9,8 = 16.7% 10-7 N 


We notice that the force ina magnetic field is about 3 x 10'4 times 
stronger than the gravitational force. 

(ii) The relation F = q(vxB) tells us that the direction of the 
deflecting force is to the east. If the particle had a negative charge, it 
would experience a force to the west. This follows if we replace q by 
= 
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EXAMPLE 5.12 An electron of energy 10,000 eV describes a circular 
path in a plane at right angles to a uniform magnetic field of 0.01 T. 
(i) What is the radius of the circular orbit? (ii) What is the cyclotron 
frequency? (iii) What is the period of its revolution? (iv) What is the 
direction of revolution as viewed by an observer looking in the direc- 
tion of the field? 


Solution: (i) The velocity of the electron of energy K is found from 
the relation 


Da EEH ie (i) 
Here 
K = 10,000 eV = 1.6 10-5 J 
m = 9.1 X10"! kg 
Using these values in (i) gives 
vy = 5.9107 ms“! 


The radius of the orbit is given by 


pecans 
q. 
with B = 0.01 T, we have 
r= 3.4x102 m 


(ii) The cyclotron frequency is 
v = AÈ _ 28x 108 Hz 
27m 


(iii) The time period of revolution is 


at = 36k 10s 
y 


(d) If the charge moving to the right perpendicular to B were nega- 
tive, the force F would point downward. Thus, an electron revolves in 
a clockwise sense as seen by observer looking in the direction of the 
field B. A positive charge would revolve in the anti-clockwise sense 


when viewed along the field. 


EXAmpe 5.13 Deuterons are accelerated in a cyclotron that has an 
Oscillatory frequency of 107 Hz and a dee radius of 50 cm. (i) What is 
he strength of magnetic field needed to accelerate the deuterons? 
(ii) What is the energy of deuterons emerging from the cyclotron? 
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Mass of a deuteron = 3.341072? kg and charge of a deuteron 
== 1.6 1072 @. 


Solution: (i) We have 


ee 27mvo 
q 
23.14 3.34 x 10727 x 107. _ f 
1.6x 107! ma V 
Gi) The energy of the deuteron is [see Eq. (5.54)] 
ie q? BZR? 
EO om 


Here R = radius of the dee = 50 cm = 0.5 m. Thus, 
K = 1.6107" J 
= 107eV = 10 MeV 


5.10 MOTION OF A CHARGED PARTICLE IN PERPEN- 
DICULAR MAGNETIC AND ELECTRIC FIELDS 


Let us consider a charged particle, for example an electron, moving Í 
with velocity v in a region where a uniform electric field E and a 
uniform magnetic field B are both present. The total Lorentz force on 
the electron is [setting g = —e in Eq. (5.20) where e = 1.6 x 1072C] 


F = —e(E + v¥xXB) (5.55) 
Deflected 
by E 
as B 
2. ae 
ARER x E 
El “ xX X ie a a 
ectron yy ex R Undeflected 
=e Ki XI xix x 
xVKVy N 
Aa a FOA P 
Regionof ~~~ by ae S 


crossed fields 
Fig. 5.26 An electron passing through crossed electric and magnetic fields 


Now if v and B are mutually perpendicular, as shown in Fig. 5.26, 
(v is along positive x-direction and B is along the z-direction pointing 
into the page) and if the plane containing them (i.e. the x-z plane) is 
perpendicular to E (which is along negative y-direction), then the force 
(—eE) will be along positive y-direction and the force —e(v x B) along 
negative y-direction, i.e. the electric and magnetic forces will be colli- 
near and in Opposite directions. If the magnitudes of E and B are such 
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that the two opposite forces are equal in magnitude, then the electron 
will go through the so-called ‘crossed’ fields undeflected. 

Equation (5.55) tells us that the net force F = 0 if 

E = — (¥XxB) 
For given E and B fields, this will happen for a particular speed v 
given by 
E=vBsin@=vB (~ 0 = 90°) 
E : 


or ign (5,56) 


where E and B are the magnitudes of E and B; their directions are 
shown in Fig. 5,26. This condition can be used to ‘select? charged 
particles of a particular velocity out of a beam in which the particles 
are moving with different speeds. This method was used by JJ Thom- 
son to measure the charge to mass ratio (e/m) of an electron. 


J J Thomson’s Method for Determining e/m of an Electron 


In 1897, J J Thomson measured the ratio of the charge e of an electron 
to its mass m by observing its deflection in a combined electric and 
magnetic field. 


Deflected by 
Eo alone 


Fig. 5.27 J J Thomson's method for determining elm of an electron 


A modern version of Thomson’s experiment is illustrated in 
Fig. 5.27, Electrons are emitted from a hot filament F and accelerated 
by applying a voltage V between the filament F (cathode) and anode 
A. The narrow beam of electrons emerging from the hole in A then 
enters the ‘velocity selector’ which is a region of crossed electric and 
magnetic fields. S is a fluorescent screen at the other end of the glass 
tube called the cathode ray tube. The tube is highly evacuated so that 
collisions with air molecules can be prevented. P and Q are two paral- 
lel plates across which a suitable potential difference is applied, thus 
Producing an electric field (shown by arrows) between P and Q at 
tight angles to the plates and in the plane of the paper. A magnetic 


298 Physics for Class XII 


field is applied (by placing the tube between the pole pieces of an 
electromagnet) in the same space (shown by the broken circle) so that 
the field is directed into the page (shown by crosses). Thus the electric 
and magnetic fields are mutually perpendicular to each other. 

A study of Fig. 5.27 reveals that the electric field deflects the elec- 
trons upward and the magnetic field deflects them downward. The 
deflection of the beam can be observed by the deflection of the spot 
on the screen S. The fields E and B are adjusted until the upward 
deflection by the electric field is completely cancelled by the downward 
deflection by the magnetic field. The beam of electrons will then con- 
tinue straight without any deflection. This happens when the force 
experienced by the electrons in the electric field is equal to that in the 
magnetic field, i.e. 


This equation determines the velocity of electrons which travel unde- 
flected in the crossed fields. Consider an electron beam with a velocity 
y selected in this manner. Suppose it is now deflected by a uniform 
electric field Eo alone (perpendicular to v as shown in the figure). The 
electron has two kinds of motion: a uniformly accelerated motion 
due to Eo in the y-direction and a uniform motion with speed v in the 
x-direction. The acceleration a of the y-motion is 

_ obo 

m 
where m is the mass of the electron. If tis the time, then the deflec- 
tion y of the electron is given by 
1 1 
PERLA y WEEN eal bale | 74 
y 7 at A a ) t (5.57) 

The distance x travelled in time ¢ along the x-direction due to a 
uniform speed v is 

x=ut (5.58) 


Eliminating ¢ from Eqs (5.57) and (5.58) we get 


ee BRIT A vO 
pE C ) 


Since y © x?, the trajectory of the electron is parabolic. Also 


TERELI 
m Eox? G32) 
The speed v is determined from condition (5.58) by finding E and B 


fields which produce zero deflection of the spot on the screen. Having 
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found v, we measure y and x for a known electric field Eo. Thus know- 
ing v, x, y and Eo, the value of e/m is determined from Eg. (5.59). 
Thomson found that e/m = 1.7 10!! C kg7!. The best present value 
is 


a = (1.758802 + 0.000005) x 10! C kg! 


5.11 A SOLID IN PERPENDICULAR ELECTRIC AND 
MAGNETIC FIELDS: THE HALL EFFECT 


In 1879, E.H. Hall, an American scientist, devised an experiment 
which not only decides the sign of the charge carriers but also deter- 
mines the number of mobile charges in a conductor. 

Consider a metal in the form of a flat strip (Fig. 5.28). A steady 
voltage is applied between the two faces R and S such that the resulting 
electric field E points downwards. The negative charges, therefore, 
drift upwards with a velocity va, resulting in a current J flowing down- 
wards (remember, conventionally, the direction of J is the direction 
in which the positive charges would drift). 


i 


(into page) 


Fig. 5.28 A metal strip placed in perpendicular 
electric and magnetic fields 


Now suppose a magnetic field B is applied perpendicular to the 
plane of the strip and directed into the page. Hall discovered that, due 
to B, a potential difference V develops between the other two faces P 
and Q of the strip. This is the Hall effect, which can be understood as 
follows: 

We have seen in Chapter 3 that the current Z and drift velocity are 
related as 

I = ned va 
where n = number of drifting charges per unit value, e = magnitude 
of charge and A the area of the strip. Thus 
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MiA (5.60) 


Now, if the drifting charges are in a magnetic field B such that va is 
perpendicular to B, they experience a magnetic force F given by (see 
Fig. 5.28). 


1 
F = vax B = -zz (IXB) 


Because of this force, the charges tend to drift to the right toward the 
face Q of the strip. This drift is due to the magnetic field. Remember 
the charges (assumed negative) are also drifting upward toward the 
face R under an electric field E. Due to force F the negative charges 
will accumulate at face Q, leaving an equal positive charge at face P, 
Thus a potential difference Va (called the Hall potential difference) is 
developed between faces P and Q. This produces an electric field Ex 
such that the force eEn due to Ex always opposes the force e(va XB) 
= evaB sin 90° = evaB due to the magnetic field. The accumulation 
of charges stops when equilibrium is reached. i.e. when 

eEy = evaB 
or Eu = 1B 
If the faces P and Q are separated by a distance d, then the Hall 
voltage Vu is given by 


Sm 
Eu = d 
or Vu = End = vaBd 
which, using Eq. (5.60) reads 
_ Ba 
Va = HoA (5.61) 


In writing these equations we have ignored the signs of va, Ex and B 
which are mutually perpendicular. We have assumed that the charge 
carriers in metals are electrons. For positive charge carriers, the sign 
of Vy would be negative. The sign of Vu can be ascertained by an 
actual measurement in such an experiment. Hall found that Va was 
positive, showing that the charge carriers in metals are electrons. 
Measuring Vu and knowing /, B, d and A, we can determine the num- 
ber density (n) of the moving charges from Eq. (5.61). The experimental 
values of n agree fairly well with theoretical values for monovalent 
metals, assuming one electron per atom (see Table 5.1). 

We have seen that the Hall effect has a very simple explanation. 
The Hall voltage is due to the magnetic force on the drifting charges- 


ee a a a: 
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Table 5.1 Number density of conduction electrons in metals. Theoretical 
value of n assumes one electron per atom 


Value of n based on Theoretical value 
Metal Hall effect ofn 
(x 1082/em) (x 108/cem?) 
Lithium Su 4.8 
Sodium 2.5 26 
Potassium 1S 1.3 
Copper 11 8.4 


Silver 7.4 6.0 


The charges drift because an electric field is established between the 
two opposite faces R and S. It turns out that this simple explanation 
is not valid for non-monovyalent metals (such as iron) and for semi- 
conductors (such as germanium). 


EXAMPLE 5.14 A flat silver strip of width 1.5 cm and thickness 1.5 mm 
carries a current of 150A. A magnetic field of 2.0T is applied per- 
pendicular to the flat face of the strip. The Hall voltage developed 
across the width of the strip is measured to be 17.9 #V. Estimate the 
number density of free electrons in silver. 
Solution: I = 150A 

B= 2.0T 

Width (d) = 1.5x 107? m 

Thickness (4) = 1.5x 10-3 m 

Hall voltage Va = 17.9 1076 V 

== 1.6% 1029 Os 
From Eq. (5.61), the number density of free electrons is given by 
IBd 
Vued 
where A = dX h. Substituting the numerical values of J, B, d, Vu, € 


and A and solving we get 
n = 7X 10% per m? 


m 


SUMMARY 


A moving charge (i.e. current) is a source of magnetic field. The 
magnitude and direction of the field due to a current element is given 
by Biot-Savart law. 

When a charge moves in a magnetic field, it experiences a magnetic 
force which is perpendicular to the direction of motion and the magne- 
tic field, When a charge (stationary or in motion) is in an electric 
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field, it experiences an electric force which is in the direction of the 
electric field. The two forces together constitute the Lorentz force. 

Ampere’s circuital law states that the line integral of magnetic field 
along a closed current-carrying circuit is equal to xo times the current 
threading the circuit, irrespective of the shape of the path of 
integration. 

A current-carrying coil suspended in a magnetic field experiences a 
torque. This fact is used in the construction of a galvanometer. 

When a moving charge finds itself in a uniform magnetic field, it is 
thrown into a circular motion in a plane perpendicular to the field. A 
cyclotron works on this principle. 

The production of a transverse voltage when a current-carrying 
metal strip is placed in a magnetic field is called the Hall effect. This 
effect confirms that the charge carriers in metals are the free electrons. 


EXERCISES 


A. Short Answer Questions 


1. Name the basic source of a magnetic field. 

2. State and define the SI unit of magnetic field. 

3. State the right-hand rule for finding the direction of the magnetic field due 
to a long straight current-carrying conductor. 

4. What is the relation between a gauss anda tesla? 

5, State Fleming’s left-hand rule. 

6. Define the standard ampere. 

7. Write down the expression for Lorentz force. 

8. State Ampere’s circuital Law. 

9, The force F experienced by a particle of charge moving with a velocity v in 
a magnetic field B is given by F = 4 (vxB). Which pairs of vectors are 
always at right angles to each other? Which vectors may have any angle 
between them? 

10. Imagine that a uniform magnetic field exists in a room where you ate sitting 
with your back to one wall. An electron beam, travelling horizontally from 
the back wall toward the front wall, is deflected to your right. What is the 
direction of the magnetic field? 

11. What is your answer to Question 10 if, instead of an electron beam, there 
was a proton beam? 

12. If an electron is not deflected in passing through a certain region of space, 
can we say with certainty that there is no magnetic field in that region? 

13, Ifa moving electron is deflected sideways in passing through a certain region 
of space, can We Say with certainty that a magnetic field exists in that 
region? 

14, A beam of protons can be deflected sideways by an electric field or a magne- 
tic field, By observing the direction of the deflection, how can you tell which 
field is present? 


Magnetic Effects of Current 303 


B. Long-Answer Questions 


i 


N 


10. 
11. 


State the Biot-Savart law and apply it to calculate the magnetic field: (i)at 
the centre of a circular coil carrying current and (ii) on the axis of a circular 
coil carrying current. Draw a rough sketch of the field lines in each case. 
Deduce an expression for the magnetic field at a point which is at a distance 
of R from an infinitely long straight conductor carrying a current I. Draw a 
rough sketch of the field lines. 

A uniform wire of length / subtends an angle @ with the direction of a uni- 
form magnetic field B. A current J is passed through it, Obtain an expression 
for the magnitude of the force acting on it in terms of J, B, land 6. What is 
its direction? 

A rectangular coil is placed in a uniform magnetic field and a current is 
passed through it. Calculate the torque acting on it when the plane of coil 
is (i) parallel to the field lines, and (ii) inclined at an angle to the field 
lines. 


. Give the construction, theory and working of a moving coil galvanometer. 


Obtain an expression for the force between two infinitely long parallel wires 
carrying current. Hence define an ampere of current. 

State Ampere’s circuital law and prove it for the case of an infinitely long 
current carrying thin conductor. 

Apply Ampere’s law to find the magnetic field set up by a current carrying: 
(a) toroidal solenoid and (b) straight solenoid, Where are such solenoids 
used? 


. Obtain an expression for the frequency of the circulation of a charged parti- 


cle in a uniform magnetic field. 

Describe the construction and working of a cyclotron. 

Describe JJ Thomson’s method for the measurement of charge to mass ratio 
of an electron. 


. What is the Hall effect? How can the effect be explained on the free-electron 


model of a conductor. 


C. Multiple-Choice Questions 


Choose the correct answer/answers from the given alternatives, 


. The force experienced by a charged particle in a magnetic field is the maxi- 


mum when the particle is: 


(a) at rest 

(b) moving in a direction parallel to the field 

(c) moving in a direction perpendicular to the field 

(d) moving in a direction at an angle of 45° to the direction of the field 


Choose the correct statement. There will be no force experienced if 


(a) two parallel wires carry currents in the same direction 

(b) two parallel wires carry currents in the opposite direction 

(c) a positive charge is projected between the pole pieces of a bar magnet 

(d) a positive charge is projected along the axis of a solenoid carrying 
current 


A straight wire 2 m long carries a current of 5A. What is the force on the 
wire when it is placed perpendicular to a uniform magnetic field of 0.5 tesla? 
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10, 


(a) SN (b) 10N 
(c) 20 N (d) Zero 


If an electron and a proton are projected at right angles toa uniform. magne- 
tic field with the same kinetic energy, 


(a) the electron trajectory will be less curved than the proton trajectory 
(b) the proton trajectory will be less curved than the electron trajectory 
(c) both trajectories will be equally curved 

(d) both particles move in straight lines. 


. Ifan electron and a proton are projected at right angles to a uniform magne- 


tic field with the same linear momentum, 


(a) the electron trajectory will be less curved than the proton trajectory 
(b) the proton trajectory will be less curved than the electron trajectory 
(c) both trajectories will be equally curved 

(d) both particles will move in straight lines. 


An electron is accelerated to a high speed down the axis of a cathode ray 
tube by the application of a potential difference of V volts between the 
cathode and the anode, The particle then passes through a uniform trans- 
verse magnetic field in which it experiences a force F, If the potential differ- 
ence between the anode and the cathode is increased to 2 V, the electron 
will now experience a force 


(a) A w+ 

(©) /2F (d) 2F 

Which of the following in motion can NOT be deflected by magnetic fields? 
(a) protons (b) cathode rays 

(c) alpha particles (d) neutrons 


. A length of wire carries a steady current. It is bent first to form a circular 


coil of one turn, The same length is now bent more sharply to give a double 
loop of a smaller radius. The magnetic field at the centre caused by the same 
current is: 

(a) a quarter of its first value (b) a half of its first value 

(c) four times its first value (d) unaltered 

Two identical coils carry equal currents and have a common centre, but 


their planes are at right angles to each other. What is the magnitude of the 
resultant magnetic field at the centre if the field due to one coil alone is B? 


(a) Zero (b) BIY Z 

©) 2B (d 2B 

Two long parallel wires separated by a distance R have equal current J 
flowing in each. The magnetic field of one exerts a force F on the other. The 


distance R is increased to 2R and the current in each wire is reduced from J 
to 1/2. What is the force between them now? 


(a) 4F (b) F 
(c) F/4 (å) F/8 
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ose the WRONG statement. The sensitivity of a moving coil galvano- 
ster can be increased by 


(a) increasing the number of turns in the coil 

(b) inserting a soft iron cylinder inside the coil 

(c) increasing the strength of the magnetic field 

(d) using a suspension fibre of a higher restoring couple per unit twist. 


. When a charged particle moves perpendicular to a uniform magnetic field, 
its 

(a) energy and momentum both change 

(b) energy changes but momentum remains unchanged 

(c) momentum changes but energy remains unchanged 

(d) energy and momentum both do not change. 


Numerical Problems 


(Take po = 47 X 10-7 TmA“! wherever necessary) 

< A circular coil of 200 turns has a radius of 5 cm and carries a current of 5 

A. Calculate the magnetic field: (a) at the centre of the coil, and (b) at a 

point at a distance of 10 em from the centre on the axis of the coil. 

. A horizontal uniform wire of length 20 cm and mass 5.0x 10-* kg per meter 

carries a current of 2A. Find the magnitude and the direction of the magne- 

tic field which can support the weight of the wire in air. 

. The wire shown in Fig. 5.29 carries 

a current of 60A. Find the magni- 

tude and direction of magnetic 

field at point P. 

| A circular wire loop of radius 

100 cm is carrying a current. At 

what distance from the centre 

of the loop (on its axis) is the 

value of magnetic field 1/10 of its Fig. 5.29 

value at the centre? 

5, A horizontal straight wire 5,0cm: long weighing 1.2 g m™ is placed per- 
pendicular to a uniform horizontal magnetic field of 0.6 T. If the resistance 
of the wire is 3.82 m™, find the potential difference that has to be applied 
between the ends of the wire to make is self-supporting. 

6. Two very long parallel wires carry currents of 2A and 3A in opposite direc- 
tions. If they are separated by a distance of 10 cm in air, find the force per 
unit length between them. Is the force attractive or repulsive? 

7. A long straight wire carries a current of 5.0A, An electron travels at a speed 
of 6.0 104 ms-? parallel to the wire 0.10 m from. it and in a direction 
opposite to the current. Calculate the force experienced by the electron in 
the magnetic field of the current. 

8. Three long, straight and parallel wires, carrying currents, are arranged as 
shown in Fig. 5.30. Find the force experienced by a 25 cm length of wire (es 

9. A 2.0 m long wire carrying a current of 5.0 A is placed in a magnetic field of 

0.30 T. Find the force on the wire if it is placed: (a) at right angles to the 

field, (b) at 45° to the field and (c) along the field. f a as 
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17. 


18. 


19. 


Fig. 5.30 


Two long parallel wires carry currents of 12A and 8 A in the same direction. 
If the wires are 10 cm apart in air, find where a third wire, also carrying a 
current, must be placed so that it experiences no net force. 

A copper wire has 1,0x 10 free electrons per m®, a cross-sectional area of 
6.0 mm? and carries a current of 5.0A. Calculate the force acting on each 
electron, if the wire is placed in a magnetic field of 0.15 T perpendicular to 
the wire. 


. A long straight wire carries a current of 50A, An electron, travelling at 


1.010? ms“ is 5.0 cm from the wire. Find the force acting on the electron 
if its velocity is directed: (a) toward the wire, (b) parallel to the wire and 
(c) perpendicular to the directions defined in (a) and (b). 

A beam of protons is accelerated from rest by a potential difference of 
2000 V and then enters a uniform magnetic field which is perpendicular to 
the direction of the proton beam. If the magnetic field is 0.2 T, calculate the 
radius of the path which the beam describes. Mass of a proton = 
1,7x 1078" kg, electron charge = 1.6107 C, 

A charge q enters a region where a uniform electric field E = 10° V m=! is 
directed downwards. A magnetic field of 0.4 T and perpendicular to E is 
directed into the page. What should be the speed of the particle so that it 
remains undeflected by these crossed electric and magnetic fields? 

A charge of 1.6 10-¥ C is moving at 1 km s~? through a magnetic field in 
such a direction that the magnetic force on it is maximum, What is the 
magnetic field, if the maximum force on the charge is 8x 10-® N? 


. A straight conductor of length 20cm and mass 2 g is kept horizontal and 


a uniform magnetic field of 10-* T is applied ina horizontal direction and 
perpendicular to its length. Find the current to be Passed through it so that 
its weight can be balanced by the field. 

A rectangular coil having 1000 turns, each turn enclosing an area of 3x 107? 
m* carries a current of 200 mA. It is placed such that its plane is inclined 
at 60° to a magnetic field of 10-* T. Calculate the torque acting on the coil. 
Considering the magnetic field along the axis of a circular loop of radius r, 
at what distance from the centre of the loop is the field 1/10 of its value at 
the centre? 

A rectangular loop is pivoted about the y-axis and carries a current 10A in 
the direction shown in Fig, 5.31. 


(a) If the loop is in a uniform magnetic field of 0,2 T, parallel to the x-axis, 
find the force on each side of the loop and the torque required to hold 
the loop in the position shown. 
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(b) Determine the force and the torque, as in case (a), when the field is 


parallel to the z-axis. 
(c) Find the torque required if the loop were pivoted about an axis through 


its centre, parallel to the y-axis. 


y 
6cm 
8cm 
10A v 
x 
sZ 
(-e) 
z P&__19em—=@ a 
Fig. 5.31 Fig. 5.32 


20. Anelectron at point P in Fig. 5.32 has a speed of v = 10° m si 
(a) Find the magnitude and direction of the magnetic field that will cause 
the electron to follow the semi-circular path from P to Q. 
(b) Find the time required for the electron to move from P to Q. 


6 
MAGNETISM 


6.1 INTRODUCTION 


In the previous chapter, we learnt that electricity and magnetism are 
not independent phenomena; they are related to each other. In fact, 
the source of a magnetic field is a moving charge. The fundamental 
discoveries that showed magnetism to be basically an effect of electric 
charges in motion were made in the early part of the 19th century by 
Oersted, Biot, Savart and Ampere. Historically, the knowledge of 
magnetism goes back to ancient times, much before these discoveries 
were made. The existence of natural magnetism was known to the 
Greeks as early as 600 BC. They found that a certain kind of rock 
had the ability to attract pieces of iron. This special kind of rock was 
called the /odestone. We now call it a magnet. The basic properties of 
magnets were also known and understood. They are: 


1. A magnet attracts pieces of iron. 

2. Every magnet has two poles. When a magnet is brought near a 
heap of iron filings, the ends of 
the magnet show the greatest 
attraction (Fig. 6.1). These ends 
where the magnetic attraction is 
the greatest, are poles of the 
magnet. 

3. When a magnet is suspended or pivoted, it aligns itself in the 
north-south direction. The pole which points towards the geographical 
north is called the north-seeking or simply the north pole (N). The 
other pole that points towards the geographical south is called the 
south-seeking or south pole (S) as shown in Fig. 6.2. 

4. Like poles repel and unlike poles attract.. If the north poles of 
two magnets are brought closer, the two magnets repel each other. 
The force between two south poles is also repulsive. But if the north 
pole of one magnet is brought closer to the south pole of another 
magnet, they attract each other (Fig. 6.3). 


Fig. 6.1 Poles of a magnet 
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Fig. 6.2 A freely suspended magnet aligns 
itself in the north-south direction 
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Fig. 6.3 Like poles repel, unlike Fig. 6.4 Poles always exist in, pairs 
poles attract 


5, Poles always exist in pairs. If an attempt is made to separate the 
two poles of a magnet by breaking it in the middle, one finds new 
poles formed at the broken ends. If these pieces are broken again, 
each piece again contains new poles, a north and a south pole 
(Fig. 6.4). Unlike charge, a magnetic pole of one kind cannot exist 
without a pole of the opposite kind. Thus every magnet is a dipole. 


6.2 MAGNETIC DIPOLE 


In electricity the isolated charge is the simplest. structure that can 
exist. If two equal charges of opposite sign are placed near each other, 
they form an electric dipole, characterized by an electric dipole moment 
p. In magnetism an isolated magnetic pole which would correspond to 
an isolated charge does not exist. The simplest magnetic structure is 
the magnetic dipole, characterized by a magnetic dipole moment m as 
we saw in the previous chapter. 

This fundamental difference between electricity and magnetism has 
many important consequences. For electricity, a single point charge is 
the simplest source of an electric field (Chapter 1). A point charge also 
plays the role of a test object. By placing the test charge at different 
points in an electric field and measuring the force it experiences at 
each point, the electric field vector can be determined at every point. 
Thus a given electric field is ‘mapped out’ by the test charge. For 
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magnetism, a magnetic dipole is the simplest source of a magnetic 
field; it is also the simplest test object to map out a given magnetic 
field, (In fact, a moving charge is the simplest test object in magnetism; 
we will come to ita little later.) We can measure the magnetic field 
in a region of space, produced by some sources of magnetism, by 
measuring its effect on a small test magnet or magnetic dipole, com- 
monly called the magnetic compass, which is a very small magnetic 
needle pivoted at the centre and enclosed in a brass case with a glass 
top (brass and glass are non-magnetic substances). A small test magnet, 
like its counterpart in electricity (the electric dipole) is described by 
a vector m pointing from S to N poles. The magnitude of m depends 
on the strength of the poles and the distance between them. The vector 
m is called the magnetic dipole moment. We have seen in the previous 
chapter that a plane loop of current is a magnet and its magnetic 
dipole moment is perpendicular to the plane of the loop, its direction 
is determined by the direction of the flow of current through the right- 
hand rule, and its magnitude is determined by the strength of the 
current and the area of the loop [Eq. (5.34) of Chapter 5]. 

The magnetic dipole can be used as a test object to map out a given 
B magnetic field by measuring the 
torque (not force) it experiences at 
N different points in the field (see 
Fig. 6.5). The torque is given by 

[see Eq. (5.36) of Chapter 5] 


i 7 =mxB (6.1) 


$ This is exactly like the torque 
` t i 

Fig. 6.5 Torque on a small bar mag- exerted by an electric field E on 

net in a magnetic field an electric. dipole of moment p 

[see Eq. (1.22)]. Under the influ- 

ence of the torque, the magnet tends to align itself in the direction of 

the magnetic field B (Fig. 6.5). The reason why a freely suspended 

magnet aligns itself in the north-south direction is that the earth has 

a magnetic field of its own which exerts a torque on the suspended 
magnet tending to align it along its field. 

To summarize, a small magnet is characterized by a vector m 
(unlike a scalar charge q in electricity). The magnet experiences a 
torque in an external magnetic field (unlike a charge which experiences 
a force in an external electric field). The effect of the torque is to make 
the magnet align itself parallel to the external magnetic field. 
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SI Unit of Magnetic Moment j 


It follows from Eq. (6.1) that the unit of m is the unit of 7 divided by 
the unit of B. Thus the SI unit of mis N m T~! or J T~! (joule per 
tesla). 


Measurement of Magnetic Moment 


The magnetic moment of a bar magnet can be measured by suspend- 
ing it from its centre of mass and allowing it to oscillate in an external 
magnetic field B. The static equilibrium is the position when the 
magnet is aligned with B. The magnet is rotated through small angle 
6 from the equilibrium position and released. The magnitude of the 
restoring torque is given by 

7 = —mB sin ð 


where m is the magnitude of the magnetic moment of the magnet. The 
minus sign indicates that 7 is the restoring torque tending to decrease 
6. For small rotation 9, sin 9 = 9, so that 


7 = —(mB)0 = — K0 


where 0 is expressed in radians and K = mB is a constant. Since 7 is 
proportional to (—9), the condition of simple harmonic motion is met. 
The frequency of the simple harmonic motion is given by 
E TE ine: 

se aa E (62) 
where I is the moment of inertia of the bar magnet about the axis of 
rotation. From Eq. (6.2) the value of m is given by 

4r? 

m=- (6.3) 
Thus, knowing Y, J and B, we can determine the value of m. 
ExamMmPLE 6.1 A bar magnet is suspended from its centre of mass and 
is free to rotate (about the suspension) ina plane containing a uniform 
magnetic field to 100 G (gauss). The magnet is displaced slightly from 
its stable equilibrium and released. The period of the small amplitude 
oscillations is measured to be 2.25s. If the moment of inertia of the 
magnet about its axis of rotation is 1.25 x 10-5 kg m2, find the magne- 


tic moment of the magnet. 


Solution 
= 100 G = 1.00x 10? T (CG == 10peer) 


(F209 5:8) 
I = 1.25 1075 kg m? 
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From Eq. (6.2) the period of oscillations is given by 


WW 

Faw Ee UTT. 
4n?] 
BT 


Substituting the values of J, B and T and solving, we get 
MOM Oo bes 


EXAMPLE 6,2 A closely wound solenoid of 2000 turns and area of 
cross-section 1.6 < 10-4 m2, carrying a current of 4.0 A, is suspended 
through its centre allowing it to turn in a horizontal plane, 


(a) What is the magnetic moment associated with the solenoid? 

(b) What are the force and torque on the solenoid if a uniform 
horizontal magnetic field of 7,5 x107 T is set up at an angle of 30° 
with the axis of the solenoid? 


Solution: (a) The magnitude of the magnetic moment of a solenoid 
is given by [see Eq. (5.34) of Chapter 5 which gives m for one turn] 


m = INA 
= 4.0X:2000 1.6 x 10-4 
= 1,28 A m? 


Notice that A m2 is the same as J T~!. The direction of m is along 
the axis of the solenoid which is related to the sense of the current by 
the right-handed screw rule. 

(b) The net force experienced by a magnetic dipole in a uniform 
magnetic field is zero, The torque on the solenoid is given by 


T = mXB 
The magnitude of 7 is 
7 = mB sin 8 
= 1.28% 7.5% 10 xsin 30° 
=4.8x102Nm 


This torque tends to align the axis of the solenoid (i.e. its magnetic 
moment vector) parallel to field B, 


6.3 MAGNETIC FIELD LINES 


The field lines are a graphical representation of a field. The magnetic 
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field of a bar magnet, for example, can be mapped by means ofa test 
object (a magnetic dipole) such as a magnetic compass. 

Figure 6.6(a) shows how the field lines around a bar magnet can be 
drawn using a compass, The bar magnet NS is placed on a sheet of 
paper and a compass needle is placed close to one of its poles, say the 
south pole S. The positions of the ends n and s of the needle are 
marked by pencil dots. Let the two dots be A and B. The compass is 
shifted so that its north pole points towards B, and the new position C 
of its south pole is marked. This process is repeated to get a series of 
dots which are then joined by a smooth curve. In the same way, other 
lines are drawn and each line is labelled with an arrow to indicate the 
direction which is from N to S. 


S| Bar Magnet N 


(a) 
Fig. 6.6 (a) Drawing the field lines around a bar magnet 
(b) Field lines pattern around a bar magnet 


Figure 6.6(b) shows the field lines around a bar:magnet. It may be 
mentioned that the field lines are shown only in one plane, the plane 
of the paper; they exist in all the space around the magnet. Compare 
these field lines with those of the electric field around an electric 
dipole [Fig. 1.23(a) of Chapter 1], the similarity of the two is evident. 

Figure 6,7(a) shows the field lines around a current-carrying straight 
solenoid. A comparison with Fig. 6.6(b) clearly shows that such a 


(a) (o) i 
Fig. 6.7 (a) Field lines of a current carrying straight solenoid (b) Clock rule 
to determine polarity of a solenoid 
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solenoid behaves like a bar magnet. The polarity of any face of the 
solenoid can be determined following the so-called clock rule. Look- 
ing at the face, if the current around it is in the anticlockwise sense, 
that face has north polarity but if the currentis in the clockwise sense, 
then it has south polarity [Fig. 6.7(b)]. 


6.4 POTENTIAL ENERGY OF A MAGNETIC DIPOLE 
IN AN EXTERNAL MAGNETIC FIELD 


We have seen that when a magnetic dipole (a bar magnet or a current 
loop) is placed in an external magnetic field, the field exerts a torque 
on it. It follows that work must be done by an external agent to 
change the orientation of such a dipole in a magnetic field. Thus a 
magnetic dipole has potential energy associated with its orientation in 
an external magnetic field B. This energy may be taken to be zero for 
any arbitrary position of the dipole. The magnetic potential energy U 
is taken to be zero when m and B are at right angles, i.e. when 
6 = 90°. 

The magnetic potential energy of a magnetic dipole in any orienta- 
tion 0 with an éxternal uniform magnetic field B is defined as the 
work that an external agent must do to turn the dipole from its zero- 
energy position (@ = 90°) to the given position 8. Thus 


6 (J (J 
v= f ra= f mB sin 040 = mB | sin 0 dé 
@=90° 90° 90° 


U 
= —mB cos 0 
90° 


or U = —mB cos ł (6.3) 


In vector notation, 
U = —(m:B) (6.4) 


Notice that the product (m-B) has the correct dimensions, namely, 
joule, 


EXAmPLe 6.3 A bar magnet of magnetic moment 1.5 JT! lies 
aligned with the direction of a uniform magnetic field of 0.22 T. 

(a) What is the amount of work required to turn the magnet so as 
to align its magnetic moment: (i) normal to the field direction, 
(ii) opposite to the field direction? 

(b) What is the torque on the magnet in cases (i) and (ii)? 
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Solution: (a) U = —mB cos 0 
Potential energy when 0 = 0 (i.e. m aligned with B), 
Uo = —mB cos 0° = —mB 
Potential energy when 8 = 90° (i.e. m perpendicular to B) 
Uso? = —mB cos 90° = 0 


Potential energy when 9 = 180° (i.e. m opposite to B) 
Uiso = —mB cos 180° = mB 
(i) Work done in case (i) = Uso» — Uo = 0 — (—mB) 
= mB = 1.5X0.22 = 0,335 
(ii) Work done in case (ii) = Uiso — Uo = mB — (mB) 
= 2mB = 0.66 J 
(b) Torque in case (i) = mB sin @ 
= mB sin 90° 
= mB = 0.33 Nm 
The direction of the torque is such that it tends to align the magnetic 


moment vector m along the field vector B. Torque in case (ii) 
= mB sin 180° = 0. 


EXAMPLE 6.4 A circular coil of 16 turns and radius 10 cm, carrying 
a current of 0.75 A, rests with its plane normal to an external field of 
magnitude 5.0 x 10-? T. The coil is free to turn about an axis in its 
plane perpendicular to the field direction. When the coil is turned 
slightly and released, it oscillates about its stable equilibrium with a 
frequency of 2.0 s-!? What is the moment of inertia of the coil about 
its axis of rotation? 


Solution: Magnetic moment of the coil is 


m = Nid = Ni(ar?) (0) 
From Eq, (6.3), the moment of inertia is given by 
mB y 
bed Inay (ii) 
Using (i) in (ii), we get 
g= NB = 


Any 
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Now N= 16, r= 10cm = 0.10 m, i= 0.75 A, B = 5.0% 10-2. T 
and v = 2.0 s~!. Putting these values in (iii) and solving, we get 


I= 1,2x10- kg m? 


EXAMPLE 6.5 A magnetic dipole is under the influence of two 
magnetic fields. The angle between the field directions is 60°, and one 
of the fields has a magnitude of 1.2x 10-7 T. If the dipole comes to 
stable equilibrium at an angle of 15° with this field, what is the magni- 
tude of the other field? 


Solution: Let 0: (= 15°) be the angle between the magnetic moment 
vector m and the field vector Bi (= 1.2X10-?T), Then the angle 
between m and the other field Bz will be 82 = 60° — 15° = 45°. 

The field Bı exerts a torque t1 = mX Bi, and the field Bz a torque 
™ = mX Bo. The net torque is T = Tı + T2. Now, for stable equili- 
brium, the net torque must be zero, which gives 

(mB) + (mXB2) = 0 
In terms of magnitudes (ignoring the signs) we have 
BS Bı sin ôi 
sin 92 
= 12x 10-2% šin 15° 4g gx 103 T 
sin 45 

6.5 MAGNETIC ANALOGUE OF GAUSS’S THEOREM IN 

ELECTROSTATICS: GAUSS’S THEOREM IN 

MAGNETISM 


Gauss’s theorem in electrostatics states that the surface integral of 
the electrostatic field E over a closed surface S' is equal to the total 
charge q inside the- surface divided by the permittivity of free space, 
i.e. [see Eq. (2.40)] 


$ piisit 
S €0 


Consider now a surface enclosing an electric dipole which consists of 
two equal and opposite charges. These charges add up to zero so that 
the total charge enclosed by the surface is zero. Hence the surface 
integral of the electric field of a dipole over a closed surface enclosing 
the dipole is zero, i.e. 


$, Eaipoie' dS = 0 (6.5) 
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Now, unlike electric field which is produced by an isolated charge, 
a magnetic field is produced only by a magnetic dipole because an 
isolated magnetic pole does not exist. Hence the magnetic analogue of 
Eq. (6.5) must be as follows: ji 


$, B-dS = 0 (6.6) 


This is Gauss’s theorem in magnetism which states that the surface 
integral of magnetic field over a closed surface is zero. Equation (6.6) 
is one of the basic equations in electromagnetism; it is a formal way 
of stating the fact that isolated magnetic poles do not exist or that 
magnetic poles always exist in pairs or that in magnetism there is no 
counterpart of a free charge in electricity. 


Closed 
surface 


~— p-field lines 


Fig. 6.8 Magnetic field lines never terminate 


In the statement (6.6) we have used a closed surface S (Fig. 6.8). 
If the surface S were an open surface, then the integral of the magne- 
tic field over the open surface would, in general, be non-zero; the 
surface integral is then called the magnetic flux (®) of B through S, 
es 


o= Í B-dS (6.7) 
s . 

The flux of a magnetic field will play an important role in Chapter 7. 
Because of its importance, a special unit in the SI system, named 
weber (symbol Wb) has been given to the flux. We, therefore, have in 
the SI system, in addition to the mechanical units, three electro- 
magnetic units, They are the ampere (for current), tesla (for magnetic 
field strength) and weber (for magnetic flux). These units are related 
as follows: 


1A=13T'm?=1I Wo 
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1T=1JA*m?= 1 Wb m? (6.8) 
1 Wb = 1 J A~! = 1T m? 


Since tesla is the same as weber per square metre, the magnetic field 
strength B is often called the magnetic flux density and expressed in 
Wb m~. Thus the different alternative SI units of magnetic field 
strength B, magnetic moment m and magnetic permeability po are as 
follows: 


(B) = NA m- = T = Wb m~? 
(m) = Am? =J T! = Jm? Wb"! (6.9) 
(m) = NA? = T? m N- = Wo? ort 


6.6 THE MAGNETIC FIELD OF THE EARTH 


The observation that a freely suspended bar magnet orients itself 
roughly along the geographic north-south axis of the earth, indicates 
that there is a magnetic field around the earth. The source of this field 
is presumably electric currents circulating deep within the interior of 
the earth, The exact cause of the fieldis not definitely known yet. The 
earth, therefore, behaves as though there were a giant magnetic dipole 
embedded in it. 

The strength of the earth’s field is typically about 10-4 T which is 
1 G(gauss). A gauss is often called an oersted. Thus, the earth's 
magnetic field is about | oersted. 

If we visualize this field as due to animaginary magnetic dipole 
embedded deep inside the earth, we find that the axis of this dipole 
(which is a line joining its two poles) does not coincide with the axis 
of rotation of the earth (which is the line joining the geographic north 
and south poles) but is inclined at an angle of about 20° to it. This 
angle changes during a time scale which is of the order of tens of 
thousands of years (Fig. 6.9). 

Detailed charts showing the magnitude and direction of the earth’s 
magnetic field haye been prepared. They have to be revised every 
30 years or so. The field of the earth is described in terms of the 
following three parameters. 


1. Magnetic Declination 


The angle between the magnetic meridian at a place and the geographic 
meridian at that place is called magnetic declination (Fig. 6.10). The 
magnetic meridian at a place is a Vertical plane containing the 


me 
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/ 
Geographic North + Geographic oxis 
pole so ——0f rotation 


Compass needie 


—Earth's magnetic 
south pole 


Earth's surface 


/ Geographic 
i south pole \ 


Fig. 6.9 Field of an imaginary magnetic dipole embedded in earth 


Angle of 
declination 


Magnetic meridian 


Geographic meridian 


Fig. 6.10 Magnetic declination 


magnetic axis of a freely Suspended small magnet when it has settled 
in the earth’s field. The geographic meridian at a place is a plane 
Containing the place and the earth’s axis of rotation. 

The magnetic declination is different at different places on the 
Surface of the earth. To find the direction of the magnetic field at any 
Place, we use a compass needle and a dip needle. A compass needle is 
free to rotate in the horizontal plane. So, at any place in the northern 
hemisphere, its own N pole will finally settle down in the direction of 


. the magnetic § pole of the earth. The angle between the true geo- 
8raphical north and the direction of the north pole of the compass 
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when it has settled down gives the magnetic declination at that place. 
Once this angle is known, the vertical plane containing the earth’s 
magnetic field vector B is determined. 


2. Angle of Dip 


Next take a dip needle, which is another compass needle but pivoted 
horizontally so that it is free to rotate freely in a vertical plane. It will 
orient itself so that its N pole will point exactly in the direction of B. 
The angle between the horizontal and the final direction of the dip 
needle (which is the direction of B) is the angle of dip at that place 
(Fig. 6.11), This angle isalso different at different places on the surface 
of the earth. Naturally, on the magnetic equator the angle of dip is 
zero, because the dip needle rests horizontally at the magnetic equator, 
The needle rests vertically at the two magnetic poles, i.e. the angle of 
dip is 90° at the magnetic poles. At other places, its value lies between 
0° and 90°. 


Angle of di 
BulHorizontal) NESE 


By (Vertical) 


- Fig. 6.11 Angle of dip 


3. Horizontal Component of Earth’s Field 


The total magnetic field strength B at a place has a horizontal compo- 
nent Bu given by (see Fig. 6.11) 


Bs = B cos 8 


where @ is the dip angle at that place. At the magnetic poles, 
Bu = B cos 90° = O and at the magnetic equator Ba = B cos 0° = B. 
The value of Bu thus differs from place to place on the surface of the 
earth. 


Neutral Points When a magnet is placed on a table, the magnetic 
field around the magnet is a combination of the magnetic field- of the 
magnet and that of the earth. The resultant field when a magnet’s 
field is combined with that of the earth depends on the direction in 
which the magnet is lying. We shall draw the lines of force in the 
following two special cases. 
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(a) Magnet in the Magnetic Meridian with its North Pole Pointing 
North: Place a bar magnet on a sheet of paper, in the magnetic 
meridian, with its north pole pointing North as shown in Fig. 6.12. 
With the help of a compass needle trace the field lines as already 
explained. The lines of force due to the combined fields of the magnet 
and of the earth are shown in Fig. 6.12. 


(b) 
NORTH 


Ll 


DY 
ANN Field 


Magnetic Meridian 
SOUTH 
Fig. 6.12 Field lines and neutral points of the 
resultant magnetic field near a bar 
magnet with its north pole pointing 
north 


(b) Magnet in the Magnetic Meridian with its South Pole Pointing 
North: Place a bar magnet on a sheet of paper, in the magnetic 
meridian, with its south pole pointing North as shown in Fig. 6.13, 
which also shows the lines of force due to the combined fields of the 
magnet and of the earth in this case. 

In the two cases described above, the lines of force in the neighbour- 
hood of the magnet are mainly due to the field of the magnet which 
is much stronger than the field of the earth. As the distance from the 
magnet increases, the field due to it becomes weak, until at very 
distant points, the field of the magnet becomes much weaker than 
earth’s field and the lines obtained are mainly due to the earth’s field. 
Thesé lines are nearly straight and parallel running from South to 
North as shown in Figs. 6.12 and 6.13. There are two points marked 
X, X in the two diagrams where the field of the magnet and that of 
the earth are equal and opposite to each other. The resultant field at 
these points is, therefore, zero. These points are called neutral points. 
If a compass needle is placed at any of these points, no force acts on 
it and it may be made to set itself in any direction. 
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i + K 
Earth's > 


SOUTH 
Fig.6.13 Field lines and neutral points of the 
resultant magnetic field near a bar 
magnet with its south pole pointing 
north 


Aurora Borealis 


Aurora Borealis—or Northern Lights—is a beautiful display of colours 
seen in extreme northern latitudes. They are caused by the earth’s 
magnetic field as streams ofelectrons rushing towards the earth are 
acted upon by the earth’s magnetic field. 


The Tangent Galyanometer 


In the previous chapter we learnt how a moving coil galvanometer 
works. We now describe another kind of instrument, called the tangent 
galvanometer whose working is based on the existence of the earth’s 
magnetic field. This instrument can also be used for measuring electric 
current. 

The tangent galvanometer consists of a circular coil at the centre of 
which is pivoted a magnetic compass free to rotate in a horizontal 
Plane. The coil is placed in a vertical plane containing the earth’s 
magnetic field, i.e. the plane of the coil is made to lie in the magnetic 
meridian [Fig. 6.14(a)]. The current to be measured is passed through 
the coil. 

When there is no current in the coil, the compass needle points in 
the north-south direction, i.e. it rests in the same vertical plane as the 
coil, due to the action of the horizontal component Ba of the earth’s 
field. When a current J is passed through the coil, a magnetic field B 
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Coil(seen from 
above) 


Compass needle 
Fig. 6.14 The tangent galvanometer (b) 


is set up around it. According to Eq. (5.10), the magnitude of the 
magnetic field at the centre of the coil is given by 


HoNI 

B= R (6.10) 
where N is the number of turns in the coil and R is its mean radius. 
The direction of this field is perpendicular to the plane of the coil [see 
Fig. 6.14(b)]. This is evidently also perpendicular to the horizontal 
component Bru of the earth’s field as shown in the diagram. The 
magnetic needle is acted upon by two fields; B (due to the current 
carrying coil) and By (of the earth). These fields are perpendicular to 
each other. The compass needle will rotate due to the torques of these 
fields and come to rest at an angle, say 9, with the plane of the coil 
(i.e. with the field By). It follows from Fig. 6.14(b) that B, Bu and 0 
are related as 


B 
== 0 
Bu pp 


or B = Bu tan 0 
Using this expression in Eq. (6.10) we get 


2RBu 
= (28) tana 
I ( RBs) tan 
or I= Ktan@ (6.11) 
Where K = 2RBu/(Nwo) is a constant for the particular location of the 
experiment. Remember that Bu changes from place to place. Notice 
from Eq. (6.11) that the current is proportional to the tangent of the 
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deflection of the needle, hence the name tangent galvanometer. Know- 
ing Bu, R, po, N and 8, the value of J is determined. 


EXAMPLE 6.6 A telephone cable at a place has four long straight 
horizontal wires carrying a current of 1.0A in the same direction east 
to west. The earth’s magnetic field at the place is 0.39G, and the angle 
of dip is 35°. The magnetic declination is nearly zero. What are the 
resultant magnetic fields at points 4.0 cm below, and above the cable? 


Solution: The magnitude of the magnetic field of a straight current- 
carrying single wire at a distance r is given by [see Eq. (5 T 


ROE 
2rr 


For a cable having N wires, the field is multiplied N times and is given 
by 


_ HoNT 
Be= ar 


_ rx 10-7) x 4x 1.0 
27x (4.0 x 10-7) 
= 0,.2x 1074 T = 0.2G 


The horizontal and vertical components of the earth’s field B are (see 
Fig. 6.11) 


Bu = B cos 8 = 0.39 cos 35° = 0.319 G 
and By = B sin 8 = 0.39 sin 35° = 0.224 G 
where 4 is the dip angle. 


Resultant field Below the Cable The field due to the cable is in the 
horizontal direction but opposite to Bu. Hence the horizontal compo- 
nent of the resultant field is 


Ru = Bu — Bc = 0.319 — 0.2 = 0.119 G 
The vertical component remains unchanged and it is 
Ry = By = 0.224G 
Therefore, the magnitude of the resultant field is 
R= VR} + R = 0.254G 


and its direction is given by 
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giving a => 62° 
Resultant Field above the Cable The field of the cable here is in the 
same direction as Bu. Hence 

Ru = Bu + Bo = 0.519 G 


Ry = 0.224G 
R= V R} + Ry = 0.566 G 
and a = 23° 


EXAMPLE 6.7 Two coils each of 100 turns are held such that one lies 
in the vertical plane and the other in the horizontal plane with their 
centres coinciding. The radius of the vertical coil is 0.20 m and that of 
the horizontal coil is 0.30 m. How would you neutralize the magnetic 
field of the earth at their common centre? What is the current to be 
passed through each coil? Horizontal component of earth’s magnetic 
field = 0.35 10-4 tesla and angle of dip = 30°. 


Solution: Angle of dip 0 = tan (F ) where By and Bu are the 


vertical and horizontal components of earth’s field respectively. 
Since Bu = 0.35 X 1074 T, we have 
By, = Bu tan 30° 
= 0.35 x 1074x 0.577 
= 0,202 10-4 T 
The direction of the magnetic field will be perpendicular to the plane 
of either coil. If the plane of the vertical coil is perpendicular to the 
magnetic meridian, the field produced by it can neutralize the hori- 
zontal component of earth’s field if 
_ mo 2NI vé Hedy 
Bu = ETR 0.35 %10 
T 0.35 x 1074 x 0.20 x 107 
Si Sa oa TK LOD 
=O). A' 
Similarly, the magnetic field produced by the horizontal coil will be 
vertical and will neutralize the vertical component By of the earth’s 
field, if — 


T 


By = WAA = 0.202x 107 
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which gives I= 0,096 A 
SUPPLEMENT 


MAGNETIC PROPERTIES OF MATERIALS: DIA- PARA- 
AND FERROMAGNETISM 


It is necessary to know the magnetic properties of different materials 
in order to decide which materials are suitable for loudspeakers (where 
permanent magnets are required) or as cores in electromagnets (where 
temporary magnets are required) or in transformers etc. Different 
materials respond differently when placed in an external magnetic 
field. 

We begin by defining a few terms which are used to describe the 
magnetic properties of materials. 


1. Magnetic Field in a Magnetic Material 


In order to measure the magnetic effect of matter, a fixed current is 
passed through a toroidal solenoid. The magnetic field in the empty 
solenoid is then compared with the field when the solenoid is filled 
with a magnetic material. The difference in these two measurements 
gives the magnetic contribution of the specimen. 

Consider a toroidal solenoid with turns per unit length, carrying 
a current J wound round a ring of a magnetic material (Fig. 6.15). 


Spinning 
Currents 


Fig. 6.15 Magnetic field in a magnetic Fig. 6.16 Magnetising surface 
material current 


If the material is absent (i.e. we have vacuum), the magnetic field 
in the solenoid is given by [see Eq. (5.31)] 
B = ponl (6.12) 


o — -o 
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When the experiment is repeated with a specimen filling the solenoid, 
the field B is modified by the matter. To account for the presence of 
matter, Eq. (6.12) is rewritten as 


B = pon(I + Im) 
or B = Bo + Bm (6.13) 


where Bo = ponI is the field due to the current in the solenoid and 
Bm = pont is the field due to the magnetization of the matter; JM is 
the magnetizing surface current which describes the magnetic effect of 
the matter. 

In all materials, the magnetic effects are ultimately traceable to the 
behaviour of electrons in the atoms of the material. When an electron 
is circling the nucleus of the atom, it is effectively a current loop (a 
circulating charge) which is equivalent to a tiny magnetic dipole (as 
we saw in Chapter 5) with a certain magnetic moment. The magnetic 
moment of an atom may be due to three factors—electron spin, the 
orbital angular momentum of electrons about the nucleus and the 
change in the orbital moment induced by an applied magnetic field. 
Thus the magnetic field Bm is produced by many small circulating 
currents inside the magnetic material due to the orbiting and spinning 
electrons in the atoms. Figure 6.16 shows that the effect of many 
adjacent current loops may be thought of as one current loop. In the 
same way, the internal circulating and spinning currents, due to orbit- 
ing and spinning electrons, can be replaced by a single current Im. 
This surface magnetization current is in addition to the actual current 
I flowing in the solenoid. 


2. Intensity of Magnetization 


The magnetic moment per unit volume is called the intensity of magneti- 
zation or simply magnetization M of the material. Now the magnetic 
moment of each turn of the solenoid = JmA, where A is the area of 
each turn. If n is the number of turns per unit length, the magnetic 
moment of the solenoid per unit length is nimá. Dividing it by area A 
gives the magnetic moment per unit volume. 


IMA 
Hence M= ss = nim 
Now Bm = ponin = oM (6.14) 


3. Magnetizing Field Intensity 
The product nI is called the magnetizing field intensity H. 
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‘ae Bo = ponl = poH (6.15) 
Using Eqs (6.14) and (6.15) in Eq (6.13) we have 
B = m(H + M) (6.16) 


Equation (6.16) relates the total magnetic field B to the magnetizing 
field intensity M of the current and to the magnetization M produced 
in the material. Note that H and M have the same units, namely, 
ampere per metre (Am). 


4. Permeability 


It turns out that the total magnetic field B of a material is proportio- 
nal to the magnetizing field intensity 7 due to the current flowing in 
the solenoid, i.e. 
B&H 
or B=pH (6.17) 
The constant p is called the permeability of the material. If the 
material is remoyed leaving a vacuum inside the solenoid, the magnetic 
field reduces to Bo given by 
Bo = wH 
where xo is the permeability of vacuum. 
The ratio /j40 is called the relative permeability of the material. 
la 
rotamer (6.18) 
From Eqs (6.16) and (6.17), we have 
PH = po + M) 


b yp 
i PAT 
or B, = 1 pH (6.19) 


5. Susceptibility ’ 

For small values of H, M is found to be proportional to H, LB; 
MH 

or M= XH (6.20) 


where X is a constant called the susceptibility of the material and is a 
dimensionless number like tr. Using Eq. (6.20) in Eq. (6.19) gives 


B= 1 +X (6.21) 


Magnetism 329 
THREE KINDS OF MAGNETIC MATERIALS 


Different magnetic materials have different X values which may vary 
over a very wide range. Depending on the value and sign of X, magne- 
tic materials are divided into the following three categories, 


]. Diamagnetic Materials 


Materials for which X is small and negative are called diamagnetic. In 
such materials, the individual magnetic moments of the various atoms 
tend to cancel out completely. So, in the normal state, the atoms of 
such substances (in the absence of external field) have no magnetic 
moment at all. They have a small and negative susceptibility X. For 
bismuth X = —0.00015 and yx(=1 + X). is slightly less than unity. 
Bismuth, copper, lead, water and sodium chloride are all diamagnetic. 

When a sample of a diamagnetic material is placed in a magnetic 
field B, a net magnetic moment is induced in it which is proportional 
to B but opposite in direction. If B is non-uniform, the sample tends 
to move from the region where the field is strong to the region where 
it is weak. It should be noted that diamagnetism is a natural reaction 
to an applied magnetic field and this behaviour is temperature- 
independent. 


2, Paramagnetic Materials 


Paramagnetic materials are those whose atoms, in the normal state, 
already have an intrinsic nonzero magnetic moment, even in the 
absence of an applied magnetic field. Examples are aluminium, 
sodium, copper chloride and liquid oxygen. Paramagnetics have a 
small but positive value of X. The susceptibility X satisfies the relation 


C 
X = T (6.22) 
where C is'a constant called the Curie constant and the relation (6.22) 
is called Curie’s law. 

When a sample of a paramagnetic material is placed in a magnetic 
field B, the individual magnetic moments tend to align themselves in 
the direction of B while thermal motions tend to destroy this align- 
ment. If B is strong enough and the temperature is low enough, there 
is a net average magnetic moment density pointing in the same direc- 
tion as B. So such a sample will move from a low-field region to a 
high-field region, exactly opposite to the behaviour of diamagnetic 
materials. Paramagnetism is obviously temperature-dependent. 
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3. Ferromagnetic Materials 


Materials having a very high (of the order of 1000 or more) and posi- 
tive susceptibility are called ferromagnetic. Examples are iron, nickel, 
cobalt and numerous alloys. In such materials there are strong inter- 
actions between the individual magnetic moments of the various 
atoms. These interactions can be understood only in terms of the 
quantum theory, which is outside the scope of this book. These strong 
interactions cause the neighbouring moments to align even in the 
absence of the applied field. These alignments take place in bulk 
volume leading to a spontaneous bulk magnetization of these mate- 
rials. This is the origin of macroscopic magnets which may be natural 
(such as lodestone) or artificially made permanent magnets. Above a 
certain temperature called the Curie point, ferromagnetics becomes 


paramagnetics. 


Hysteresis: In ferromagnetic materials (e.g. soft iron) the relation 
B = pH does not hold, i.e. the magnetic field B of the material does 
not increase linearly with the magnetizing field H. The relation 
between them is quite complicated; it can even depend on the past 
history of the sample. 

Take an unmagnetized rod of soft iron and wind round it a large 
number of turns of wire. We have a straight solenoid with a soft iron 
core. Pass a current J through the solenoid. The value of J and the 
number of turns per unit length (7) determine the magnetizing field 
H(=nl). Increase the value of current J gradually. It is found that the 
magnetic field B (which depends on magnetization M) increases 
gradually as H is increased. B is much larger than H because the 
current J (which is small initially) produces a moderate H field which 
has the effect of aligning the small atomic magnetic moments in its 
own direction, thus leading to a large M and hence a large B-field. As 
current J (and hence H) is, increased further, a stage is reached when 
M saturates, i.e. it becomes a constant and does not increase any 
more with increasing H. In other words, the B-field saturates at a 
certain value of the H-field (see Fig. 6.17). 

If now the H-field is gradually decreased to zero (by gradually 
decreasing the current in the solenoid), it is found that some magneti- 
zation M (and hence the B-field) remains in the iron and the B-field 
does not fall to zero. In one complete cycle of change of H, the B-field 
follows a closed loop PQRS which is called the hysteresis loop. The 
fact that for each value of H, there is no unique value of B, but a 
value dependent on the manner or history by which that H was reach- 
ed, is called the phenomenon of hysteresis. Hysteresis, which comes 


Magnetism 331 


Saturation 


R 


Fig. 6.17 Hysteresis loop 


from a Greek word meaning ‘delayed’ can be defined as the lagging of 
B behind the magnetizing field H, when the specimen is taken through 
a complete magnetic cycle. 


EXAMPLE 6.8 A toroidal solenoid has 3000 turns and a mean radius 
of 10 cm. It has a soft iron core of relative permeability 2000. Find 
the magnitude of the magnetic field in the core when a current of 
1.0 A is passed through the solenoid. 


Solution: The magnitude of the magnetic field in the core is given by 

B = pnl 
or B = pyon! CS m = plo) (i) 
where n is the number of turns per unit length. If r is the mean radius 
(given to be 10 cm = 0.10 m), the value of is (since total length of 
the solenoid is 27r) 
_ 3000 
Sagar 
Now fir = 2000, po = 47X 10-7 TmA™ and J = 1.0 A. Substituting 
these values in (i) we have 

B=12T 

Notice that the field is increased considerably by inserting a core of a 
high relative permeability. 


n 


EXAMPLE 6.9 A sample of paramagnetic salt contains 2.0 x 10% atomic 
dipoles each of dipole moment 1.5 x 10723 JT-!. The sample is placed 
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under a homogeneous magnetic field of 0.84 T, and cooled to a tempe- 
rature of 4.2 K. The degree of magnetic saturation achieved is equal 
to 15%. What is the total dipole moment of the sample for a magnetic 
field of 0.98 T and a temperature of 2.8 K (assume Curie’s law)? 

Solution: Initial total magnetic moment at temperature T = 4.2 K is 


mı = 15% of (2.0 10% x1.5x 10-3) 


= 45IT" 
Now from Curie’s law (Eq. 6.22), we have 
€ 
SET 
M _C 
or HT (i) 


where M is magnetization and H is the magnetizing field. If V is the 
volume of the sample, then, by definition m = M/V and Eq. (i) 
becomes 


m= CV (4) = constant X (4) (ii) 


If m2 is the magnetic moment at temperature Ta = 2.8 K and field 
Ho = 0.98 T, then from Eq. (ii) mi and m2 are related as 


mi Hi Ta 
m HMT 
or m = mX Hip Ti 
Me Hi T2 
E ATE 
= 45X84 aaah 7.9 JT 
SUMMARY 


Magnetic dipole is the simplest structure in magnetism. It experiences 
a torque when placed in a magnetic field, tending it to align itself 
parallel to the field. It therefore has magnetic potential energy at any 
general orientation with the field. 

Gauss’s theorem in magnetism states that the surface integral of the 
magnetic field over a closed surface is zero. 

The earth has a magnetic field of its own which is caused presum~ 
ably by electric currents circulating deep within its interior. The field 


————— E 
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of the earth is described in terms of magnetic declination, dip angle 
and the horizontal component of its field. 

The magnetic properties of materials are ultimately traceable to the 
electrons orbiting round the nucleus and spinning about an axis. 


EXERCISES 


A. Short-Answer Questions 


vaepr 


What is a magnetic dipole? 

Define magnetic moment. State its SI unit. 

No two field lines ever intersect. Why? 

Define magnetic flux and state its SI unit. 

Give one example each of a diamagnetic, paramagnetic and ferromagnetic 
material. 


B. Long-Answer Questions 


2. 
3. 


“A magnetic dipole experiences a torque in a magnetic field, and a point 

charge experiences a force in an electric field’. Explain. 

Define magnetic moment of a magnet. How is it experimentally measured? 

(a) State two important properties of magnetic field lines. 

(b) Draw a rough sketch of the field pattern of a current-carrying straight 
solenoid: (i) without and (ii) with a soft iron core. Hence explain why 
such a core is used. f 


. Deduce the expression for the potential energy of a magnetic dipole in an 


external uniform magnetic field. 

Compare and contrast the Gauss’s theorems in electrostatics and in 
magnetism. 

(a) What is the earth’s magnetic field due to? 

(b) Define the terms magnetic declination and dip angle. 

Describe the construction and theory of a tangent galvanometer? Why is 
the instrument so called? 

“Magnetic properties of materials are ultimately due to the behaviour of 
electrons in the atoms.’ Comment. y 
Explain clearly what is meant by the terms magnetization and magnetizing 


field intensity. 


. (a) Define the terms permeability, relative permeability and susceptibility 


of a substance. 
(b) What is the relation between relative permeability and susceptibility of 


a substance. 


. Distinguish between diamagnetic, paramagnetic and ferromagnetic sub- 


stances. Give two examples of each. 


. (a) What is hysteresis? 


(b) Draw a typical hysteresis loop. What conclusions can you draw from it? 


C. Multiple-Choice Questions 


Choose the correct answer/answers from the given alternatives. 
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When a magnetic dipole is placed in a uniform magnetic field, it will 
experiences 


(a) a force but no torque (b) a torque but no force 
(c) a force as well as a torque (d) neither a force nor a torque 


. In the SI system, magnetic moment may be expressed in 


(a) TI (b) JT? 
(c) A m“! (d) N m T~ 


The lines of force due to the horizontal component of the earth’s magnetic 
field are 


(a) straight and parallel (b) concentric circles 
(c) elliptical (d) parabolic 
. The vertical component of the earth’s magnetic held is zero at the 
(a) magnetic poles (b) magnetic equator 
(c) geographic poles (d) 45° latitude 
. The angle of dip is 90° at the 
(a) magnetic poles (b) magnetic equator 
(c) geographic poles (d) 90° latitude 


. A neutral point in the magnetic field, due to a magnet in a laboratory on 


earth, is a point where 


(a) the lines of force of the magnet intersect each other 

(b) the earth’s magnetic field is zero 

(c) the field due to the magnet is zero 

(d) the fields of the magnet and the earth are equal and opposite 


. A dip needle free to move in a vertical plane perpendicular to the magnetic 


meridian will remain 


(a) vertical 

(b) horizontal 

(c) at an angle of 60° to the vertical 
(d) at an angle of 45° to the horizontal 


. When a material is subjected to a small magnetic field H, the intensity of 


magnetisation is proportional to 


(a) H» (b) H 
(©) H° (d) H-1!" 

. The magnetic permeability of a paramagnetic substance is 
(a) small and positive (b) small and negative 
(c) large and positive (d) large and negative 


Which of the following has the highest magnetic permeability? 


(a) paramagnetic substances (b) diamagnetic substances 

(c) ferromagnetic substances (d) vacuum 

When a ferromagnetic substance is heated to a temperature above its Curie 
temperature, it 


12. 


13) 


14. 
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(a) behaves like a paramagnetic substance 
(b) behaves like a diamagnetic substance 


(c) remains ferromagnetic (d) is permanently magnetised 
The relative permeability of iron is of the order of 

(a) zero (b) 1074 

(c) 1 (d) 10¢ 

The most suitable metal for making permanent magnets is 

(a) iron (b) steel 

(c) copper (d) aluminium 


The most suitable metal for making electromagnets, cores of transformers 
and armatures in machines is 


(a) iron (b) steel 
(c) copper (d) silver 


. Large transformers, when used for some time, become very hot and are 


cooled by circulating oil. The heating of the transformers is due to 


(a) the heating effect of the current alone 

(b) hysteresis loss alone 

(c) both the hysteresis loss and heating effect of the current 
(d) none of the above 


The relative permeability of a substance A is slightly greater than unity 
while that of a substance B is slightly less than unity. Then 


(a) A is ferromagnetic and B paramagnetic 
(b) A is diamagnetic and B paramagnetic 
(c) A is paramagnetic and B diamagnetic 
(d) A and B are both ferromagnetic 


D. Numerical Problems 


Lis 


A small bar magnet of magnetic moment 6.7x 10-2 JT! is suspended from 
its centre of gravity and is free to rotate in a plane containing a uniform 
magnetic field. It is displaced from its stable equilibrium and the period of 
small oscillations is found to be 2/3 s. If the moment of inertia of the 
magnet about its axis of rotation is 7.5%10° kgm?, determine the magni- 
tude of the magnetic field. 

A short bar magnet of magnetic moment 0.40 JT~ is placed with its axis at 
30° with a uniform external magnetic field of 0.16 T. Find the magnitude of 
the torque exerted on the magnet by the field. 

A straight solenoid of length 50 cm has 1000 turns and a mean cross-sec- 
tional area of 2.0x 10-4 m?, It is placed with its axis at 30° with a uniform 
magnetic field of 0.32 T. Find the torque acting on the solenoid when a 
current of 2.0 A is passed through it. 

A short bar magnet of magnetic moment 5.25107? JT-2 is placed with its 
axis perpendicular to the earth’s field direction. At what distance from the 
centre of the magnet on: 


(i) its normal bisector, 
(ii) its axis 
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is the resultant field inclined at 45° with the earth’s field. Magnitude of the 

earth’s field at the place is given to be 0.42 G. Ignore the length of the 

magnet in comparison to the distances involved. 

A Rowland ring of mean radius 15 cm has 3500 turns of wire wound on a 

ferromagnetic core of relative permeability 800. What is the magneticfield (B) 

in the core for a magnetizing current of 1.2 A? 

A short bar magnet is placed in a horizontal plane with its axis in the 

magnetic meridian. Neutral points are found on its normal bisector at 

10.0 cm from the centre of the magnet. The earth’s magnetic field at the 

place is 0.35 G and the dip angle is zero. 

(a) Find the total magnetic field at a point on the axis of the magnet at a 
distance of 10.0 cm from its centre. 

(b) Locate the neutral points when the bar magnet is turned around by 

180°. Neglect the length of the magnet. 

A magnetic dipole is under the influence of two magnetic fields 

B, =2.2x10-°T and B, = 4.4x10°°T inclined to each other at an angle 

of 60°. Find the position of the stable equilibrium of the dipole. 

A soft iron ring has a mean diameter of 20cm and a cross-sectional area 

of 5.0% 107* mê. It is uniformly wound with 2000 turns and carries a current 

of 2.0A. If the magnetic flux in the iron is 8.0x107? Wb, what is the 

relative permeability of iron. 

A circular coil of radius 0.05 m, having 40 turns, lies in a horizontal plane. 

It carries a current of 5.0 A in anti-clockwise sense as seen from above. The 

coil is placed in a magnetic field of 1,2 T directed at right angles to its axis, 

Find the magnitude of the torque on the coil. 

A paramagnetic sample has a magnetic moment of 5.0 JT“? at a tempera- 

ture of 4.0K and a magnetic field of 1.0 T. What will be its magnetic 

moment if the temperature is decreased to 3.0 K and magnetic field increas- 

ed to 1.5 T? 


7 
ELECTROMAGNETIC INDUCTION 


7.1 INTRODUCTION: PHENOMENON OF 
ELECTROMAGNETIC INDUCTION 


After Oersted’s discovery that an electric current produces a magnetic 
field, attempts were made to observe the reverse effect, i.e. generation 
of electric current by means of a magnetic field. Joseph Henry (1830) 
in the USA and Michael Faraday (1831) in UK independently observ- 
ed that whenever there is a change in the magnetic lines of force 
associated with a conductor, an electromotive force (emf) is set up at 
the ends of the conductor which lasts as long as the change is taking 
place. This phenomenon of generating emf is called electromagnetic 
induction. The emf developed is called induced emf. If the conductor is 
in the form of a closed circuit, a current flows in the circuit. This 
current is called induced current. This phenomenon and the laws 
governing it are of great practical value in daily life. This basic pheno- 
menon is the basis of the working of a power generator, dynamo, 
transformer, etc. because after its discovery it was possible to convert 
electrical energy into mechanical energy with high efficiency. 

The phenomenon of electromagnetic induction can be demonstrated 
by a few simple experiments conducted by Faraday and others. 
Figure 7.la shows a circular insulated wire of one or more turns con- 
nected to a sensitive galvanometer G. If a bar magnet NS is moved 
towards the coil as shown by the arrow, the galvanometer needle 
deflects, showing the presence of an electric current in the circuit, 
Similarly, if the magnet is moved away from the coil, the deflection is 
in the opposite direction. When the motion ceases, there is no deflec- 
tion in the galvanometer. Further, if the magnet is moyed slowly, 
smaller deflection results as compared to the case when it is moved 
faster. The motion of the magnet implies that the number of magnetic 
lines of force entering the coil is changing and it is constant when the 
motion ceases. Further, the rate of change of lines of force is less when 
the magnet moves slowly while it is more when it moves faster, The 
results of this experiment may be summarized as follows: 
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nue 


(a) 
Coill  Coil2 


Fig. 7.1 Demonstration experiments of 
electromagnetic induction 


1. A current flows in the circuit when the number of magnetic lines 
of force associated with a coil or loop of wire is changing. 

2. The higher the rate of change of lines of force, the greater is the 
current. 

The same effect can also be observed when the magnetic field is 
produced by passing a current in coil 1 and connecting the sensitive 
galvanometer G to coil 2 placed near coil 1, as shown in Fig. 7.1b. 
As soon as the key K is inserted in the circuit, there is a momentary 
deflection in the galvanometer; similarly, when K is removed from the 
circuit, there is again a momentary deflection in G. The whole process 
can be understood. on similar lines as in the previous experiment. As 
soon as K is inserted, i.e.. when the circuit is closed, the current in 
the circuit increases from zero to a certain steady value, thereby 
increasing the magnetic field (and hence the magnetic lines of force 
entering coil 2) from zero to a constant value, Similarly, when K is 
removed, the current, and hence the magnetic field, decreases from the 
steady value to zero, In both cases, the magnetic lines of force enter- 
ing coil 2 change and a momentary deflection in the galvanometer is 
observed implying that there is a current in the galvanometer and the 
coil circuit. 

Before discussing Faraday’s law of electromagnetic induction, we 
shall define magnetic flux. 


7.2 MAGNETIC FLUX 


Similar to electric flux, the magnetic flux ® through any surface, 
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placed in a magnetic field B, is measured by the number of 
lines of force that cut through 
such a surface. Figure 7.2 shows 
surface S placed in a magnetic 
field. Consider an_ infinitesimal 
element of area 4S on this surface. 
Such an element can be repre- 
sented by a vector 4S whose 


Fig. 7.2 Surface S in a 4 S 
magnetic field magnitude is 4S and whose 


direction is the outward drawn 
normal to the surface S as shown in Fig. 7.2. The magnetic flux AD 
through AS is defined as the product of the magnitude of magnetic 
field B at a point on 4S and the component of 4S in the direction 
of the magnetic field. Referring to Fig. 7.2, 


A® = BAS cos 6 = B-4S 


| The total flux ® is nothing but the sum of all such fluxes through 
elements over the whole surface, i.e. © = X B-4S. In the limit 4S > 0, 
the sum can be replaced by an integral, so that 


| b= k B-dS (7.1) 


Special Cases 


(i) When the surface is a plane of area A and the magnetic field is 
constant throughout the surface, 


& = (B-n)A (1:1a) 
where n is the unit vector perpendicular to the surface. 


(ii) If the magnetic field touches the surface tangentially, 
=90 G®=0 (7.16) 


Unit of Flux 

The unit of flux in the SI system is weber (Wb) and it is the flux 
produced when a magnetic field of 1 T (tesla) or 1 Nm! Av! acts on a 
plane area of 1 m? placed perpendicular to the direction of the 
magnetic field. 


EXAMPLE 7.1 Consider a cube PQRSTUVW of side a placed in a 
uniform magnetic field B acting perpendicular to the face 
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v QTUR as shown in Fig. 7.3. 
Calculate the flux through (a) face 
PQRS; (b) face SRUV; (c) face 
PWVS; and (d) face QTUR. 


Solution: Area of each face of 
cube = a’. 

(a) Since the direction of area 

is perpendicular to the 

Fig. 7.3 direction of the magnetic 

field so that 0 = 90°, ® = 0 


(b) Here again 0 = 90°, ® = 0. 

(c) The outward normal from the face PWVS is opposite to B, so 
that 0 = 7, and hence ® = — Ba’. 

(d) 0 = 0,8 = 0. 


7,3 LAWS OF ELECTROMAGNETIC INDUCTION 


The magnitude and direction of induced emf can be determined by 
the application of two laws of electromagnetic induction: (i) Faraday’s 
Jaw, and (ii) Lenz’s law. The former determines the magnitude of 
induced emf while the latter gives the direction to the induced current. 
These will be discussed in detail in the following paragraphs. 


Faraday’s Law of Electromagnetic Induction 


On the basis of experiments, Faraday found that the magnitude of 
the induced emf € was directly proportional of the rate of change of 
flux d@/d¢ associated or linked with the circuit. Mathematically, this 
law can be written as 


dë 
eae 


Lenz’s Law 


The direction of induced current was first deduced by H.F. Lenz and 
is given by Lenz’s Law. It states that whenever an induced emf is set 
up, the direction of induced current is such that it always opposes the 
cause that has produced it. This law implies that the induced emf 
produces such effects so as to oppose the very cause that has produced 
it. For example, in the first demonstration experiment described in 
Fig. 7.1, the cause that produced induced emf, and hence induced 
current in the circuit, is the motion of the magnet towards the wire 


ne 
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loop; the direction of the induced current will be such that it (wire 
loop) applies a force that opposes the magnet. This can be explained 
as follows. 

Suppose that the induced current set up in the wire is anticlockwise 
as seen from the magnet side towards the loop (Fig. 7.1a). This 
current produces a magnetic field, the direction of which can be deter- 
mined from the right-hand rule. Applying this rule, one finds that the 
magnetic field emerges out from the loop towards the magnet, i.e. the 
right-hand side of the loop becomes the N-pole; and the two north 
poles (one due to the current loop and the other due to the bar magnet) 
will repel, thus opposing the motion of the magnet as predicted by 
Lenz’s law. Similarly, if the magnet with this N-pole towards the loop 
is pulled away from the loop, according to Lenz’s law, the induced 
current direction would be clockwise as seen from the magnet side, 
because in this case the induced current would again oppose the pull. 
In short; one can say that whether the magnet is moved towards or 
away from the coil, the induced current always opposes the motion of 
the magnet, as predicted by Lenz’s law. 

Suppose that Lenz’s law is not valid and that the induced current 
in the loop is clockwise when the magnet (with its N-pole moving 
towards the loop) is pushed towards the loop (Fig. 7.1a). The magnetic 
field of the induced current would apply an onward force in the 
direction of the motion of the magnet. In such a case, one would need 
to move the magnet slightly and then the magnetic field of the induced 
current would accelerate it towards the loop, automatically increasing 
its kinetic energy all the time. In this case, the induced current once 
started would increase indefinitely with a small expenditure of energy. 
Such a system would be self-perpetuating and one would get enormous 
energy. This cannot, however, occur in nature and is not feasible 
considering the law of conservation of energy. Therefore, one can say 
that Lenz’s law is valid and is a consequence of the law of conserva- 
tion of energy. Further, in order to maintain the motion of the 
magnet, additional work has to be done against the opposing force that 
has arisen due to the action of the magnetic field of the induced 
current. This additional work produces heat in the current loop and 
must be equal to the joule heat produced in the circuit. If the magnet 
moves at a faster rate, additional work has to be done more rapidly 
and the rate of production of joule heat will increase correspondingly 
due to increase in the induced current. 

Similarly, Lenz’s law can also be applied to the second demonstra- 
tion experiment described in Fig. 7.1b. Here the cause of the induced 
current in coil 2 is the change in the current in coil 1. So the induced 
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current must be in such a direction as to oppose the current in coil 1, 
i.e. if the current in coil 1 is increasing, the induced current in coil 2 
should produce a decreasing current in coil 1. 

The procedure for finding the direction of induced current is to 
first assume a direction for the induced current. By applying the right- 
hand rule, one can find the direction of the magnetic field and its 
effect on the cause that produced the induced current. If the assumed 
direction opposes the cause, it is the right direction; otherwise, one 
should reverse the direction of the induced current. 

So far, Lenz’s law has been applied to induced currents, i.e. to 
closed circuits. If the circuit is open, this law can still be applied and 
one gets the direction of induced emf. For this purpose, one needs to 
imagine that the circuit is closed and then find the direction of the 
induced current for this imaginary circuit by applying Lenz’s law. 
Though there is no joule heating, i.e. there is no resistive force on the 
magnet, yet there is an induced emf just like the emf in a battery in 
an open circuit. 

Based on the above discussion on Lenz’s law, Faraday’s law can be 
mathematically written as 


The negative sign represents the opposing action of induced current 
to its cause, and & is the constant of proportionality, whose value 
depends on the system of units chosen. In SI units, k = 1 and one can 
write 


€=-> (7.2) 


If there is a coil of N turns, instead of a single turn wire loop, the 
total flux linked with the circuit will be N times the flux (Ø) linked 
with the single loop. Equation (7.2), therefore, becomes 


E= -N= (7.3) 
If the flux changes uniformly (d®/d¢ = constant) from ©; to ®2 in 
time #, Eq. (7.3) can be written as 


e=- aTe ee (7.4) 


If R is the resistance of the circuit in which induced emf is developed, 
the induced current J = E/R, and the power (P) dissipated as heat is 
PR. 
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EXAMPLE 7.2 A rectangular coil of 100 turns and size 0.1 mx 0.05 m 
is placed perpendicular to magnetic field of 0.1 Wb m~, Calculate the 
induced emf when the magnetic field drops to 0.05 Wb m”? in 0.05 s. 
Solution: 
Area of the coil = 0.10.05 m? = 5.0 X 107? m? 
Change in magnetic field = 0.05 — 0.10 = —0.05 Wb m~? 
Change in magnetic flux = (2 — Dı) 
= — 0.055% 1073 Wb 


= —25 x 10-5 Wb 
Time t = 0,05 s 
Using Eq. (7.4), 
a 225X 103w 
EF 100x995 — =0.5V 


EXxAMPLe 7.3 An ideal solenoid of diameter 0.02 m has 600 turns 
per metre. At the centre of this solenoid, another coil of 100 turns is 
wrapped closely around it. If the current in the coil changes from 0 
to 2 Ain 1 millisecond, calculate the induced emf developed in the 


second coil. 
Solution: It is known that the magnetic field near the axis of an ideal 
solenoid due to a current Z is given by 

B= pont 


where n is the number of turns per metre and yo is the permeability 
of vacuum. 

Since the second coil is wrapped closely around the solenoid, its 
diameter can be taken to be equal to that of the solenoid, i.e. 0.02 m. 
Since the initial current and hence the initial magnetic field is zero, 
the change in flux for a single turn is given by 


ponld?/4 
Now, I = 2 A, n = 600, d =0.02 m; substituting these values we get, 
Change in flux = 4.74x 10-7 Wb 


zi 
Rate of change of flux = woe = 4,74x 1074 Wb s~! 


Induced emf € = —100 4.74 1074 = —47.4 mV 
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7.4 ELECTROMAGNETIC INDUCTION AND LORENTZ 
FORCE: MOTIONAL EMF 


We can get aclear understanding of the phenomenon of electro- 
©B out of page magnetic induction if we recall 
that a charge q moving with a 


beeen. SS velocity v in a magnetic field B 
CAPA T experiences a magnetic Lorentz 
eee ee ee force (see Sec. 5.5) 

|—_$§p 
eee ee F= q(v x B) 
eeeeeee 
Clee 8 8 o a If the three vectors F, v, and B 
a ey are mutually perpendicular to one 


another, vXB = vB. The magni- 

Wduced amf inania tude of F is qvB and it acts in a 

moving in a magnetic direction perpendicular to the 

field plane of vectors v and B, given by 
the right-hand rule. 

Suppose that a wire PQ of length / moves perpendicular to the 
uniform magnetic field B as shown in Fig. 7.4. In the figure, the 
magnetic field is acting perpendicular to the page and out of it. 
According to the free electron theory of metals, the wire has free 
electrons in it. Consider one such electron of charge q. As the wire 
moves, the electron also moves with the same velocity v; hence, it 
experiences a force in the upward direction towards P (because the 
electron has negative charge and its force will be opposite to that of 
the positive charge). Hence, the free electrons in the conductor move 
upward leaving a deficiency of electrons at Q and accumulating at P. 
Therefore, the end P becomes negative and the end Q becomes posi- 
tive. Due to the motion of electrons an electric field is set up in the 
wire from P and Q whose magnitude is F/q = vB. As electric field is 
the force on a unit positive charge the work done in moving a unit 
positive charge from P to Q is El = Bol. Hence, the induced emf at 
the end of the wire is Bul. 


Note: It is clear that, when a certain amount of accumulation of 
charges has taken place such that the electric force and the Lorentz 
magnetic force cancel each other, the movement of the free electrons 
will come to a stop. The two ends of the wire thus become like the 
two terminals of a cell without any external connection. This is 
physically the same as the Hall voltage described in Sec. 5.11. 


eae eo. Te 
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7.5 METHODS OF GENERATING INDUCED EMF 


As the induced emf is proportional to the rate of change of flux, the 
problem of generating induced emf reduces to the problem of chang- 


` ing flux. From Eq. (7.1a), 


© = BA cos 0 = (B-n)A 
The magnetic flux can be changed by varying: 


1, the magnitude of magnetic field B; 

2. the magnitude of area A; and 

3. the angle 0 between the direction of magnetic field B and the 
direction of area A, i.e. changing the relative orientation of magnetic 
field and area, 


1. Changing the Magnetic Field 


The two demonstration experiments shown in Fig. 7.1 utilize this fact 
of changing the magnitude of magnetic field as explained earlier. In 
the first experiment (Fig. 7.1a), the motion of the magnet changes the 
magnetic field at any point on the wire loop while in the second 
experiment (Fig. 7.1b), the changing current in coil 1 (when key K is 
removed or inserted) changes the magnetic field at points on coil 2. 
In both cases, one gets induced emf. 


2. Changing the Area (A) of the Coil Linked with the 
Magnetic Field 


Consider a rectangular wire PQRS (Fig. 7.5) of length / and breadth 
b placed partly in a magnetic field B acting perpendicular and out of 
the page as shown, PıQıRıSı shows the limits of the magnetic field. 
If the wire is moved horizontally with velocity v perpendicular to the 


@Uniform field 
out of page 


Fig. 7.5 A rectangular wire loop moving ina 
magnetic field 
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side QR, the area of the rectangle in the region of the magnetic field 
changes, thereby changing the magnetic flux linked with the circuit. 
Hence, the induced emf is set up in the wire. This emf can be cal- 
culated as follows. 

Let x be the length of the wire in the magnetic field at any instant 
of time ¢. The flux linked with the circuit at this instant is B/x, for lx 
is the area of wire in the magnetic field. In a further time interval 47, 
let 4x be the change in length. Then 


Change in area = lAx 
Change in flux = Bldx 
Rate of change of flux = —B/ z 
Hence, 
Induced emf seyii 
nduced em = J 
But, 4x/dt = —v, because as the wire moves to the right, x decreases 
with time, i.e. 4x/4t is negative. Also, the magnitude of v is 4x/4r. 
E = Blo (7.5) 


which is the same as the emf set up at the ends of the wire moving 


with velocity v. 
If R is the resistance of the circuit, the induced current Z is 


cape n (7.6) 


I=% = 


R R 
It is known that a wire of length /, carrying a current J, moving in a 
magnetic field B experiences a force F given by 

F = ((1XB) 
The induced current, given by Eq. (7.6), produces forces F1, F2, and 
F3 on the three segments of the rectangular wire as shown in Fig. 7.5. 
It can be easily seen that, at any instant of time, the forces F2 and F3, 
being equal and opposite, cancel each other. The net force acting is 
only Fi, whose magnitude is given by [using Eq. (7.6)]. 

Fi = Bil sin 90° 
= Bil 


= ao 
= (BI? R (7.7) 


This force (due to induced current) opposes the motion of the wire 
(from Lenz’s law) and hence to maintain the motion of the wire with 


Soe CA 


po 
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the same velocity, one has to do work at a steady rate P given by 


P= Fu (Bee (7.8) 


P is nothing but the power supplied to maintain the motion of the 
wire and one can see [using Eq. (7.6)] that P is equal to I?R, i.e. rate 
of joule heat production. 


3. Changing the Relative Orientation of Magnetic Field and 
Area of Coil 


Consider a rectangular coil ABCD of N turns and area A placed in a 
uniform magnetic field B (Fig. 7.6). This coil rotates in an anticlock- 
wise direction with an angular velocity w about an axis perpendicular 
to the direction of the magnetic field. Suppose, initially the coil is 
vertical so that the angle between normal to the plane of the coil 
and magnetic field is zero. At a later time ż, let @ be the angle through 
which it has rotated so that @ = wt: At this instant, the flux® = NAB 
cos ô and hence the inducedemf € = —d®/dt = +NAB sin 8 d0/dt 
= NABw sin 0. Hence ('.' 0 = wt) 
E = NABzw sin wt (7.9) 
(b) gio 


(a) 
Py 


Fig. 7.6 The rotation of the coilina uniform magnetic field: 
a, b, c,d, and e are the different positions of the coils 
when @ = 0, 7/2, x, 3n/2, and 27, respectively 


Equation (7.9) gives the induced emf € at any instant of time f¢ as the 
coil rotates; € is called instantane- 

ous emf induced in a rotating coil. 

Tf the coil is rotating with constant 

angular velocity w, then N, A, B 

and are constant and the induc- Amplitude 
ed emf € varies sinusoidally with © Gas 
time; as shown in Fig. 7.7. When } 

the coil is vertical, i.e. 0 = 0 or 

180°, € = 0 as can be seen from i aai 

Eq. (7.9). When the coil is in the Period T 

horizontal position, i.e. 0 = 7/2 ' Fig.7.7 Variation of € with t 
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or 37/2, the magnitude of the emf is maximum but the sign of emf 
is reversed. So, the emf alternates, reversing the direction twice in 
each rotation. The maximum emf & = NABw is called the ampli- 
tude of emf. Further, as the coil completes one full revolution, i.e. 0 
varies from 0° to 360°, the induced emf at the ends completes one 
cycle. The induced emf can be written as 


E = Eo sin wt (7.10) 


If the ends of the coil, are connected to an external circuit through a 
resistance R, a current flows through the circuit which will also be 
sinusoidal in nature. 

Further, if the plane of the coil is not perpendicular to the magnetic 
field at the instant of zero time, i.e. when ¢ = 0, @ is not zero but the 
normal to the coil makes an angle ô with the magnetic field direction, 
ie. when ¢ = 0, 0 = ô, Eq, (7.10) can be written as 


E = Eosin (wt + 8) 


8 is called the phase angle. The working of ac generators is based on 
this method of changing flux (see Sec. 7.8). 


EXAmpLe 7.4 A rectangular loop of sides 8 and 2 cm with a small 
break is moving out of a region of uniform magnetic field of magni- 
tude 0.3 T directed normal to the loop. What is the voltage developed 
across the break if the velocity of the loop is 1 cms~! in a direction 
normal to: (i) the longer side, and (ii) the shorter side of the loop? 
For how long does the induced voltage last in each case? 


Solution: B=03T v= | cms! = 0.01 ms“! 
l = 8 cm = 0.08 m b = 2 cm = 0.02 m 
(i) E = Blo = 0.3X 0.08 X0.01 = 2.4x 10-4 T 


The time during which the emf lasts is the time taken by the breadth 
(b = 2 cm) of the coil to move out of the field. Since the speed of coil 
is 1 cms“, this time will be 2 s. 


(ii) E = Bbo = 0.3X0.02X0.01 = 0.6 10-4 T 


Time during which this emf lasts = time taken by the length (/= 8 cm) 
to move out of the field = 8 s. 


EXampLe 7.5 Suppose the loop in Example 7.4 above is stationary 
but the current feeding the electromagnet that produces the magnetic 
field is gradually reduced so that the field decreases from its initial 
value of 0.3 T at the rate of 0,02 T s~. If the break is joined and the 
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loop has a resistance of 1.6 Q how much power is dissipated by the 
loop as heat? What is the source of this power? 
Solution: Area of the coil = 8 X2x 10-4 m? 
Rate of change of magnetic field = 0.02 T s7! 
Induced emf (€) = rate of change of flux 
= rate of change of BX area 
= (0.02 T s“!) x(8x 2 10-4 m?) 


=92K10 V 
Now Resistance R = 1.6 2 
«0 GB 2105 
Induced current J = E T6 
= 2.0x 105A 


Power loss = rate of Joule heating 
= PR = (2.0 x 1075)? 1.6 
= 6.4x 10710 W 
The source of this power is the external agent used to change the 
magnetic field with time. 


EXAMPLE 7.6 It is desired to measure the magnitude of field between 
the poles of a powerful loud-speaker magnet. A small flat search coil 
of area 2.0 cm? with 25 closely wound turns is positioned normal to 
the field direction, and then quickly snatched out of the field region. 
(Equivalently, one can give it a quick 90° turn to bring its plane 
parallel to the field direction.) The total charge flowing in the coil 
(measured by a ballistic galvanometer connected to the coil) is7.5 mC. 
The resistance of the coil and the galvanometer is 0.50 2. Estimate 
the field strength of the magnet. 
Solution: The induced current is given by [see Eq. (7.3)] 

pa BS edo 

R R dt 

where N is the number of turns in the search coil and R is the total 
resistance in the circuit. The charge flowing through any point in the 


circuit is given by (7 — a) 
` # te + N te = N 
Q i Tdt R fe d® eee! 


-7@-% 0 
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If A-is the area of the coil, then the initial flux (i.e. flux when the 
search coil is normal to field B) is 

©; = BA 


The final flux (when the coil is removed from the field or when it is 
parallel to B) is obviously zero, i.e. 


ðr=0 
so that ©, — De = BA (ii) 
Using (ii) in (i) gives 
_ NBA 
a= R 
_ OR ™ 
or B WA (iii) 


We are given that Q = 7.5 mC = 7.5x 1073 C, R = 0.52, N = 25 
and A = 2.0 cm? = 2.0X 10-4 m2. Substituting these values in (iii) 
and solving, we get 


B= 0.75 T 


EXAMPLE 7.7 Figure 7.8 shows a metal rod PQ resting on the rails 
AB and positioned between the poles of a permanent magnet. The 
rails, the rod and the magnetic field are in three mutually perpendi- 
cular directions. A galvanometer G connects the rails through a 
switch K. Length of the rod = 15 cm, B = 0.50 T, resistance of the 
closed loop containing the rod = 9.0 m Q, 


Fig. 7.8 


Answer the following questions: 


(a) Suppose K is open and the rod moves with a speed of 12 cms"! 


in the direction shown. Give the polarity and magnitude of the 
induced emf. $ 

(b) Is there an excess charge built up at the ends of the rods when 
K is open? What if K is closed? 
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(c) With K open and the rod moving uniformly, there is no net 
force on the electrons in the rod PQ even though they do experience 
magnetic force due to the motion of the rod. Explain. 

(d) What is the retarding force on the rod when K is closed? 

(e) How much power is required (by an external agent) to keep 
the rod moving at the same speed (= 12 cms“) when K is closed? 

(f) How much power is dissipated as heat in the closed circuit? 
What is the source of this power? 

(g) What is the induced emf in the moving rod when the permanent 
magnet is rotated to a vertical position so that the field is parallel to 
the rails? 

Solution: (a) The magnitude of the induced emf is 
€ = vBl sin 8 


where 0 is the angle between the axis of the rod and the magnetic 
field, which in this case is 90°. Hence 
€ = vBl 

= (12x 107%) X0.5x (15 x 10°?) 

= 9.0x 10° V 
Tt is clear from the diagram that the electrons will move toward end 
Q (which acquires a negative charge) and the end P will acquire a 
positive charge (due to a deficiency of electrons). Hence P is the 
positive end and Q the negative end. 

(b) Yes, because emf is induced across the ends of the rod due to 
its motion in the field. When key K is closed, the induced current 
maintains the excess charge. 

(c) The excess charge on the ends of the rod sets up an electric field 
E. The force eE due to electric field is cancelled by the Lorentz 
magnetic force e(v X B). Here e is the magnitude of the charge on an 


electron. 
(d) Resistance = 9.0 mQ = 9.0x 10-3 Q, The induced current is 


EEN 
1=% = 50x30 14 


Retarding force F on the rod = Bil 
= 0.5% 1.0«0.15 
= 7.5x10?N 


(e) Power required by an external agent to keep the rod in uniform 
motion with a velocity v = 12x 10-2 ms“! against the retarding 
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force F is 
P = force X velocity = Fo 
= (7.5 x 10-7) x (12 X 10-2) = 9.0 x 10-3 W 
(f) Power dissipated as heat = /2R 
= (1.0)? 9.0 x 10-3 
= 9.0103 W 


The source of power is the external agent which keeps the rod in 
motion. 

(g) In this case angle 9 = 0. Hence € = vB/ sin 6 = 0. The reason 
is that the moving rod does not cut across the field lines, and there- 
fore there is no flux change. Consequently, the induced emf is zero. 


EXAMPLE 7.8 A rectangular coil 0.20 mxX0.10m and having 100 

turns rotates in a magnetic field of induction 0.003 Wb m=? with a 

frequency of 1200 rpm about an axis normal to the magnetic field. 
What is: 


(a) the maximum value of induced emf? 

(b) the instantaneous emf when the plane of the coil is perpendicular 
to the magnetic field? 

(c) the instantaneous emf when the plane of the coil is making an 
angle of 30° with the magnetic field? 


Solution: 
Area of coil A = 0.02 m? 
B = 0.003 Wb m~? 
N = 100 w = 2m x20 rps = 407 rad 57! 


(a) &0 = NAwB = 100 X0,02x 0.3 102x407 = 0.75 V 

(b) Zero, as 0 = 0. 

(c) As the plane of the coil is making an angle of 30° with the 
magnetic field the angle, 8 = 90 — 30 = 60° 


Ê = Eosin 60° = 0.75 sin 60° = 0,65 V 


7.6 EDDY CURRENTS 


So far, the induced currents in a circuit due to induced emf, gene- 
rated in a wire or ring of definite geometry have been considered. It 
was observed first by Foucault that when a solid mass of any con- 
ducting substance moves in a non-uniform magnetic field, induced 
currents are set up in the solid mass in the form of eddies, Such 
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currents are known as eddy currents or Foucault currents, These currents 
(moving charges) cause a magnetic Lorentz force to be exerted on 
them. The following two experiments demonstrate eddy currents and 
the force due to them. 

l. Take an electromagnet fed by an ac source and place a light 
metallic disc on its top face as shown in Fig. 7.9. 


Light metal t 


A.C 
Source 
Fig. 7.9 A light metallic disc Fig. 7.10 Eddy currents damp the 
placed on top of an swinging solid mass in 
electromagnet is thrown a magnetic field 


up when the current is 
switched on 


As the current is switched on, the magnetic field at the disc rises 
from zero to a finite value, causing induced currents that effectively 
convert it into a small magnet. If initially the top end of the electro- 
magnet starts acquiring N-polarity, by Lenz’s tule the small magnetic 
disc will have its N-pole next to it, resulting in a repulsive force. The 
light metallic disc is thus seen to be thrown up as the current in the 
electromagnet is switched on. 

2. When a conductor moves in a magnetic field, eddy currents in 
it cause a force on it, which, by Lenz’s law, opposes the motion. 

Figure 7.10 shows a copper pendulum, i.e. a solid sheet of copper 
suspended from a fixed end between the poles NS of the magnet. The 
direction of these currents can be found by applying Lenz’s law. These 
currents tend to set up a magnetic field which opposes the motion of 
the solid mass with such a strong retarding force that the whole mass 
almost comes to rest because the resistance of the solid mass is very 
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low and the eddy currents are very high. In such a case, the solid 
body behaves as though it is embedded in a very viscous medium. 
These eddy currents produce heat and hence consume a lot of 
energy. This is undesirable in a number of devices like transformers, 
dynamos, etc. where the coil is wound on iron cores. These currents 
can be minimized, although not completely eliminated, by laminating 
the solid mass of iron or metal. This is achieved by making up the 
solid mass of a bundle of thin sheets or laminae, insulated from one 
another by the use of an insulating varnish, The planes of these lami- 
nations are arranged parallel to the magnetic flux. The increased 
electrical resistance between the surfaces of laminations confines the 
eddy currents to the individual laminae instead of the whole volume 
of solid and reduces the eddy currents considerably, although the 
induced emf is unaltered. A reduction of the eddy currents implies a 
very low heating of metal, which reduces the wastage of power. All 
ac machines like dynamos and transformers have laminated cores. 
Although eddy currents are undesirable they find their use in many 
other devices. Some applications of eddy currents are discussed here. 


Induction Furnace 


The large eddy currents in a solid metal can produce so much of heat 
that melting of metal can take place.. For this, the substance to be 
heated is placed in a rapidly changing or high frequency magnetic 
field which produces large eddy currents in the substance. This, in 
turn, heats the substance so much that it melts. This is the principle 
of an induction furnace where a metal is separated from its ore or 
some alloys are made (which otherwise cannot be prepared). 

This heating effect of eddy currents can also be used to heat loca- 
lized tissues of a patient. 


Electric Brakes 


Electric brakes or eddy current brakes are used in stopping electric 
trains, The principle of these brakes is that when a magnetic field is 
suddenly applied to a rotating metallic disc, eddy currents are set up 
in the disc which in turn exert a torque on the disc so as to stop it. 


Galvanometer Damping 


The application of eddy currents can also be made in the construction 
of moving coil galvanometers. When a steady current is passed in a 
galvanometer, the coil is deflected through a certain angle and reaches 
a position of equilibrium. Usually, the coil does not come to its 
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position of equilibrium immediately but oscillates about it for some 
time. To bring it immediately to its position of equilibrium the frame 
on which the galvanometer coil is wound is made of some metal like 
brass or copper. As soon as the coil and the frame rotate in the 
magnetic field, eddy currents are set up in the matallic frame which 
in turn resist the motion of the galvanometer coil. Thus, the motion 
of the frame is damped and the coil attains its equilibrium position 
at once. This damping is known 


5 as electromagnetic damping. In 
ballistic galvanometers, this is not 
desirable and the frame is made of 
some non-metallic substance. In 

Fig: 7.11 Ga/vanometer with such cases, the oscillations of the 
a key galvanometer are stopped by short- 


circuiting the galvanometer coil 
because then large induced currents are set up in the coil due to its 
motion in the magnetic field. That is why, key K in Fig. 7.12 is always 
connected parallel to a ballistic galvanometer G. 


7.7 SELF AND MUTUAL INDUCTANCE 


Self-Inductance 


Let us refer to Fig. 7.1(b) again. If the two coils are placed near each 
other a current / in one coil will set up a flux through the second coil. 
Tf this flux is changed by changing the current, an induced emf will 
appear in the second coil according to Faraday’s law. However, two 
coils are not needed to show an inductive effect. An induced emf 
appears in a single coil if the current in that coil is changed. The 
current produces a magnetic field which threads every turn of the coil. 
If the current is changing with time, the magnetic field will also 
change. Consequently the magnetic flux threading the coil changes, 
resulting in an induced emf. Thus whenever there is a change in the 
current flowing in a coil, an induced emf is set up in the coil itself. 
This emf is called the self-induced emf and it obeys Faraday’s law of 
induction like any other induced emf. 

For a given coil, provided no magnetic material such as iron is 
nearby, the magnetic flux linked with it will be proportional to the 
current, i.e. 


Dal 
or = LI (7.11) 
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where L is a constant of proportionality called the se/f-inductance (or 
simply inductance) of the coil. Using Faraday’s law [Eq. 7.2)] and 
Eq. (7.11), the self-induced emf is given by 


ate SS or ee (7.12) 


Equations (7.11) and (7.12) define the self-inductance of a coil as the 
total flux linkage per unit current (according to Eq. 7.11) or the 
induced emf for unit rate of change of current (according to Eq. 7.12). 
It is worth mentioning here that though the definition of self-inductance 
involves induced emf and current, it is purely a geometrical factor if 
iron or a similar material is not present near the coil. 

From Eqs (7.11) and (7.12) the unit of inductance can be weber per 
ampere or yolt-second per ampere which, of course, are equivalent to 
each other. A special name called the henry (symbol H) is given to 
these combination of units, i.e. 


1H = 1 WbA-' = 1 Vsa! 


The unit of inductance is named after Joseph Henry (1797-1878), an 
American physicist and a contemporary of Faraday. Henry indepen- 
dently discovered the law of induction at about the same time Faraday 
did. The henry is a big unit of inductance. Smaller units millihenry 
(mH) = 10-3H and microhenry (#H) = 1076H are often used. 

The self-inductance of a coil is one henry if an induced emf of one 
volt is set up when the current in the coil changes at the rate of one 
ampere per second. 

The direction of the induced emf can be found from Lenz’s law. 
Suppose a steady current J (produced by a battery) is flowing in a coil. 
Let us suddenly reduce the battery emf to zero (by disconnecting it). 
The current 7 will immediately begin to decrease. This decrease in 
current is responsible for self-induced emf E. From Lenz’s law, the 
induced emf must oppose this decrease in current. To oppose a falling 
current, the induced emf must point in the same direction as the 
current, as in Fig. 7.12(a). On the other hand, when the current in the 
coil is increased, Lenz’s law shows that the self-induced emf points in 
the direction opposite to that of the current, as in Fig. 7.12(b). In each 
case, the self-induced emf acts to oppose the change in current. The 
minus sign in Eq. (7.12) shows that € and dJ/dt are opposite in sign, 
since L is always a positive quantity. The value of L depends on the 
length, number of turns and the cross-sectional area of the coil. 

An ideal inductor is one that has zero resistance. It should be noted 
that a straight wire has self-inductance, through small, because the 
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o—> 
POUT TOUT ——# a1 


I decreasing —> 


oF€ 


TNN (b) 


I increasing —— 


Fig. 7.12 (a) Current I decreasing and (b) Current | 
increasing; the emf opposes the change 
in each case 


current in the wire contributes to the magnetic flux linking the circuit 
of which it is a part. Usually one neglects the self-inductance of a 
straight wire but it plays an important role in very high frequency 
circuits. Further, the role of the magnetic field in an inductor is extre- 
mely significant and it is similar to that of the electric field in a 
capacitor. From the above discussion one can say that the self-induc- 
tance in any circuit is the property of the circuit which opposes any 
change of current in the circuit and hence the role of inductance in 
any electrical circuit is the same as that of inertia in mechanics. There- 
fore, self-inductance is also called the measure of electrical inertia. 


Self-Inductance of a Long Solenoid 


Consider a long and closely wound solenoid of radius a and length 
(l>a) as shown in Fig, 7.13. Let 
N be the total number of turns in 
the solenoid. The magnetic induc- 
tion on the axis of a long solenoid 
due to a current J is given by 


NI 
B= hae 
Ho 7 
Fig. 7.13 Calculation of self- i 
; f rå 
magetan Magnectic flux per turn = po —- 


Total magnetic flux linked with the solenoid of N turns, 
ERA Anan 
pora? N?I 
l 
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Since, ® = LI, we have 


2ga? 
L = p E (7.14) 


It is clear from Eq. (7.14) that L depends only on the geometrical 
factors of the solenoid. 


Exampte 7.9 Calculate the self-inductance of a coil when a change 
of current from 0 to 2A in 0.05 s induces an emf of 80 V. 


Solution: 
Change in current = 2A 
Time = 0.05 s 
SANAR E -1 
Rate of change of current = 005 = 40 As 
Self-induced emf = 80 V 
Self-inductance L = T =2H 


Example 7.10 What is the self-inductance of an air core solenoid 
1 m long, diameter 0.05 m, if it has 700 turns? 


Solution: 
ae pora? N? 
l 
Here bo = 4r X 1077 Hm! a = 0.025 m N = 700 
l= Im 
3 L = 1,21 mH 


Mutual Inductance 

Let us refer to Fig. 7.1(b) again. We have seen that an induced emf is 
set up in coil 2 whenever a change in current occurs in coil 1 and vice 
versa. This process is called mutual Induction. If no iron material is 
present near the coils, the flux linkage in coil 2 depends on the magne- 
tic field in coil 1 which in turn depends on the current Jı in coil 1. 
The flux ®2; through coil 2 due to current J; in coil 1 can, therefore, 
be written as 


a ch 
or u = Mah (7.15) 


| 
| 
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where M21 is a constant that depends on the geometry of the coils, i.e. 
their size, shape, relative separation and orientation. Any change in 
Jı would then cause an induced emf &2 in coil 2, which from Faraday’s 
law is given by 


625 Re Likes Wage (7.16) 


Similarly, a change in current /2 in coil 2 induces an emf ĉi in coil 1 
which is given by 


Et = — M2 


We will show below that the constants M21 and Mj2 are equal to each 
other; M21 = Mi2 = M. 

Here M is called the mutual inductance of the coils. It is the pro- 
perty of a pair of circuits by virtue of which any change of current in 
one circuit induces an emf in the other circuit. In addition to the 
current, the magnetic flux linkage also depends on the geometrical 
factors as well as the relative placement of two coils. If two coils are 
placed some distance apart, the magnetic flux linkage will be less for 
the same current and hence M will also be low. If the coils are very 
tightly wound one over another, most of the flux produced in the 
primary will be linked with the secondary for the same current and 
M will be more (see Fig. 7.14). In other words, one can say that the 
coupling between the two coils is more in the latter case than in the 
former. As a quantitative measure of this coupling one defines a 


quantity called the coefficient of coupling k = E where Lı and 


Lz are the self-inductances of two coils; k is always less than one, For 
better efficiency of the circuit k is made as large as possible. 


(a) (b) 


Fig. 7.14 Relative placement of two coils 
changes coupling coefficient k, in 
(a) kis small while in (b)k is 
large 
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As in self-inductance, the mutual inductance between two coils may 
be defined mathematically as the emf induced in the secondary coil 
for unit rate of change of current in the primary. 

The unit of mutual inductance is the henry, which is the mutual 
inductance of that pair of circuits in which a rate of change of current 
of one ampere per second in one circuit induces an emf of one volt in 
the second circuit. 


Calculation of Mutual Inductance 


Consider two long solenoids of length /, one having Ni turns and 
carrying a current J1, completely surrounding the other one which has 
Na turns and carries a current J2 [see Fig. 7.14(b)]. The coils of one 
are closely wound over those of the other so that they have a common 
cross-sectional area, say, A = ma?, where a is the common radius. 
The axes of the two coils are kept parallel. The fields due to the sole- 
noids can be considered uniform inside them and zero outside. The 
flux linked with the inner solenoid (called solenoid 2) is 


3, = magnetic field x area X number of turns 
= (wom) * AX N2 


where m = Ni// is the number of turns per unit length in solenoid 1. 
Hence from Eq. (7.15), we have 


Ma = ponte = eee (7.17) 


Consider now the flux linked with the outer solenoid (called solenoid 1) 
due to current J in solenoid 2. The field due to 2 is constant inside 
the inner solenoid but zero in the annular region between the two 
solenoids. Hence 


Pn = pomhAM: 


where n2 = N2/l, the number of turns per unit length in solenoid 2. 
Hence 


tie pane LANN: (7.18) 


Notice from Eqs (7.17) and (7.18) that Mor = Mn. 


EXAMPLE 7.11 Ifthe current in the primary circuit of a pair of coils 
changes from 10 A to 0 in 0.1 s, calculate: 


(a) the induced emf in the secondary if the mutual inductance bet- 
ween the coils is 2 H; and 
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(b) the change of the flux per turn in the secondary if it has 500 
turns, 


Solution: 
pa ICT 10 
(a) és = Maa t.2 Xoq ey 
Note that g is negative. 
(b) Also, 
p 
Ês == Ns “ 


where Ns is the number of turns in the secondary. Given Ns = 500, 
_ 200 fi 
dð = 500 *®! = 0.04 Wb 


Change of flux per turn = 0.04 Wb 


EXAMPLE 7.12 A solenoid 1.0 m long and 0,05 m in diameter, has 
700 turns. Another solenoid of 50 turns is tightly wound over the 
first solenoid. Find: (a) the mutual inductance of the two solenoids, 
and (b) the induced emf in the second solenoid, when the current in 
the first changes from 0 to 5.0 A in 0.01s. 

Solution: 


(a) a padi (i) 


Here / = 1.0 m, A = 7(0.025)? m2, Ni = 700, M2 = 50, and po. = 4r 
10-7 Hm=!, Using these values in (i), we get 
M = 8.6107 H 


ON a dips -1 
(b) > 001 500 A s 
Induced emf = — M g 


— 8.6 1075X 500 
— 43x 107 V 


7.8 ELECTRICAL MACHINES: AC GENERATOR AND 
TRANSFORMER 


The phenomenon of electromagnetic induction is the basis of many 
modern electrical devices, such as generators and transformers. 
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The Alternating Current Generator 


The alternating current generator which is one of the most important 
applications of the phenomenon of electromagnetic induction converts 
mechanical energy into electrical energy. The modern form of the 
generator is due to Nikola Tesla, the Yugoslav scientist and inventor. 

A rectangular coil is placed between the pole pieces of a large per- 
manent magnet or electromagnet. The shape of the pole pieces is 

6 usually flat, unlike in the case of 
a galvanometer (Fig. 7.15). When 
the coil rotates by supplying 
mechanical energy, an induced emf 
is developed at its ends. If the coil 
is wound on an iron core the flux 
linked with the coil increases (for 
the permeability of iron and, 
hence, magnetic induction is much 
more than that in case of wood, 
Fig. 7.15 A schematic diagram of an iT, etc.) and a large emf may be 
ac generator obtained. As the emf alternates, 
the generator is called an alter- 
nating current (ac) generator or dynamo and the coil is called the 
armature. The ends of the coil are connected to two circular rings 
Ci and Cz called the slip or connecting rings. The connections of the 
external circuit are made with the help of two stationary carbon 
(graphite) brushes Bı and Bz which are permanently in contact with 
Cı and C2, as shown in Fig. 7.15. Basically, the ac generator has three 
components: a field magnet, an armature, and slip rings with brushes. 
The emf generated in this way can be used to run machines, to provide 
electricity in houses, etc. 

When the plane of the coil is normal to the magnetic field B the flux 
through it is NAB, where N is the number of turns and A is the area 
of each turn. If the coil rotates with an angular speed w, then let 9 be 
the angle between the normal to the coil and magnetic field B at a 
certain instant of time ¢. The flux at time tis, @ = wt since 


® = NAB cos wt 
From Faraday’s law, the induced emf € is given by 


LO Pedeye id: 
= Gs di (NAB cos wf) 


= NAB v sin wt 
or Ê = ĉo sin wt (1.19) 
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where Eo = NABw, If the ends of the coil are well outside the field 
and if the coil is on an open circuit, i.e. the ends are not connected to 
an external circuit, then we can think of the ends as terminals having 
a potential difference €. When a load (resistor R) is connected across 
the terminals, a current J flows through the circuit. 


i= B. = oe sin wt = Jo sin wt (7.20) 
where Io = oR. 


The current J and voltage € both vary sinusoidally with time. Such 
a current is called ac or alternating current. 

The principle of the generator outlined above is the basis for the 
working of practical devices for generating electrical power, ranging 
from small portable generators to giant thermal and hydroelectric 
power stations. In a hydroelectric power station water is stored in a 
dam at a height from where it falls onto giant turbines. These turbines 
are connected to the loops of wires in ac generators. The kinetic energy 
of the falling water thus gets converted into rotational energy of the 
turbines and ultimately into electrical energy supplied by the generator. 
In a thermal power station, the turbines are rotated by super heated 
steam gushing past them. Steam is produced by boiling water using 
coal or oil as fuel. 


The Transformer 


Another common electrical device whose working is also based on the 
principle of electromagnetic induction is the transformer. It is a device 
used for converting a low voltage to a high voltage and vice versa. 
The former is called the step-up transformer and the latter the step- 
down transformer. 

A transformer consists of two coils each of which is wound on an 
iron core as shown in Fig. 7.16. One of the coils is connected to a 
source of alternating emf. This coil is called the primary of the trans- 
former while the other is called the secondary of the transformer. Any 
of the two coils can act as primary while the other as secondary. The 
alternating emfin one coil induces an alternating emf in the second 
coil. The presence of an iron core in the primary and secondary makes 
the flux linkage between the two coils very large. The alternating emf 
in the coil makes the magnetic flux in the iron also vary periodically. 
This varying magnetic flux in iron induces an alternating emf in the 
secondary. 

If the magnetic field lines remain confined to the core, then all the 
field lines threading the primary also go across the secondary. Then 
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Transformer 


Fig. 7.16 A schematic diagram of a transformer, 
Flux linkage is shown by broken fines 


the magnetic fluxes across the secondary and primary will be simply 
proportional to the number of turns in them, i.e. 


Ps Ne 
d ~ Np 
N, 
o PAN (2s 
i (x;)% 


where Ns = number of turns in the secondary and Np = number of 
turns in the primary. Now from Faraday’s law the emf induced across 
the secondary is Es = — (d®,/dt) and that across the primary is 
Ep = — (d®,/dt). Thus 


a= gha”) 


Gn JAER A 21) 


From this equation, it follows that if Ns > Np; €, > Ep i.e. the vol- 
tage across the secondary is greater than the input primary voltage. 
Such a transformer in which the number of turns in the secondary is 
More than in the primary is called a step-up transformer, But. if 
Ns < Np; Es < Ep. Such a transformer is called a Step-down trans- 
former. The former are used in TV, high voltage power supplies and 
the latter in radio transmitter sets, battery eliminators, etc. 

Usually, there are a number of energy losses in actual transformers. 
These are; (i) joule heating (I?R) losses in the primary and secondary 
coils due to their resistance (generally, these losses are minimized by 
using Wires of large diameters so that resistance is low); and (ii) the 
losses in the iron core which include the heating of the core due to 
eddy currents and power loss due to hysteresis. The eddy currents can 
be minimized by using laminated iron. 


See 
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The most useful application of transformers is in the transmission 
of electrical power from a power station (where it is generated) to far 
away cities and towns (where it is used). Very long cables are needed 
to carry electricity from the power station to the users. A sizeable 
fraction of power is lost as Joule heat in the cables which are hundreds 
of kilometres long. 

If Z is the current in the cable and R its resistance, then the power 
lost in the cable is /2R. Thus the power loss can be reduced by reducing 
I or by reducing R. We have no control on R but we can reduce 7. 
The power supplied by the generator is given by P = VI, where V is 
the voltage across its terminals. Since J = P/V, for a given amount of 
power P, the power loss will be less if J is less, ie, if V is increased. 
Hence, to minimize power loss during transmission, the voltage at the 
generating station is increased to a very high value (about 33,000 V) 
by using a step-up transformer and delivered to sub-stations in cities. 
At the sub-station, the voltage is reduced to a safe value (~ 220 V) by 
using a step-down transformer. The power is then delivered to indivi- 
dual users. While travelling in a train, you must have seen the over- 
head transmission cables; they have voltages of the order of a hundred 
thousand volts. 


EXAMPLE 7.13 The resistance of the armature of a generator is 0.2 Q, 
It yields an emf of 220 V in an open circuit and a potential difference 
of 210 V at full load. Calculate: 

(a) the current at full load; and 

(b) the power delivered to the external circuit. 


Solution: 
Resistance of armature = 0.2 Q 
Potential difference in open circuit = 220 V 
Potential difference at full load = 210 V 
(a) Current in the circuit (7) = 22070 =!50A 
(b) Power delivered = 210% 50 = 10:5 kW 


EXAMPLE 7.14 A step-down transformer is used to reduce the main 
supply of 220 V to 10 V. If the primary draws 5 A and the secondary 
100 A, calculate the efficiency of the transformer. 
Solution: 

Primary voltage = 220 V 

Primary current —=S5A 
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Secondary voltage = 10 V 

Secondary current = 100A 

Power input = 220x5 = 1100 W 
Power output = 100x10 = 1000 W 


Efficiency = ————F— = —~~ = 0.9] or 91% 


EXxAMPLe 7.15 (a) The primary of a transformer has 400 turns while 
the secondary has 2000 turns. If the Power output from the secondary 
at 1100 V is 12.1 kW, calculate the primary voltage. 

(b) If the resistance of the primary is 0.2 Qand that of the secondary 
is 2.0 9, and the efficiency of the transformer is 90%, calculate 


(i) the heat loss in the primary coil; and 
(ii) the heat loss in the secondary coil, 


Solution: 
(a) Np = 400 Ns = 2000 
€s = 1100 V 
ee 1100x $70 =220V 
Primary voltage = 220 V 
(b) Resistance of primary = 0.22 
Resistance of secondary = 2.0 Q 
Power output = 12.1kW = 12100 W 
Efficiency = 90% 
Es = 1100 V 
Ep = 220 V 
Current in the secondary = TO =]lA 
Since the efficiency is 90%, the input power is 
12.1x 1 = 13.44 k 


Current in the primary 


=" 13.44x 103 
; 220 


=611A 
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(i) Power loss in the primary = (61.1)? 0.2 = 747 W 
(ii) Power loss in the secondary = (11)? 2.0 = 242 W 


EXAMPLE 7.16 A power transformer is used to step up an alternating 
emf of 220 V to 4.4 kV to transmit 6.6 kW of power. If the primary 
has 1000 turns, find: (a) the number of turns in the secondary, and 
(b) the current rating of the secondary. Assume a 100% efficiency for 
the transformer. 


Solution: Ep = 220V. Ep = 4.4kV = 4.4107 V 
Np = 1000 Power (P) = 6.6 kW = 6.6% 103 W 


4.4 x 103 x 1000 
(a) Ns = (a 720 20,000 
(b) Let J, be the current in secondary and Jp that in the primary. 
For a transformer of a 100% efficiency (see supplement S.2 at the end 
of this chapter) 
LEs = Ip Ep = P = 6.6% 10? W 


P 66x10 _ 
D anie aaa AA 


Thus the current rating of the secondary is 1.5 A. 


SUPPLEMENTS 


S.1 ENERGY STORED IN AN INDUCTOR 


Just as energy is stored in the electrostatic field of a charged capacitor, 
energy is stored in the magnetic field of a current carrying inductor. 
When the current in the coil is first switched on, the induced emf 
opposes the rise of current, the current flowing against the induced 
emf, therefore, does work against it. When the current becomes 
steady, there is no induced emf and no more work is done against it. 
The total work done in bringing the current to its final steady value 
is stored in the magnetic field of the coil as magnetic potential energy. 

To calculate the energy stored in the inductor, suppose that the 
current through it is rising at a rate d//dt. Then if L is the self-induc- 
tance, the induced emf is (numerically) given by 

dI 


|€l=La, 
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If, at that time, the value of current is J, then the rate at which work 
is being done against the induced emf is 
P=€I1=LI ah 
dt 
The total work done in bringing the current from zero to a steady 


value Jo is, therefore, 
To To di To 1 2 
W = Í Pdt = I LI edt = L| Idt = >L (7.22) 
0 o dt o 2 


This energy is stored in the magnetic field of the coil. 


S.2 CURRENTS AND VOLTAGES IN A TRANSFORMER 


Consider an ‘ideal’ transformer which is defined as one in which the 
magnetic field lines are confined entirely within the core, with no field 
outside the core. If Np and N; are the number of turns in the primary 
and the secondary and if ® is the flux across a single turn, then the 
fluxes in the coils are 

D =Nð 0, = NO 


From Faraday’s law, the voltages across the coils are 


P UE A ee A@ 
PRU e TN 
Sly Ase dd 
and V= — rate Ns i; 
V, N, 
Hence ve = Ne or Vs = nV (7.23) 
where n = Np/N; is the turns ratio. 


Ip 


Vs & 


(i source X Symbol for 
transformer 


Fig. 7.17 Transformer with a load R across 
the secondary, the primary being 
fed by an ac source 


The primary is connected to'an ac voltage source Vp = Vo sin wt 
and the secondary has a load R across it (Fig. 7.17). 
Then Vs = nVo sin wt (7.24) 
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and the current in the secondary is 


po me sin ot (1.25) 


As a result of the current Zs, an additional flux is produced in the core 
of the transformer. By Lenz’s law, this flux opposes the original flux 
due to Jp. So the flux in the core will be 

© = (Nplp — Nsls)Po 
where Bo denotes the flux in the core per unit current due to a single 
turn. We have assumed that the magnetic field of each coil is confined 
to the core. Hence 


Bp = Nð = NpPo(Nolp — Nels) 
(o 
But Vp = Vo sin ot = -Se 
hts dhb _ y, ths 
hehe (x aunt A 
dp O a ao 
or Np F Ns mrii sin wt 
Integrating we get 
_ „ Vocos vt 
Nol — Nols = + ETETE PE 
Using Eq. (7.25) we have 
ini 
es Vo cos wt pr Vo sin wt (7.26) 


NpwPo R 
Equations (7.24), (7.25) and (7.26) give the voltage across the 
secondary and currents in the two coils; the voltage across the primary 
being Vp = Vo sin wt. 

The total power supplied, i.e. power input by the source during one 
complete cycle from t = Oto t = Tis (where period T = 27/~) 


a E paren Vocoswt , n2Vo sin wt 
Pi f Vplp dt = a (Vo sin wt) ( Noo ae. k Jar 


NOS Vane WVS [T a 
= EZA i (sin wt-cos wt) dt + SRT f (sin? wt) dt 
(7.27) 


T T 
` Now I, (sin wt-cos wt) dt = si, (sin 2wt) dt 
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and 
Tr T 1 
| (sin? wt) dt = Í all — (cos 2wt) dt 
o o 
MS Tete dwt) d 
= $I, dt.— +, (cos 2wt) dt 
T A 7 
Rea oli amen 
Using these values of integrals in Eq. (7.27) we get 
i anv K 
Pin = Ro (7, 28) 
The power output (i.e. power dissipated at the load) is 
T 2y2 [T 
Pout = f Viledt = Í (sin? wt) dt 
0 R Jo 
ap Stes (7.29) 


Rw 


Notice that Pin = Pout as expected, as the transformer has been assum- 
ed to be ideal. In an actual transformer, the power output is less than 
power input due to eddy currents in the core, also hysteresisof the 
core and, of course, Joule heating. To reduce loss, the core is lamina- 
ted (thin layers separated by insulating barriers), This increases the 
resistance of the core and hence decreases the eddy currents. 


SUMMARY 


Whenever there is a change in the magnetic flux linked with a circuit, 
an induced emf and induced current are set up. This phenomenon is 
known as electromagnetic induction. Most of the commercial sources 
of electric energy use this phenomenon. Faraday’s law of electro- 
magnetic induction states that the induced emf is numerically pro- 
portional to the rate of change of flux. Lenz’s law of electromagnetic 
induction gives the direction of the induced current and it states that 
the induced emf is always in such a direction so as to oppose the very 
cause that gives rise to it. Combining these two laws, the induced emf 
can be written as 
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The induced emf is set up even if the circuit is not closed, The emf 
induced in a straight wire of length 7 moving with a velocity v in a 
uniform magnetic field B is given by 


E = Blo sin 9 


where 8 is the angle between v and B. 

Whenever there is an induced current in a circuit, the charge flow- 
ing at any point in the circuit depends on the change in flux only and 
is independent of time. ? 

If a coil is rotated with angular velocity » in a uniform magnetic 
field, the instantaneous emf developed at the ends of the coil is 


E = Eo sin wt 


where Eo is the maximum emf and is equal to NABw. This is the 
basis of an ac generator. 

Generators transform mechanical energy into electric energy. A 
simple generator consists of a rectangular coil of wire rotating in a 
uniform magnetic field. The induced emf in such a generator is alter- 
nating. Eddy or Foucault currents are the currents induced in large 
conducting bodies when they are linked with changing magnetic fluxes. 
A transformer is a device used. for increasing or decreasing the ac 
voltages. It consists of two coils, called primary and secondary, wound 
over an iron core. 

Electric energy is transmitted from a power house to long distances 
at high voltage and low current. in order to reduce the /*R heating 
losses in the transmission line considerably. 


EXERCISES 


A. Short-Answer Questions 


1, State the SI unit of magnetic flux. 

2. What is the SI unit of the rate of change of flux with time? 
3. What are eddy currents? 

4. Define self-inductance and state its ST unit. 

5. Define a henry. 


B. Long-Answer Questions 
1. (a) What do you understand by the phenomenon of electromagnetic 
induction? 
(b) What conditions must be satisfied to observe this phenomenon? 
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2. State the Jaws of electromagnetic induction and write them mathematically. 
3. (a) Explain how Lenz’s law follows from the law of conservation of 
energy. 
(b) Give two practical examples where Lenz’s law is applied. 
Why do the lights of the house become dim as soon as the refrigerator is 
switched on? 
5. (a) Explain briefly from the free electron theory of metals how an induced 
emf is produced in a moving wire when placed in a magnetic field. 
(b) What is the value of induced emf if the wire moves in the direction of 
the magnetic field. 
6. (a) Describe briefly the principle of an ac generator. Can such a current be 
measured with a moving coil galvanometer? 
Explain the statement, “‘every electric motor is necessarily a generator 
also.” 
(c) Why is it easier to turn the shaft of a dynamo or ac generator in an 
open circuit than in a closed circuit? 
(d) Explain why an electric motor draws more current when it starts 
running than when it runs continuously. 
7. (a) What are eddy currents and how are they minimized? 
(b) Give one example where the eddy currents are: (i) desirable, and 
(ii) undesirable. 
8. (a) Explain the principle of a transformer. Cana transformer work when 
connected to a battery? 
(b) What are step-up and step-down transformers? Give (wo examples of 
each. 
(c) Mention the power losses in a transformer. ) 
9. Explain with the help of an example why ac is used for the long-distance . 
transmission of electric power. 
10. What do you understand by self-induction? À 
11. (a) Define self-inductance and give its SI unit, | 
(b) What is the limitation of the definition? f 
(c) What is an ideal inductor? Can it be realized in practice? j 
(d) Calculate the self-inductance of an ideal solenoid. | 
| 
| 


= 


(b 


(e) Does the coil of a moving coil galvanometer have any inductance? If it 
does, why does it not affect its working? 
(f) Show that the equation 


is dimensionally valid. 
12. (a) Define mutual inductance. 
(b) What are the factors on which the self- and mutual inductance depend? 


C. Multiple-Choice Questions 
Choose the correct answer/answers from the given alternatives. 


1. The magnitude of the induced emf produced in a coil when a magnet is 
inserted into it does not depend upon the 
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(a) number of turns in the coil (b) resistance of the coil 
(c) magnetic moment of the magnet (d) speed of approach of the magnet 


. A coil of wire is held with its plane horizontal to the earth’s surface and a 


small bar magnet dropped vertically down through it. The magnet will fall 
with a 


(a) constant acceleration equal to g 

(b) constant acceleration greater than g 
(c) constant acceleration less than g 

(d) non-uniform acceleration less than g. 


. Two identical coils of insulated wire are hung freely, facing each other. If 


they are fed exactly in the same way with an alternating current, they will 


(a) attract each other 

(b) repel each other 

(c) rotate in the clockwise direction 

(d) rotate in the anti-clock wise direction. 


Transformers are used in 

(a) de circuits alone (b) ac circuits alone 

(c) both ac and de circuits (d) integrated circuits, 

A transformer has 200 windings in the primary and 400. windings in the 
secondary. The primary is connected to an ac supply of 110 V and a current 
of 10 A flows in it. The voltage across the secondary and the current in it 
respectively, are 

(a) 55 V, 20 A (b) 440 V,5 A 

(c) 220 V, 10 A (d) 220 V, 5A 

The magnitude of the emf across the secondary of a transformer does not 
depend upon 

(a) the magnitude of the emf applied across the primary 

(b) the number of turns in the primary 


(c) the number of turns in the secondary 
(d) the resistances of the primary and the secondary. 


Electrical energy generated at a power house is delivered to distant places 
over long transmission cables at a very high ac voltage of about 330,000 
volts. The reason for this is that 
(a) at high voltages energy is delivered much faster than at low voltages 
(b) there is less wastage of energy at high voltages 
(c) the high voltage prevents theft of costly transmission cables 
(d) it is much easier to generate large amounts of energy at high voltages 
Flux ® (in weber) in a closed circuit of resistance 10 2 varies with time. ¢ 
(in seconds) according to the equation 

= 6°-5t+1 


The magnitude of the induced current in the circuit at £ = 0,25 s is 


(a) 0.2 A (b) 0.6 A 
(c) 0.8 A (d) 1.2 A 
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9. The emf induced in a1 millihenry inductor in which the current changes 
from 5 A to 3 A in 107? is 


(a) 2x10-° V (b) 8x10-° V 
(2Vv (d) 8V 


10, A circuit has a self-inductance of 1 henry and carries a current of 2 A. To 
Prevent sparking when the circuit is broken, a capacitor which can with- 
stand 400 V is used. The least capacitance of the capacitor connected across 
the switch must be equal to 


(a) 12.5 pF (b) 25 pF 
(c) 50 pF (d) 100 uF 

11, An aeroplane is moving north horizontally, with a speed of 200 ms~}, at a 
Place where the vertical component of the earth’s magnetic field is 
0.5 10-* T. What is the induced emf set up between the tips of the wings if 
they are 10 m apart? 


(a) 0.01 V (b) 0.1 V 
@1V (d) 10 V 

12. A step-down transformer is employed to reduce the main supply of 
220 V to 11 V. The primary draws 5 A of current and the secondary 90 A. 
What is the efficiency of the transformer? 


(a) 20% (b) 40% 
©) 70% (d) 90% 


D. Numerical Problems 


1. Flux ® (in weber) in a closed circuit of resistance 10 2 varies with time ¢ (in 
seconds) according to the equation 


© = 617 — St +4 


Calculate: (i) the induced emf, and (ii) the induced current when ¢ = 0,25 s. 

2. A rectangular coil of 50 turns and area 0.05 m? rotates in a magnetic field 

_ of 0.1 T with an angular velocity of 100 rad s-'. If the coil starts from posi- 
tion of zero emf, calculate 


(a) the average emf for 90° rotation, 
(b) the average emf for the next half revolution, i.e. 90° to 270°, and 
(c) instantaneous emf when it has rotated through 30° 


3. A circular wire of diameter 0.20 m and resistance 1.0 Q is placed in a uni- 
form magnetic field. If a charge of 2.0 C passes through any point, calculate 
the change in the flux linked with the wire. 


4. (a) A wire of length 1 m moves with a constant velocity of 5 ms™4 in a uni- 
form magnetic field 0.2 Wb m=? acting perpendicular to the wire. Calculate 
the induced emf in the wire if its direction of motion makes an angle of 60° 
with the magnetic field. 

(b) A circus trapeze consists of a metal bar 0.80 m long suspended by 
two ropes each of length 60 m. Calculate the maximum induced emf deve- 
loped at the ends of the bar if the bar is drawn back until it is at the same 
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level as the supporting hooks and then released. Given that the vertical 
component of earth’s field is 0.5x 10"* Wb m=?. 

(c) If the distance between the rail tracks is 1.0m and vertical compo- 
nent of the earth’s magnetic field is 0.6107‘ T, (i) calculate the induced 
emf between the rails when a train is travelling with a velocity of 72 km 
hr? on the track. (ii) What is the retarding force on the train if the resist- 
ance between the rail tracks is 1,00 2? 

(d) A copper disc of radius 7 cm rotates about an axis perpendicular to 
its plane with a frequency of 1800 rpm in a magnetic field of induction 
0.4 T acting along the axis of the disc. What is the reading in a millivolt- 
meter connected to two brushes in contact with the edge and the axis of the 


disc? 


. (a) The armature of an ac generator has a coil of 1000 turns each of area 


0.2 m*. The coil is rotated at 1200 rpm in an uniform magnetic field of 
0.01 T. 
(i) What is the maximum emf induced? 


(ii) Write the induced emf as a function of time. 
(iii) What is the instantaneous emf one second after the coil passes a posi- 


tion of zero emf? 


(b) The emf from an ac generator is given by 
E = 300sin (3141 + F) 


What is: (i) the amplitude, (ii) the frequency of rotation, and (iii) the phase 
angle? 

(c) In a dynamo, a coil of area 0.2 m? and 100 turns rotates in a magnetic 
field of 0.1 Wb m~? with an angular velocity of 100 rad s~*. The output 
terminals are connected through a resistance of 100 9. Calculate the torque 
z, as a function of time ¢, required to keep the coil rotating. 


. (a) A ballistic galvanometer has a resistance of 100 Q and it gives a full- 


scale deflection for a charge of 1 uC. A circular coil of 200 turns and 509 
resistance is to be constructed to study magnetic fields up to 1 T. Calculate 
the maximum allowable radius of the coil. 

(b) A closely wound search coil of 30 turns (area 1 cm* and resistance 
4Q is connected through a wire of negligible resistance to a_ ballistic 
galvanometer of 20 Q resistance. If the coil is suddenly removed from the 
region of magnetic field of 0.5 T to a region of zero field, calculate the 
charge flowing in the galvanometer when the plane of coil, while in the 
magnetic field: 

(i) is perpendicular to field direction 
(ii) makes an angle of 30° with the field direction. 


. (a) A transformer of 100% efficiency has 200 turns in the primary and 


40,000 turns in the secondary. It is connected to a 220 V main supply and 
the secondary feeds to a 100 k@ resistance. Calculate 
(i) the output potential difference per turn; 


(ii) the total output potential difference; and 
(iii) the power delivered to load. 
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(b) A step-down transformer having a power output of 10 kW and efficiency 
90% reduces the voltage from 11 kV to 220 V. Calculate: 


(i) the number of turns in the primary if the secondary has 100 turns; and 
(ii) the current in the primary. 

(c) An ac generator in a power house generates electricity at 440 V and 
200 A. It is stepped up to 20 times with the help of a transformer and trans- 
mitted to distant places by a transmission line. If the resistance of the 
transmission line is 1 2 per km, calculate: 


(i) the percentage power loss if there was no step-up transformer ata place 
1 km away from the power house; and 

(ii) the percentage power loss in the presence of the transformer for the 
same place as in (i). 


(a) A solenoid of radius 3 cm has 600 turns per metre. What is its self- 
inductance? 

(b) If this inductance is wound on an iron piece, will the value of induc- 
tance change? 
(a) An ideal solenoid of 1000 turns has an inductance of 1 H. 


(i) Calculate the energy stored in it when a current of 4A is passed 
through it. 

(ii) If another coil of 50 turns is closely wound around and near the centre 
of this solenoid, calculate the mutual inductance between the coil and 
the solenoid. 


(b) (i) What is the self-inductance of a toroid which has 200 turns, the 
inner and outer radii being 7.5 and 9.0 cm respectively. 
(ii) If another coil of 50 turns is wrapped closely around this toroid, 
what will be the mutual inductance between the two coils? 


An aircraft with a wing span of 40 m flies with a speed of 1000 km h“? in 
the eastward direction at a constant altitude in the northern hemisphere 
where the horizontal component of earth’s field is 1.6x 10-5 T and the angle 
of dip is 71.6°, Find the emf that develops between the tips of the wings of 
the aircraft. 

Two coils have a mutual inductance of 5x 10-* H. The current in one coil 
changes according to the relation J=7g sin wt, where Ip = 10 A, w = 2n/T 
and T = 0.02s. Find: (a) the time dependence of the induced emf in the 
other coil, and (b) the maximum value of the induced emf. 


ee i a ea 


8 
ALTERNATING CURRENT CIRCUITS 


8.1 INTRODUCTION 


So far we have considered only de circuits, i.e. circuits in which the 
primary source is a battery. The basic circuit element in a de circuit is 
a resistor (R) which controls the current and voltage in the circuit 
and the relationship between them is V = JR (Ohm’s law). But de 
circuits are not the only ones we use. In fact, most of the electrical 
power generated and used in the world is in the ac form in which the 
voltage and current vary with time. In ac circuits, in addition to 
resistors (R), two new circuit elements, namely inductors (Z) and 
capacitors (C) become relevant. The currents and voltages in ac circuits 
are controlled by three circuit elements L, C and R. 

If we have a circuit consisting of a pure inductance L in which the 
current is changing with time at a rate d//dt, then the voltage across 
the inductor is numerically given by (see Chapter 7) 


=L— (8, 1a) 


This is the voltage-current relationship for an inductor, similar to the 
relation V = RI for a resistor. 

If we have a circuit consisting of a capacitance C across which the 
voltage is changing at a rate dV/d¢, then the current through the 


capacitor is given by 
I= Ce (8.1b) 


which follows from the relations q = CV and J = dq/dt. This is the 
currents-voltage relation for the capacitors. Notice from Eqs (8.la 
and b) that the current-voltage relationship for inductors and capaci- 
tors looks very different from the Ohm’s law relationship V = 7R for 
resistors. It is clear that, if Z and V do not change with time (as in dc 
circuits), an inductor or a capacitor does not affect the voltage or 
current. What effect an inductor or capacitor has in a circuit in which 
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voltage and current are time-dependent is the subject matter of this 
chapter. a 

We will consider two kinds of time-varying voltages. First we will 
discuss what happens when a circuit is switched on or off. We will see 
(refer to Sec, 8.2) that when an inductor or a capacitor is present in 
the circuit (in addition to a resistor) the voltage (and hence current) 
does not rise or fall immediately but does so gradually with a charac- 
teristic time called the time constant of the circuit. The second kind 
of time-varying voltage we will discuss is the one which varies sinu- 
soidally with time, i.e V(t) = Vo sin wt or Vo cos wt. We will see how 
inductors and capacitors affect such circuits. In particular, we will 
show that they behave somewhat like resistors. To do this, we will use 
the method of complex numbers. Section 8.3 describes a few proper- 
ties of complex numbers we will need to know. Section 8.4 then 
discusses ac circuits. 


8.2 GROWTH AND DECAY OF CURRENT IN AN INDUCTOR 
AND A CAPACITOR 


Growth of Current in an Inductor 


Consider an ideal inductor L and a resistor R connected to a battery 
of emf & and negligible internal resistance through a two-way key K 
(Fig. 8.1). By connecting the ter- 


oh minals | and 2 the current Z flows 

in the inductor. The current in 

+ the circuit is zero as soon as the 
= L terminals 1 and 2 are connected. 


If there is no inductor, the current 
in the circuit would rise rapidly 


R to a steady value €&/R. Due to the 
Fig. 8.1 Land R connected presence of the inductor an induc- 
Be parey ed emf Ez = -L{ appears in 


the circuit. By Lenz’s law, this emf opposes the rise of current in the 
circuit. Since Ez is opposite to the emf € of the battery, the net 


potential difference that appears across the resistor is € — L s and 
by Ohm’s law this must be equal Io ZR, Hence, 
dI 
é re ar = IR 


a 


—_— Se 
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dI 
or ET IREL Sr (8.1) 


This is a differential equation in J which can be solved by direct 
integration and using the fact that J = 0 at t = 0. The solution is 


1= Êa = ery (8.2) 
From Eq. (8.2), we have on differentiation: 
dI E Riik 
— = 2e ra 
diy EN (8:3) 


Using Eqs (8.2) and (8.3), one can verify that Eq. (8.1) is satisfied. 
From Eqs (8.2) and (8.3) one gets the expression for the potential 
difference Vr across the resistance and the potential difference Vi 
across the inductor as, 


Va = R= Gl — ent) 


= Si dI = —RUL 
Vt = | o$] Ee 


~vi 


| 


t —= ‘— 
(a) 1b) 
Fig. 8.2 Variation of: (a) current 1, and (b) voltage Vr across 
inductor, with time t 


The above equations show how Z and Vz vary with time t. Figure 8.2(a) 
shows the variation of J and Fig. 8.2(b) shows the variation of Vz. 
From the figure it is clear that the current J does not rise to a steady 
value instantaneously as in a resistance; rather it rises asymptotically 
to the steady value of current Jo = E/R. The potential difference Vz 
is maximum at ¢ = 0 and falls off exponentially to a zero value. 
Physically the whole process can be understood as follows. As the 
current starts rising, the opposing emf (Z d//dt) acts. As time passes 
the current in the circuit approaches the steady value E/R and the rate 
of rise of current (dZ/dr) falls to zero. So as the current approaches a 
steady value, the counter emf (Z di/dt) due to the inductor approaches 
zero as shown in Fig. 8.2(b). Further, it is clear from Eq. (8.2) that 
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whether the growth of current is fast or slow depends upon the values of J 


Land R. If L is low, the current rises more rapidly and soon approaches 1 


the steady value. If Z is high, the current rises very slowly. Also, it | 


can be seen easily from the units of L and R, that the quantity L/R p 
has the dimensions of time. If we write T = L/R, 7 is called the time ~ 


constant of the LR circuit. The significance of L/R can be understood 


as follows. 
When t = 7, we have 


Ri 
oot 
So from Eq. (8.2) 
AT AL 
l= R (I e`) 
a ang 
= 0.63 R (Ce = 2.718) 
or I = 0.6310 C EIR = Io) 


7, therefore, can be defined as the time required for the current to rise 
to 0.63 of the final steady value Jo-7 may also be defined as the time 
that would be required for the current to rise to the final steady value $ 
if it had continued to rise at the initial rate, i.e. EIL. A knowledge of a 
determines whether the current will rise or fall quickly or slowly. 


EXAMPLE 8.1 An ideal inductor of self-inductance 5H and a resistance 
of 100 2 is suddenly connected in series to a battery of 6 V (negligible 
resistance). Calculate: 

(a) the steady current in the circuit, 

(b) the maximum rate of increase of current, 

(c) the time constant 7 

(d) the value of current after t = 0.57, and 

(e) the potential drop across the inductor at t=0.57 


Solution: 
L=5H 
R= 1002 
C=6V 


(a) Steady current = É = 0.06 A 


(b) The rate of increase of current is maximum for ¢ = 0 and it is 
\ e é 
L 
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(c) 7 = DIR = 0.05 s 


(d) When f= 10357; 


It 


I = 0.06(1 — e~5) 
= 0.06(1 -- 0.606) = 0.024 A 
(e) Potential drop = € — IR = 6 — 100x 0.024 = 3.6V 


EXAMPLE 8.2 Two resistances of 10 and 202 and an ideal inductor 
of inductance 5H are connected to a battery of 2 V through a key K 
as shown in Fig. 8.3. If at t = 0, 

ion ‘K, is inserted calculate: 


(a) the initial current through 
the battery, 


SH (b) the initial potential drop 
20n f 
across the inductor, 
— u. (c) the final current through 
2V ON 10 @ resistor, and 
Fig. 8.3 (d) the final current through 


20 Q resistor. 


Solution: (a) As soon as K is inserted, i.e. t = 0, di/dt is maximum, 
which implies that the opposing emf L dJ/dt is high and the inductor 
will behave as a very large resistor. So the current will flow through 
both the resistances only. The current through the battery /(0) at 
t= 0, is 


ese 
10) = 79430 T5 * 


(b) Since the 10 @ resistor and inductor are in parallel, the potential 
drop across the inductor is the same as that across the 10 Q resistor. 
Hence, the initial potential drop is 


10 
1(0)* 10 = is Vv 


(c) When the current has attained a constant value, the opposing 
emf across the inductor is zero. The inductor would behave as a short 
and the whole current will pass through it. The final current through 
the 10 @ resistor is, therefore, zero. 

(d) Since the inductor behaves as a short or zero resistance, the total 
resistance of the circuit is also 20@ (for 10 @ is in parallel with the 
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inductor). The final current in the circuit is, therefore, 
2.0/20 = 0.1 A. 


Decay of Current Now we shall study how the current behaves when 
the battery is suddenly short-circuited (by connecting terminals | and 
3 of key K as shown in Fig. 8.3) after the current has attained a 
steady value. As soon as the battery is short-circuited, the LR circuit 
is again closed and the current would decrease from its steady value to 


zero, unlike the case of a resistance in which the current falls off 


instantaneously, Here, as soon as the current starts decreasing, an 
induced emf —Z di/dt across the inductor appears and this opposes 
the decrease of current (by Lenz’s law), i.e. the emf helps increase the 
current. This can easily be seen by the fact that as the current. starts 
decreasing with time, d//dt is negative and so —L d//dt is positive, 
unlike in the previous case of the growth of current. But the direction 
of current is the same as in the previous case. Hence, the current does 
not fall off instantaneously. The current Z at any instant of time can 
now be given by the equation obtained by putting € = 0 in Eq. (8.1) 


IR} LZ = (8.4) 
The solution of Eq. (8.4) is 


5 Eear (8.5) 


where 7 time constant of the circuit. From Eq. (8.5) it is clear 

that the current falls off exponen- 

{ tially as shown in Fig, 8.4. The 

1 rate of this fall depends on the 

values of L and R. If L is large, 

the time constant is also large, so 

that the current would. decrease 

o PA very slowly. It is because of this 

slow decrease of current that there 

Fig. 8.4 Decay of current is a spark across the terminals of 

with time a switch or key when a de circuit 

containing a large inductor is just, 

or partially, opened. This spark can damage the switch contacts and 

insulation, and can be dangerous to the circuit. Because of this reason, 

the switches in a large inductance circuit aré usually immersed in oil 
to prevent damage due to sparking. 
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ExaAmpte 8.3 An inductor of self-inductance 100 mH and resistance 
502 is connected to a battery of 2 V through a two-way key. The 
battery is connected in the circuit. After a long time when the current 
has attained a steady value the battery is short-circuited. Calculate: 


(a) the current after 0.01 s, and 
(b) the time required for the current to fall to half its steady value. 


Solution. L=100X103H R=S502 €=2V 


Steady current Jo = A = 0.04 A 


Time constant 7 = 4 = 0.002 s 
(a) t = 0.01 s. Therefore, 
bats UU EER 
P 


Hence 
I = Ihe = 0.04 Xe = 268 pA 
(b) T = Ibe" 
Let att = tı, I = Io/2. Hence, 


en alt a 


rs 
2 


or ent=2 or 4+ = In 2 = 0,693 


th = 7X 0.693 = 2x 0,693 = 1.386 millisecond 


Growth and Decay of Charge in a Capacitor 


Similar to the case of the growth and decay of current in the case of 
an inductor, one can also study the growth and decay of charge in a 
capacitor of capacity C when it is 
is connected to a battery (emf € 
and negligible internal resistance) 
and a resistor R through a two- 
way key K as shown in Fig. 8.5. 

Growth of Charge The battery is 
introduced in the circuit by con- 
necting terminals 1 and 2 of the 


Fig. 8.5 Capacitor and resistor ise t 
connected to a battery key. Initially, i.e. when t = 0, the 


charge on the capacitor plate is 
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zero. As time passes, the charge flows into the capacitor plates and 
the potential difference g/c (q is the charge at any time t) between the 
plates rises. The charge on the plates of the capacitor rises till the 
potential difference between the plates becomes €. The maximum 
charge collected is CE. At this stage the current in the circuit becomes 
zero. To see how the charge q, collected on the plates, varies with time t, 
the equation of charge and current at any instant of time has to be 
written. If J be the current at any time t, the emf E of the battery 
must be equal to the sum of the potential drop IR across the resistor 
and the potential drop q/C across the capacitor. Therefore, 


oe A 
E= IR + C (8.6) 


If we write 7 = dq/dt, Eq. (8.6) is of the same type as in the case of 
growth of current in an inductive circuit. The charge is given by 


q = gol — e7/F) (8.7) 


where go = €C = maximum charge collected. It is clear from Eq. (8.7) 
that the charge rises exponentially to a steady value go = EC. The 
variation of q with ¢ is shown in Fig. 8.6(a). As in the case of the 
inductive circuit, one can see that the factor RC has the dimension of 
time and the charge rises to 0.63 of the maximum value in time 
t = RC, Whether the charge rises quickly or slowly depends on the 
values of R and C. The product RC is known as the time constant of 
the RC circuit. If RC is very small, the charge rises quickly. 


E/R 
co 
(a) (b) 
Fig. 8.6 Variation of charge q and current I with 


time t 
The behaviour of current as a function of time ż is given by 
— dg = —1/RC 
I= ie Toe (8.8) 


where Jo =E/R = maximum current. Therefore, the current decreases 
exponentially from its maximum value Jo to zero as shown in 
Fig. 8.6(b). ; 
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Decay of Charge When the charge has ‘attained a steady value EC, 
the battery is short-circuited by connecting the terminals | and 3 of 
the key K. In such a situation the capacitor starts discharging through 
the resistor, i.e. the charge on the ‘capacitor starts flowing back 
through the resistor. The direction of the current is, therefore, reversed 
as shown by the broken arrow in Fig. 8.5. As in the case of an induc- 
tive circuit, the equation governing the variation of charge q with 
time t is given by [putting € = 0 in Eq. (8.6)] 


ae = 
C +IR=0 (8.9) 


Putting J = dg/dt and solving Eq. (8.9) we get 

g = qe RC (8.10) 
So the charge decays exponentially 
a (o with time ¢ (Fig. 8.7). Whether 
} the charge decays slowly or quickly 
depends on the value of the time 

constant RC. 
t— 


Fig. 8.7 Decay of charge 
with time 


Exampe 8.4 A capacitor of 2.0 #F 
is connected to a battery of 2.0 V 
through a resistance of 10 KR. 


Calculate: 


(a) the initial current in the circuit, and 
(b) the current after 0.02 s. 


Solution: (a) Initial current in the circuit is 


E N ae Ns 
b= = joxie A 


(b) RC = (10x 103) x (2.0 x 1076) = 0.02 s 
Now t = 0.02 s 
A 
RC 0.02 
I = Ibe“! = 0.074 mA 


8.3 SOME SIMPLE PROPERTIES OF COMPLEX NUMBERS 


Different mathematical tools have been used to study ac circuits and 
compute currents and voltages in them. The simplest mathematical 
method to deal with such circuits is to use the properties of complex 
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numbers and functions. We will first learn the relevant properties in 
this section and use them in subsequent sections. 

If x and y are real numbers then the combination z = x + iy is a 
complex number. Here i(= 4/—1) is the square root of (—1). 
Similarly, if æ is a real angle, the combination (cos # + isin «) isa 
complex number. This combination is an exponential function of iz, 
i.e. 


exp (ix) = cos « + isin & (8.11) 

The real and imaginary parts of exp (i) clearly are 
Relexp (i«)] = cos « (8.12) 
Im[exp (i«)] = sin « (8.13) 


The exponential function exp (i) is important because any complex 
number z = x + iy can be written in the form of an exponential 
function as follows: 


Let x =rcos@ and y=rsin@ 
Then x2 + y2 = (cos? @ + sin? 0) = r? 
Therefore r = (x? + y?)2 (8.14) 


In terms r and 9, z is given by 
z = rcos 0 + irsin 8 
= r(cos 0 + i sin 8) 
or z = r exp (i) (8.15) 
The number r is called the magnitude and @ is the phase of z. 
The value of 9 is given by 
tand=2 or 6=tan"! (2) (8.16) 
x x 


Some important properties of exponential functions are as follows: 
1. If « and £ are real numbers, then the product 

exp (ix) exp (i8) = (cos « + isin æ) (cos B + i sin B) 
(cos æ cos B — sin « sin 8) + i (cos « sin B 


+ cos £ sin ) Gast — 1) 
= cos (« + B) + i sin (« +8) 
= exp [i(# + B)] (8.17) 


i.e. the product of two (or more) exponential functions is an exponential 
function whose exponent is the sum of the exponents of the individual 
functions. 


T 
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2. The derivative of an exponential function exp (ia) is 


<lexp (ia)] = leos æ + isina) 


— sin « + i cosa 

= i(cos « + i sin «) Ce ixi=— 1) 
= i exp (ia) (8.18) 

i.e. the derivative of the exponential function exp (i«) is simply i times 


the function itself. 
3. The integral of an exponential function exp (ix) is 


I 


| exp (ia) da = feos æ + isin «)da 


feos z a + if sine ax 


sin « — i cos + constant (of integration) 
= —i(cos a + isin «) + constant 

— i exp (iz) + constant (8.19) 
i.e. apart from the integration constant, the integral of the exponential 
exp (ia) is simply (—i) times the function itself. The above mentioned 
three properties of complex exponential functions considerably simplify 
the mathematics of ac circuits, as we shall presently see. 


i] 


8.4 AC CIRCUITS WITH RESISTANCE, INDUCTANCE 
AND CAPACITANCE 


In this section we will compute the current and voltage in a circuit 
consisting of an ac source and a resistor, an inductor and a capacitor 
separately or all together. We will assume that the source voltage is 
given by 

V = Vo cos wt (8.20) 
where V is the instantaneous voltage at an instant of time t, Vo, the 
peak value of V (i.e, amplitude or maximum value of V) and w the 
angular frequency (in rad s~!) of V. The frequency v (in hertz) is 
equal to «/2m and the period is T = 1/¥. 

In any circuit, the currents and voltages are, of course, real quanti- 
ties, For an ac circuit, instead of writing the source voltage in a real 
sinusoidal form [Eq. (8.20)], it is mathematically more convenient to 
consider voltage V as a complex quantity 

V = Vo exp (iwt) (8.21) 
= Vo (cos wt + i sin wt) 
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so that the physical voltage V = Vo coswt is the real part of the com- 
plex voltage V given by Eq. (8.21). The use of a complex voltage will 
naturally lead to a complex current. The actual (physical) current will 
be the real part of the complex current. 


AC Circuit Containing Only a Resistor 


Consider first an ac circuit in which a resistor R is connected across 
‘an ac source voltage V = Vo cos wt (as in the case of domestic supply 
when mains are connected to a bulb, the frequency of the ac supply in 
India is v = 50 Hz so that w = 27v = 1007 rads“). This is shown 
in Fig. 8.8(a). To study such a circuit, the use ofa complex function 
is not necessary. S 


AC R 
Source 


to? (b) 


Fig. 8.8 (a) Ac circuit consisting of a resistor R, and (b) variation of 
voltage V and current | with time t 


Using Ohm’s law, the instantancous current / is given by 


Vv 
ty arg a cos wt = Ip cos wt (8.22) 


where Jo = Vo/R is the peak value of the current. Notice that the ratio 


V _ Vocos vt _ 

T ncoset, (8.23) 
is independent of z, i.e. both V and J vary sinusoidally with time in 
exactly the same manner; both reach the maximum and zero value at 
the same time, as shown in Fig. 8.9(b). In other words, the voltage and 
current are always in the same phase. j 


AC Circuit Containing Only an Inductor 


Consider now an ac circuit consisting of a pure (ideal) inductance L 
[Fig. 8.9(a)]. The voltage applied across the inductor is V = Vo cos œt 
= Vo Re [exp (iwf)]. Since the voltage is changing with time, the 
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Voltage 


Current 
A.C t Ip 
Source o° 


ta) 


Fig. 8.9 (a) Ac circuit consisting of an inductor L,and (b) variation of 
voltage V and current | with time t—notice that the current lags 
behind the voltage by a phase angle of 3/2 


current will also change with time. Let 7 be the current at a certain 
instant of time and let di/dt be the rate of change of current. 

Now we know that due to time-varying current, a back (induced) 
voltage is set up across the inductor. 


Vina = = L 


To maintain the flow of current the impressed voltage V must just 
overcome the back voltage Vina, i.e. 


areal 
V=(--L Ji 
Using the complex voltage representation V = Vo exp (iwt) we have 
dI 


Vo exp (iwt) = L af 


dI _ Vo A 
or ea exp (iwt) 
Integrating, we have 
Bn peiteag 
I= wL P (iwt) joL, (8.24) 
or $ = iwk (8.25) 


If we compare Eq. (8.25) with Ohm’s law [Eq. (8.23)] we find that the 
quantity iwL has the same units as resistance R and may be thought 
of as the effective resistance offered by the inductor to the flow of 
current. This quantity is called the inductive reactance (or the reactance 
of the inductor) and is denoted by the symbol 


Zi = iwL (8.26) 


z 
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From the above discussion it can be seen that in an ac circuit, 
unlike in a de circuit, there is an opposition to the flow of current due 
to other elements in addition to resistance. This nonresistive opposition 
to the flow of alternating current is called the reactance of the ac circuit. 
Unlike resistance, the reactance depends on the frequency of the ac 
source. 

The real (physical) current is obtained by finding the real part of 
Eq. (8.25): 


RA) = Re E exp con] 


Vo e 
af Re [F (cos wt + isin en] 


a Ko re [reos wt + sin o| 
wL 


AKO i 
= op "e" 


which may be rewritten as 


reap a pg 
I= Py haa g 7 ) 
= Io cos (e: = =) (8.27) 


where Jo = Vo/wL. 

Notice that now the real current Z given by Eq. (8.27) and the real 
voltage V = Vo cos wt differ in phase by 7/2. In fact, the current lags 
behind the voltage by a phase angle of 7/2 or 90°. So when the current 
is zero, the voltage is maximum/and vice versa, as shown in Fig. 8.9(b). 
Hence, in an ac circuit containing an ideal inductor, the current lags 
behind the voltage (or the voltage leads the current) by a phase angle of 
7/2 or 90°. This is evident from the imaginary nature of Zz. 


AC Circuit Containing Only a Capacitor 


Let us next consider an ac circuit consisting of an ideal capacitance C 
[Fig, 8.10(a)]. Let q be the charge on the capacitor plates at any instant 
of time t. The potential difference between the capacitor plates is, by 
definition, equal to g/C which must obviously be equal to the applied 
voltage V = Vo exp (iwt). Thus 


f= Vo exp (iwt) 


| 
: 
| 
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(a) 
Fig. 8.10 (a) AC circuit consisting of a capacitance C, and (b) variation 
of voltage V and current I with time t—notice that the current 
leads the voltage by a phase angle of 7/2 
or q = CVo exp (it) 


The current / in the circuit is given by 


dg _ a i 
I= at eae [CVo exp (iwt)| 
= Cho [exp (iot) 
Gr 
or I = iwCVo exp (iwt) = iwCV (8.28) 
V 1 
or ape joe (8.29) 


Comparing Eq. (8.29) with Eq. (8.23) we find that a capacitor in an 
AC circuit has an effective resistance 1/(iwC). This is called capacitative 
reactance and is denoted by Zc. Thus 


(8.30) 


The imaginary nature of Zc once again implies that the current and 
voltage are not in phase. From Eq. (8.28) the real current is given by 
Rel) = iwCVo Re [exp (iwr)] 
= jwCVo Re (cos wt + isin wf) 
wCVo Re (i cos wt — sin wt) 
= — wCVo sin wt 


l 


or I = wCVo cos (or + z) 
= Io cos (= aa =) (8.31) 


Notice that the current leads the voltage by a phase angle of 7/2 or 
90° [Fig. 8.10(b)]. 
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It is interesting to note that the inductive reactance increases with 
frequency while the capacitive reactance decreases, In the case of an 
inductor, the induced emf depends on the rate of change of current. 
So as w or the frequency increases, the current changes more rapidly 
and hence the opposing induced emf is more, implying that the current 
is less, i.e. there is a large opposition to the flow of current. Hence Zz 
increases with frequency. In the case of a capacitor circuit, if œ is 
large, the charge changes more rapidly and hence the current (rate of 
flow of charge) is large, implying that there is less opposition to the 
flow of current. Hence, Zc decreases with frequency. 


The LCR Circuit 


Finally we consider a very useful ac circuit shown is Fig. 8.11, consist- 
ing of all the three elements, namely a resistor R, an inductor L and 
a capacitor C. The series combination of L, C and R is connected 
across an ac source. 


L I 


c R 


Fig. 8.11 A series LCR circuit; the series combina- 
tion of L, C and R is equivalent to total 
impedance Z 


We have seen that inductors and capacitors in ac circuits are similar 
to resistors except that their effective resistances are frequency-depen- 
dent and that they introduce a phase difference of 7/2 between the 
voltage and current. The advantage of using complex exponential 
functions to describe the voltage, current and the effect of inductors 
and capacitors (i.e. their reactance) is that both the magnitude as well 
as the phase informations are correcily contained in the functions. To 
obtain the actual (real) voltage or current, all that we have to do is 
extract the real part from the complex voltage or current. Further- 
more, using the complex variables to describe R, L and C, we can apply 
to any ac circuit all the methods used earlier for resistors in dc circuits. 
For example, the rules of series and parallel combinations of resistors 
and Kirchhoff’s laws can also be used. The effective resistance of an 
AC circuit containing any two or all three elements R, C and L is 
called impedance which is a complex quantity; its real part gives the 
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resistance and the imaginary part is the reactance, as we see in the 
following. Š 

Referring to the ac circuit shown in Fig. 8.11, the impedance Z is 
a series combination of resistance R, inductive reactance (iw L) and 
capacitative reactance (1 /iwC). Thus, ; 

is p eee z 1 
ZER OLT C =R+i (or mal) (8.32) 

Let J be the current in the circuit at any instant of time ż. As in the 
case of resistors in series, the same current / flows through the circuit 
elements L, C and R in series. The current Tis given by 


Té Au Vo exp (iwt) 
ze eI (8.23) 


Setting (oz = 4) = S, the physical current (i.e. the real part of 
I) is 
Re(/) = Re [ Yo exp Goo) 
Bigs fa (cos wt + isin wt)x (R = 9] 
(R + iS) (R —iS) 


= Re m cos wt + S sin wt) + iVo (R sin wt — S cos s») 
(R? + S?) 


= es (R cos wt + S sin wt) (8.33) 


To obtain the phase of Re(/) in relation to that of V = Vo cos wt, we 
must recast (R cos wt + S sin wt) in Eq. (8.33) as a single cosine 
function. This is done as follows. 


Let R = T cos è 
and S= Tsin8 
which give T2 R2 + Stor T = (R + S?) (8.34) 
and tan ô = 5 (8.35) 


In terms T and 6, we have 

R cos wt + S sin wt = T cos ô cos wt + T sin ô sin wt 
T cos (wt — 8) . 
= (R2 + S?)'/2 cos (wt — ô) 
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where T is given by Eq. (8.34) and ê by Eq. (8.35). Thus Eq. (8.33) 
may be reacast as 


Ve 
Re) = Gry gaz c0s (ot — 8) 
Vo 
or, Re) = po 7 ai 008 (ot — 8) 
[e+ (ez - ce) | 
= h cos (wt — 8) (8.36) 
where lo Oe a (8.37) 
fr ce) 
oC 
and from Eq. (8.35), the phase angle ô is given by 
_ t= ae) 
tnd = $ = (8.38) 


where ô is the phase difference between the current and voltage. 
Variation of lo with» It follows from Eq. (8.37) that the amplitude 
of current Jo, for given L, C and R, varies with angular frequency 
and that Jo goes to zero both for w > 0 and w > œ. The maximum 
value of Jo is reached when the denominator in Eq. (8.37) is minimum, 
i.e. when 


1 
wl — oe =0 
or j= (8.39) 
VLC : 
Vi 
Then (oja = T 


Figure 8.12 shows the variation of Jo with œw as w is increased from 
low values to high values, Notice that at a particular characteristic 
frequency w, = 1/ / LC, fo rises to a maximum, depending on R. 

The angular frequency wr at which Jo shows a peak is called the 
“natural” or “resonant” frequency of the ac circuit. Thus we have 
an electrical analogue of the phenomenon of resonance we have studied 
earlier in mechanics. 

Variation of 8 with » It follows from Eq. (8.38) that the phase of the 
current with respect to that of the voltage, for given L, C and R, 
depends on the angular frequency w. In terms of the resonant frequency 
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o 


Fig. 8.12 Variation of the current amplitude 
with frequency in an LCR circuit 


wr = 1/V LC, Eq. (8.38) becomes 
tan ô = 4 (w? — w?) 


If w<w,, tan 5 is negative which means ô is negative implying that the 
current leads the voltage. If w>wr, ô is positive indicating that the 
current lags behind the voltage. But if w = wr, ô = 0 which means 
that the current and voltage are in phase if the frequency of the ac 
source equals the resonant frequency of the ac circuit. The reason why 
the current amplitude becomes maximum at w = is that the power 
delivered to the circuit by the source is maximum atw = wr asa 
result of current and voltage being in the same phase, as we will see in 
Sec. 8.5. 


EXAMPLE 8.5 A coil of inductance 0.50 H and resistance 100 2 is 
connected to a 240 V, 50 Hz ac supply. 
(a) What is the maximum current in the coil? 
(b) What is the time lag between the voltage maximum and current 
maximum? 
(Note: Voltage specification of an ac supply refers to its rms value.] 
Solution: It follows from Egs (8.36) and (8.38) that for an LR circuit 
driven by an ac voltage V = Vo cos wt 
a eae 
ae (R2 + w2L2)li2 
and tan ô = L/R 
where Vo is the rms value of the voltage. The rms value of the alter- 
nating voltage is given by (T = 2n/w) 


r, F- 
Wem)? = F k v2 dt 


cos (wt — 8) = To cos (wt — ô) 
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P 
J Vè cos? wt dt 
0 


T 
Í cost (27°) ar 
o 
T 
-f + p cos ZE) ar 
Bho (es 
ei 2 ees T dt=0 


Vo 
V2 
or Vo = V2 Vims 


l 


Vims = 


(a) It is given that Vms = 240 V, L = 0.50 H and R = 100 2, 
Now, 


Vo et /2 Vrms 
(R2 + w2 pyr (R? wt L212 
Substituting the numerical values and solving, we get 
= 1.82 A 

(b) Since V = Vo cos wt, V is maximum at t = 0. Since J = Jo cos 
(wt — ô), I will be maximum when wt — 6 = 0 or when t = ô/w so 
that time lag between the voltage maximum and the current maximum 
is dt = 8/w, Now ô is given by 
wl _ 27x 50X0.5 


h = 


tan ð= > = 100 = 1.57 
which gives e~ 57.5° = 57.5X = en rad 

" ô 51.5X 7. 1 
H =—= x maS -3s 
it) Time lag 4t a 180 @mx50) 3.21035 


EXAMPLE 8.6 Obtain the answers to (a) and (b) in Example 8.5 
above if the circuit is connected to a high frequency supply (240 V, 
10 kHz). Hence explain the statement that at very high frequency, an 
inductor in a circuit nearly amounts to an open circuit. How does an 
inductor behave in a de circuit after the steady state? 


Solution: (a) For the high frequency, 
w = 27X 10 kHz = 27X 104 rad s+, 


— i 
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the impedance 
Z = (R? + w2L2)12 
= [104 + (27x 104)? 0.5]! 
= (104 + 9.87 x 108)!2 
œ (9,87 X 108)! ~ 3.14 104 Q 
Notice thatthe R term does not contribute to impedance at high 
frequencies. The current amplitude is 


V2Veme _ V2 X240 

zZ 3.14X 104 

Since the current is much smaller now than that for the low frequency 

case (Example 8.5), a pure inductor at high frequencies behaves as 

though it were on a nearly open circuit. In a de circuit when the 

voltage and current have attained steady values, » = 0. So the induc- 
tor acts like a pure conductor. 

(b) At high frequencies, wL > R, the tangent of phase angle ê 
becomes very large, i.e. tan 8 > 1 which means that ô œ m/2 rad or 
90°. In fact, in this case, 

wL _ 27X 1040.5. 


tan ô = E KEEA A = 1007 


which implies that ô ~ 7/2 radian, 


œ 1.1x 1072 A 


ExAMPLE 8.7 A 100 pF capacitor in series with a 40 2 resistance is 
connected to a 110 V, 60 Hz supply. 

(a) What is the maximum current in the circuit? 

(b) What is the time lag between the current maximum and voltage 

maximum? j 

(The voltage of the ac supply refers to its rms value) 
Solution: It follows from Eqs (8.36) and (8.38) that for a CR circuit 
driven by an ac voltage V = Vo cos wt 


[ae Yo via cos (wt — 8) 
G + ez) 
1 
and tan ô = “ICR 


(a) It is given that Vems = 110 V, o = 27x60 rads™!, R = 40 Q 
and C = 100 „F = 10-4 F. Now 
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Substituting the values and solving, we get 


Io = 3.24 A 
(b) The phase angle ô is given by 
ee lee 1 
a @CR (2X 60) X10-* 40 
= —0.6631 
wos o l T 
giving 6 33.5 33.5 780 rad 
Time | EE E PEE xi1q-3 
ime lag oe cen 55A s 


The minus sign indicates that the current leads the voltage. 


EXAMPLE 8.8 Obtain the answers to (a)and (b) in Example 8.7 
above if the circuit is connected to a 110 V, 12 kHz supply? Hence 
explain the statement that a capacitor is a conductor at very high 
frequencies. Compare this behaviour with that of a capacitor in a dc 
circuit after the steady state? 


Solution: (a) For the high frequency, w = 27x 12% 103 rad s~!, the 
impedance is 
5 TEN 
L= (z + ez) = R, 
since for C = 1074F and R = 40 Q, 1/eC < R, so that the current 
amplitude is 


v2 x 110 
b= a SA 

Notice that the current Jo is now greater than that in the low frequency 
case (Example 8.7). This means that, at high frequencies, a capacitor 
conducts more charge than at low frequencies, i.e. it behaves as a 
conductor. This is surprising, How can a capacitor conduct current 
even when there is nothing (air) between its plates? The answer to this 
question will be given in the next chapter when we will learn about a 
new kind of current called ‘displacement current’ which will be shown 
to exist even in a vacuum. 


To eRe 1 ie 1 
WCR = (2X 12x 103) (10-4) X (40) 967 


which has a very small negative value. Thus tan 8 —> minus zero, 
which means that, at high frequencies, the phase difference between 


(b) tand= 


| 
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current and voltage is nearly m rad or 180°.: The negative sign shows 
that the current leads voltage at t c 
high frequencies. 


EXAMPLE 8.9 Figure 8.13 shows a R 
series LCR circuit connected to a 
variable frequency 230 V source. 

=5.0 H, C=80.uF, and 
R = 402. Fig. 8.13 

(a) Determine the source fre- 
quency which drives the circuit in resonance. 

(b) Obtain the impedance of the circuit and the amplitude of 
current at the resonating frequency. 

(c) Determine the rms potential drops across the three lements of 
the circuits. Show that the potential drops across the LC combination 
is zero at the resonating frequency. 


Solution; (a) The resonant angular frequency is 


SEE A EE PEAN A 
w= Tre C030 xII E rads 
Therefore, the resonant frequency is 
Biv; 3.050) tes 
(te cee On Te In pa Hz 
(b) The impedance is given by 
i 142712 
z=|R +(e- 4] 
When w = w = Tie (i.e. at resonance), wL = ma and ‘therefore 
Z=R=402 


Current amplitude at resonance is 


Vo Vo V2 Vims — 2230 
Z ERRAR 40 


Ako I= ZF = = a= 


(c) The rms potential drop across L at resonance is 
Vims (across L) = Irms* wrL 


a 2 <50x5 = 1437.5 V 
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The rms potential drop across C at resonance is 


Vims (across C) = Teo 
SAB) E AAEE 
~ 4° 50x 8010-6 


The total potential drop across L and C is (at resonance) 


= 1437.5 V 


1 
Irae (oL hegi +) =0 


The rms potential drop across R at resonance is 
Vims (across R) = IrmsX R 


= 3x40 = 230 V 


= applied rms voltage 
This is expected since the total potential drop across L and C is zero. 


EXAMPLE 8.10 Keeping the source frequency equal to the resonating. 
frequency of the series LCR circuit, if the three elements L, C and R 
are arranged in parallel, show that the total current in the parallel 
LCR circuit isa minimum at this 
frequency. Obtain the current rms 
value in each branch of the circuit 
for the elements and source speci- 
fied in Example 8.9 for this fre- 
quency. 


Solution: Figure 8.14 shows the 
parallel LCR circuit. 

The impedance of the circuit 
with L, C and R connected in 
parallel is obtained by using the Fig. 8.14 A parallel LCR circuit 
rule of a parallel combination of 
resistors. Since reactances are iw (inductive) and 1/iwC (capacitative), 
the impedance Z of the parallel combination is given by 


3 Pe 
FeR tea le 


The current is 


E ae 1 
l= z7 Vo exp onx| i Sew (ec - 4) 
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Now 


Re (J) = Vo Re [los wt + i sin wt) f + i(wc = HH 
R wL 
= vol cos wt — (ec => x) sin wr] 
R wL 
= Vola cos wt — b sin wt) (i) 


where a = 1/R and ie (ec = +) 


Equation (i) can be recast in the form of a single cosine function if we 
set 
a = r cos ò 
and b= rsin 
where r = (a? + b?)!/2 and tan § = b/a. In terms of r and ô, Eq. (i) 
reads 
Re (I) = Vor cos (wt + 8) 


= H cos (wt. + 8) (ii) 


where impedance Z is given by 


zog Cea [e+ oe 1) ji Gii) 


At resonant frequency w, = Je oC = 4 and the denominator 
in Eq. (iii) is the minimum so that impedance Z is the maximum, 
Hence, at resonance, the current in the circuit is the minimum. Also at 
resonance, Z = R. 

rms 230 


Ims (in circuit) = % = aa ZSIS A 


The rms current in the R branch is 


Tems (in R) = Kens = 5.75 A 


The rms current in L branch is 
Vems _ 20 _ _ 
fms (nO) = op soe 
The rms current in C branch is 
Irms (in C) = VemsX @rC = 230 X 50 80 x 10-6 
= 0.92 A 
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Note that, at resonance, the total current in the circuit = current 
through, R only. The reason is that, at resonance, the currents in L 
and C branches are 180° out of phase (i.e. they are equal in magni- 
tude but opposite in sign) and add up to zero at every instant of time 
during the cycle. 


8.5 ENERGY AND POWER ASSOCIATED WITH 
L, CAND R 


In Sec. 8.2 we have seen that in an inductor it takes time for current 
to grow from zero to a steady value Jo. Let J be the current at any 
instant of time ¢ during the growth of the current. The inductor pro- 
duced a back emf € = —L diJ/dt which tends to prevent this growth 
of current. To maintain a growth of current, power equal to EI has 
to be supplied from outside (external source). Hence the total amount 
of work done by the external source in building up the current from 
an initial value zero to a final value Jo is 


w= T: d at= uf” Idi = 418 (8.40) 
o dt 0 2 

If the external source happens to be an ac source supplying an ac 
voltage V = Vo cos wt, then the current through Ł builds up from 
zero to a maximum value Jo(= Vo/wZ) and then falls back to zero 
[see Eq. (8.27)]. The source supplies energy equal to Lio during the 
build-up of the current from 0 to Jo and this energy is returned back 
to the source during the reverse process (i.e. during the fall of current 
from Jo to zero) so that no net power is supplied by the source in a 
complete cycle. This can also be shown as follows (T = 27/w) 


7: 
w=f VI dt 


Now V = Vocoswt and T= bcos (or a z) = Io sin wt [see 


Eq. (8.27)]. Therefore, 


T 
W = Volo j cos wt- sin wt dt 


T 
= nrf sin (2wt) dt 


= Klf" sn (2) 
Pg p Sin T dt 


or w=0 (8.41) 
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since the integrand has the same value (= zero) at the two limits. 

Exactly the same thing happens when a capacitor is charged and 
discharged. We know that the electrostatic energy associated with a 
capacitor of capacitance C with a potential difference V across its 
plates is }CV2. The external source has to supply this energy to charge 
it, but the energy is returned to the source when the capacitor is dis- 
charged. If the external source is an ac source connected across the 
capacitor, it is charged during half the cycle and discharged during 
the next half so that the net energy during à complete cycle is zero. 
This can be seen as follows: 

The total energy supplied during a time period T'is mathematically 
given by [refer to Eq. (8.31)] 


T F 7 
W= k VI dt = j; Vo cos wt: To cos (o: +3) -a1 


= -von |" cos wt'sin wt-dt 


=0 as before (8. 42) 


The reason for the net energy in both the cases studied above being 
zero is that the current and voltage have a phase difference of +7/2 
[see Eqs (8.27) and (8.31)]. 

The situation in the case of a resistor is very different. For a resis- 
tor, the current and voltage are always in phase [see Eq. (8.22)]. 
Hence, although the current in a resistor (connected across an ac 
source) oscillates just as it does in an inductor or a capacitor, the 
power (i.e. product of voltage and current) is always positive. The 
average power consumed in a full cycle of period T is [see Eq. (8.22)] 
Aia Volo(™ 

T dr 


T 
= + VIdt = 


= nef (+ oe zeo a dt 


_ Voll T 
= ol +0) 


a E25 wt dt 


= (. Vo= Rh) (8.43) 


Equation (8.43) is often expressed in terms of rms values as 


Ve 


Vens = Fi, Vo cos? wt-dt = oe 
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1 (7 i 
Tims = +f, B cos? wt-dt = = 


Therefore P. Frob = Vems*Irms 


The Choke Coil—A Simple Useful Device 


(8.44) 


A choke is simply an inductor (coil) having a large self-inductance. 
The usefulness of such a simple device stems from the fact that, if fed 
by an ac source, it does not consume any power [as we have seen in 
Eq. (8.41)]. It is connected in series with an electrical appliance of 


L R 


resistance, say, R (such as a 


fluorescent tube) and the combi- 
nation is connected across an ac 
source as shown in Fig. 8.15. We 
have already studied a more 
complicated series circuit in which 
in addition to L and R, we had a 


V Vy coset 


capacitor C in series as 


Fig. 8.15 (Fig. 8.11). 
We can, therefore, 


well 


use the 


results (8.32) and (8.36) obtained earlier with the quantity C absent 


from them. The expressions now read: 


Z=R-+ ioL 
with Re (J) = In cos (wt — 8) 

b= LE 

RE F oA 
and 
tan ô = on 

The voltage across R is 

Vr = Re (I)R 


VoR 
~ (REF yE cos (or — 8) 
= Vm cos (wt — 8) 
where Vm is the amplitude of Vr (i.e. maximum value of Vr) 


VoR 


Vin = (RF L172 


Alternating Current Circuits 405 


(The student is advised to obtain these results from first principles.) 

Notice that Vm < Vo, the amplitude of the voltage across R in the 
absence of L. Thus, by choosing an appropriate value of L, the current 
through R and voltage across R can be made smaller than the values 
obtained with L = 0, to any desired value. We have already seen 
that no power is lost in the inductor and in reducing the voltage 
across R, we do not waste any power. We could, of course, reduce 
voltage across R by connecting an additional resistor in series with it, 
but this would involve wastage of power. 

The choke is used in series with a fluorescent tube working on ac 
mains. If the tube is connected directly across 220 V, a large current 
would flow through it and the tube may get damaged. The use ofa 
choke in series with the tube decreases the voltage across the tube to, 
a safe low value without any waste of power. 


Electrical Resonance 


In Sec. 8.4 we learnt that a series LCR circuit driven by an ac voltage 
V = Vo cos wt shows resonance when w = w, = 1/V LC. We have 
seen that if the frequency w of the applied voltage is equal to the 
natural frequency w+, the impedance of the circuit becomes minimum 
[see Eq. (8.37)] and consequently the current amplitude becomes 
maximum [see Eq. (8.37) and Fig. § 8.12)]. The reason is that, at reso- 
nance, i.e. when » = w, = 1/y LC, the circuit extracts maximum 
power from the source. This can be proved as follows. 

The average power transferred to the circuit by the ac source in one 
full cycle, i.e. during time T = 27/w, is 


ni 
p=" Re (V) Re (I) dt 
T Jo 


Re (V) = Vo cos wt and Re (J) is given by Eq. (8.36). Hence 
T 
P= +f; (Vo cos wt)[Io cos (wt — 8)] dt 


= Huft cos wt (cos wt cos ô + sin wt sin 5) dé 


aa [cos af cos? wt-dt + sin af’ sin wf cos wt ar] 
0 


_ Volo ae ) 
= “28 (cos 7 +0 


or eee Zb cos ô (8.45) 
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where Jo and ô are given by Eqs. (8.37) and (8.38): 


h= (8.46) 


wC 
R 
Nowcos ô = 1/(1 + tan? 8)!/2. Substituting for tan 8 from Eq. (8.47) 
and simplifying, we get 


and tan ô = (8.47) 


£08 Be o e (8.48) 
|r + (or = Æ] 
"Now, using Eqs (8.46) and (8.48) in Eq. (8.45), we have 
1 VR 
P=> on (8.49) 


"fee i] 


At resonance, i.e. when w = WAA IC, wL = 1/wC and the denomi- 
nator becomes minimum = R?, hence P becomes maximum: 


1 Vo 
Pmar = upy TR 


In terms of Pmax, Eq. (8.49) reads 
2 
r a (8.50) 
2 PAAL EN 
[e + (oz = 2) 


. Thus we conclude that when the frequency w of the applied voltage is 
equal to the resonant frequency w, = 1 LC of the circuit, the power 
delivered to the circuit by the 
source is maximum. Also notice 
from Eq. (8.49) that P>0 both 
when w—>0 and w—>%, i.e. at very 
low and very high frequencies 
(compared to wr) the power input is 
negligibly small, Figure 8.16 shows 
the variation of power input P as 
the frequency of the applied volt- 
age is increased from low to high 
a dle values. Notice the peak of the 

Fig, 8.16 Variation of P with œ; POWer curve at» = wr. 

half power points 


P = Pmax 


w Wr W2 ao 
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Half Power Points 


The values of w at which the power input (P) is half its maximum 
value (Pmax) are called half power points. From Eq. (8.50), the half 
power points are the values of satisfying the equation: 


R? 


or oL — 56. — ER 
1 R 
Pile, Re eg i 
oF uhria T Aap 
or o oh t te 


These are two quadratic equations in w, namely, w? -+ (RIL)o — w 
= 0 and w? — (R| L)» — w- = 0. Each of these equations has one 
positive and one negative root. Since angular frequency cannot be 
negative, we retain only the positive roots which are: 


2 \1/2 
wi = e+ (> + a) (8:51a) 
2.) 1/2 
and w+ hy (e 4 E) (8.51b) 


These values are indicated in Fig. 8.16. The frequency interval between 
the two half power points is 


do =m — 4 = (8.52) 


Thus the value of R/L determines the width of the power curve at half 
power points (see Fig. 8.16), 4w is called the full-width at half maxi- 


mum power or bandwidth. 


Sharpness of Resonance 

Resonance is said to be sharp if the power-frequency curve of Fig. 8.16 
falls steeply around w = wr. The sharpness of resonance is quantitati- 
vely described in terms of what is called the quality or Q factor defined 
as: 


__ resonant frequency. @r 
-O = bandwidth de 
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or 
1h bg Jiii 
OTO RT NCR =) 
Q, which is a dimensionless number, is an indicator of the sharpness 
of the power peak; a higher Q indicating a smaller 4w and hence a 
sharper peak, 

The most familiar example of resonance in electrical circuits is 
encountered when we tune our radio receiver set to a particular broad- 
casting frequency (or station, as we call it). The transmitter at the 
broadcasting centre sends radiowaves over a band of frequencies. A 
particular setting of the tuner corresponds to a particular set of values 
of L and C and hence to a particular frequency of the circuit. When 
this frequency equals the frequency of the signal from the broadcast- 
ing station, resonance takes place and the power absorption becomes 
maximum and hence we hear only that signal. 


EXAMPLE 8.11 A series LCR circuit with L = 0,12 H, C = 480 nF, 
R = 23 A js connected to a 230 V variable frequency supply. 


(a) What is the source frequency for which the current amplitude 
is maximum? Obtain this maximum value. 

(b) What is the source frequency for which the average power 
absorbed by the circuit is maximum? Obtain the value of this maxi- 
mum power. 

(c) For which frequencies of the source is the power transferred to 
the circuit half the power at resonant frequency? What is the current 
amplitude at these frequencies? 

(d) What is the Q-factor of the given Circuit? 


Solution. L=012H C= 480 nF = 480x109 F R=23Q2 
Vo = V2 Vims = V2 x 230 V 
(a) Current amplitude J is maximum at resonant angular frequency 


ae aaa 1 
O Vie 0.12% 430% 10-912 = 4167 rad s~! 
wr 
3y = 663 Hz 


From Eq. (8.46) the maximum value of P is 


L Vo V2 x230 
(o)max = RR 3 =14.1A 


y= 


laa 
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(b) Average power P given by Eq. (8.49) is maximum at resonant 
frequency v, = 663 Hz. 
TVG 1 (V2 x230} 
2R 2 23 


(c) The two angular frequencies are given by (see Eqs 8.51a and b) 
(C RRL & @,) 


Pmax = 2300 W 


R 

CLEON T 

R 

and aa a ae ar 


Substituting the numerical values and solving, we get 
wı = 4071 rad s~! or vı = 648 Hz 
w2 = 4263 rad s7! or v2 = 678 Hz 


At these frequencies, power absorbed = 4Pmax. Since power is pro- 
portional to (current amplitude)’, the current amplitude at these 
frequencies is $(Jo)max = 14.1/*/2 = 10 A 


wL _ 4167%*0.12 
R 23 


(d) Q 2.7 


8.6 OSCILLATIONS IN AN LC CIRCUIT 


In class XI you have studied oscillations of mechanical systems. We 
will now discuss the oscillations of an electrical system consisting of 
a capacitor C and an inductor L 
(Fig. 8.17). The equilibrium state 
is the one in which the capacitor 
is uncharged and no current is 
flowing in the circuit. This state is 
disturbed by pressing the key, 
thus charging the capacitor. Let 
Fig. 8.17 The oscillatory LC 4 be the charge on the capacitor 
circuit at any instant of time so that 
V = q/C is the voltage across the 
capacitor plates at that instant. When the key is released, the capacitor 
starts discharging through the inductor, i.e. the charge changes with 
time and a current J = dq/dt is established in the inductor. 
In this circuit the restoring force is due to the force of repulsion 
between electrons. This force tends to distribute electrons equally on 
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the capacitor plates so that there is no net charge. Inductance, on the 
other hand, tends to oppose this redistribution, i.e. it opposes the 
increase of current. At any instant of time, the voltage across the 
inductor is 


ee ae eg 
a hg Tt hg 


The minus sign indicates that the voltage opposes the increase of 
current. From Kirchhoff’s law, this voltage must equal the voltage 
q/C across the capacitor plates, giving, 


yh Ree 
dt? C 
i E N A 2 
SA G20 A LACEE NRA 
S pat 
wit TAEC 


Thus, in an electrical circuit consisting of an inductance L and a 
capacitance C, the charge oscillates harmonically with an angular 
frequency w = 1/4/LC and period T = 27V LC. At any instant of 
time, the charge q is given by 

q = qo sin (wt + ô) 
where go is the maximum value of the charge and 6 is the phase of 
electron oscillations. The current in the circuit is given by 


1 = $f = ogo cos (wt + 8) 


or I = Incos (wt + 8) 
where Jo = qo is the maximum value of the current. If Vo is the 


applied voltage, 
lo = Vo / + 


since go = CVo and w = I/V LC. 


Energy Considerations 


* To understand how an LC circuit oscillates, let us assume that initially 
the capacitor C carries a charge q and the current in inductor L is 
zero. At this instant, the electrostatic energy stored in the capacitor is 


2E 
E=7 C 
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and that in the inductance is zero, since J = 0 initially. As time passes, 
the capacitor starts discharging through the inductance and a current 
I = dq/dt is established in the inductor. As q decreases, Ee decreases 
and J increases, so that the energy now appears around the inductance 
as the current builds up. When the capacitor is completely discharged, 
the magnetic energy is 
TE 
m= al? 


The total energy of the system is conserved, since the system con- 
sidered here does not contain any resistive component, so that there 
is no dissipation of energy. The total enerev is 


E = Es + Em 
ae ie 
= °C ae 
= h [ai sin? (ot + 8)] + SUG cos? (ot + 8) 
= 3 cväsin? (wt + 8) + cos? (wt + 8)] 
Ce go = CVo, lo = wqo, w = 1/LC) 
= 4 CV6 = constant, as expected 


8.7 REAL RESISTORS, CAPACITORS AND INDUCTORS 


In our analysis of electrical circuits we have assumed that the resistors, 
capacitors and inductors are all ideal or pure. In actual practice this 
is not true. For example, a real metal wire has some resistance but it 
also has a little non-zero inductance because a magnetic field is pro- 
duced when it carries a current. It may also have a little non-zero 
capacitance if it finds another wire near it in a circuit. Similarly capa- 
citors have a resistance (of the dielectric) which is of course very high, 
but the wire leads of the capacitor have inductance. Also an inductor 
(which is a wire wound in the form of a coil) will certainly have a 
certain resistance, and there is some capacitance between individual 


successive turns of the coil. 


SUMMARY 


In an ac circuit, the current in a resistor and the voltage across it are 
always in phase. If the circuit has an inductor, the current in it will 
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lag behind the voltage across it by 7/2. The current in a capacitor 
leads the voltage by 7/2. Capacitor and inductor offer impedance to the 
flow of current in an ac circuit. 

In an LCR circuit, the average power absorption in the inductance 
and capacitance is zero; it is the pure resistive component which 
absorbs power. The power absorption is maximum if the frequency of 
‘the applied voltage equals the resonant (natural) frequency of the 
circuit. In an LC circuit, charge, current and voltage oscillate harmoni- 
cally at an angular frequency w = 1/4/LC. 


EXERCISES 


A. Short-Answer Questions 
Pick out “true” and “false” statements from the following. 


1. In an inductor, the current rises to a steady value at a constant rate. 
2, The time constant of an RC circuit is given by R/C. 
3. During discharging, the charge on a capacitor decays exponentially with 
time. 
4, In an ac circuit consisting of a Pure resistor, the current and voltage are 
always in phase, 
5. Inan LC circuit, driven by an alternating voltage source, the average power 
during a cycle delivered by the source is zero. 
6. The impedance of an LC circuit is independent of the frequency of the 
applied voltage. 
7. The resonant frequency of an LCR circuit depends upon the values of L, C 
and R. 
8. A choke is always used in parallel with a fluorescent tube. 
9. At resonance, the amplitude of the current rises to a maximum value, 
10. A very small value of the quality factor implies a sharp resonance. 


Long-Answer Question 


1. (a) Describe briefly how the current rises and falls in a de circuit containing 
an inductor and resistor. Does the theory given in the text remain valid 
if the internal resistance of the battery is not negligible? 

(b) Is the direction of current during its growth and decay in the LR circuit 
the same? 

(c) What is time constant? Explain its significance. 

(d) Under what circumstances does an inductor behave as (i) a large 
resistor, and (ii) a short resistor, ie, a resistor of zero resistance? 

(e) Explain why there is usually a spark near the switch in a de circuit 
containing a large inductor and a resistor when the switch is partially 
opened. What harm can such a spark cause to the circuit and how can 
such a spark be prevented? 

(f) Explain why the electrical connections in any circuit have to be non- 
inductive. 

(g) How are the resistances in a resistance box wound non-inductively, 


Í 
| 
| 
| 
| 


15. 
16. 


17. 


Alternating Current Circuits 413 


. (a) What is a capacitor? Does the capacity of a capacitor depend on the 


charge on the plate? 

(b) Describe briefly how the charge and current in an RC circuit vary when 
the capacitor is charged and discharged. Does the direction of current 
in the charging and discharging process remain the same? 

(c) Is the significance of time constant in LR and CR circuits the same? 

(d) Under what conditions does a capacitor behave as a large resistor? 


. Describe briefly how the charge on the plates of a capacitor oscillates when 


connected to an ideal inductor. 


. What type of energy is stored in: (a) an inductor, (b) a capacitor, and 


(c) a secondary cell? 


. A pure resistor is connected across an ac source. (a) Show that the current 


in the resistor and the voltage across it are always in phase. (b) Deduce the 
expression for the average power delivered by the source in one complete 
cycle. 


. A pure inductor is connected across an alternating source. (a) Show that 


the voltage leads the current by a phase angle of 90°. (b) Find the time- 
average power delivered by the source. 


. An ideal capacitor is connected across an alternating source, (a) Show that 


the current leads the voltage by a phase angle of 90°. (b) Show that the time- 
averaged power delivered by the source is zero. 


. Distinguish clearly between reactance and resistance. 
. A series combination of L, C and R is connected across an ac voltage 


V = V, sin wf, Find the impedance of the circuit. Obtain an expression for 
the current. Discuss the variation of the amplitude and phase of the current 
with the frequency of the applied voltage. 


. Answer Q.9 if L, C and R are connected in parallel. 
. What is a choke? How is it useful? 
- What is electrical resonance of an LCR circuit. Show that the time-averaged 


power transferred by the source to the circuit is maximum at resonance. 
What is the maximum power? 


. Define half-power points and quality factor. Discuss the sharpness. of 


resonance in relation to an LCR circuit driven by an alternating voltage. 


. (a) Define the rms value of current for an alternating current. 


(b) Why is there a need to define rms voltage and current? 

(c) What is the relationship between maximum current and rms current? 
Does this relation hold for any type of variation of current with time? 

(d) Can such currents be measured with an ordinary galvanometer? 

Describe briefly how alternating currents are measured. 

(a) The source of alternating potential has some impedance, When such a 
source is connected to L, Cand R, is there any restriction on the value 
of impedance of source as compared to impedance of the circuit? 

(b) Is the instantaneous value of applied voltage equal to the sum of the 
instantaneous voltage drops across each element of the circuit? 

(a) An air core coil and a bulb are connected to an ac mains supply (220 V, 
50 Hz). If an iron rod is inserted in the coil, does the bulb become 
more and more dim as more and more of the iron rod is inserted? 
Explain. Mention one place where such a device finds practical applica- 
tion. Can the same behaviour be observed when dc is used instead 
of ac? 
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(b) If the inductor is replaced by a capacitor, will the bulb still become 
dim as the value of the capacitor is increased? 

(c) An ac source is connected to a bulb, an inductor and a capacitor in 
series; explain how such an arrangement can be used so that there is a 
normal brilliance in the bulb without the inductor and the capacitor. 
Both inductive and capacitive reactances represent opposition to the flow 
of charge; one decreases with frequency while the other increases with 
it. Explain physically how it happens. 

18. In the case of a de circuit, the power loss across a resistor is equal to the 
product of current and voltage. In an ac circuit also the power loss across 
a resistor is the product of the effective current and effective voltage. Can 
this. definition be extended to an ideal inductor or capacitor? If yes, what is 
the power spent in an inductor? 


C. Multiple-Choice Questions 
Choose the correct answer from the given aternatives: 


1, In the circuit shown in Fig. 8.18, the key K is plugged at time ¢ = 0. Which 
K one of the graphs shown in Fig. 8.19 
$ represents the variation of current / in 

the circuit with time ¢. 
2. Which one of the graphs shown in 
L Fig. 8.20 represents the variation 
c of voltage V across inductor L 
with time ¢ in Fig. 8.18? 
3. Two resistors of 10 Q and 20 Q 
Fig. 8.18 andan ideal inductor of inductance 
5 H are connected to a 2 V battery 


0 t— 10) t—> 
(a) (b) 

tien? t— 
(c) td) 


Alternating Current Circuits 415 


ee 
E? 
w 
= 


0 
— >t — t ‘—t —t 
(a) (b) (c) (d) 
Fig. 8.20 
as shown in Fig. 8.21. The key is plugged at ¢ = 0. What is the final value 
ion of current in the 10 Q resistor? 
2 1 
(a) Zz A (b) F A 
5H (c) $A (d) zero 
20.0, 4. What is the final value of the 
K current through the 20 Q resistor 
ae shown in Fig. 8.21? 
2v (a) zero (b) OLA 
Fig. 8.21 (c) 2/3 A (d) 1/3 A 


5. What is the self inductance of a coil in which an induced emf of 2 V is set 
up when the current changes at the rate 4 A s7?? 


| (a) 0.5 mH (b) 0.5 H 

1 (c) 2.0 H (d) 8.0 H 

| 6. The time constant of a circuit consisting of a capacitance C and a resistor 
Ris 

| (a) R/C (b) C/R 

| (c) RC @) VRC 

l 7. A 10 Q electric heater is connected to a 220 V, 50 Hz mains supply. What 

l is the peak value of the potential difference across the heater element? 
(a) 220 V (b) 220/2 V 

| (c) 110 V z (d) 22077 2 V 

| 8. A choke is used as a resistance in 

| (a) de circuits (b) ac circuits 

(c) both ac and de circuits (d) full-wave rectifier circuits 


9. An ac series circuit contains 4 Q resistance and 3 Q inductive reactance. 
What is the impedance of the circuit? 


(a) 12 b) SQ 
7 
(c) 72 (d) Va Q 
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10. An inductive coil has a resistance of 100 Q. When an ac signal of frequency 
1000 Hz is fed to the coil, the applied voltage leads the current by 45°. What 
is the inductance of the coil? 


(a) 10 mH (b) 12 mH 
(c) 16 mH (d) 20 mH 

11. Choose the correct statement. In the case of ac circuits, Ohm’s law 
holds for 


(a) peak values of voltage and current 

(b) effective values of voltage and current 

(c) instantaneous values of voltage and current 
(d) all of the above 


In a purely inductive circuit, the current 


` (a) lags behind the voltage by 1/2 

(b) leads the voltage by 7/2 
(c) is in phase with the voltage 
(d) lags behind the voltage by 7/2 at low frequencies, and leads the voltage 
by 7/2 at high frequencies 

13. An ac source of variable frequency v is connected to an LCR series circuit. 
Which one of the graphs shown in Fig. 8.22 represents the variation of 
current / in the circuit with frequency 


mea2Kk 


(a) (b) (c) (d) 
Fig. 8.22 


12 


D. Numerical Problems 


1. (a) A coil of resistance 5 Q and inductance 1 H is suddenly connected to a 
battery (negligible resistance) of 10 V at £ = 0. Calculate: 


(i) the steady current, 
(ii) the rate of rise of current, 
(iii) the rate at which the energy is supplied by the battery, 
(iv) the rate at which the energy is dissipated as heat, and 
(v) the rate at which the energy is stored in the magnetic field of the coil. 
(b) In problem ia), at r= 0. 4 S, calculate; 
(i) the current in the circuit, 
(ii) the rate of rise of current, 
(iii) the rate at which the energy is supplied by the battery, 
(iv) the rate at which the energy is dissipated as heat, and 
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(v) the rate at which the energy is stored in the magnetic field of the coil. 

(c) After a long time when the current has attained a steady value;the 
battery is suddenly short-circuited so that the current decreases. After 
a time lapse of 0.4 s, calculate: 


(i) the current in the circuit, and 
(ii) the energy released to the circuit. 


. (a) (i) A capacitor is charged to a potential difference of 500 V through a 


resistor and an energy of 20 J is stored in it. Calculate the capacity of 
the capacitor, 

(ii) What is the time constant of the above CR circuit if the capacitor is 
charged to 80% of its maximum charge in 10 s? 

(iii) What is the value of the resistor that gives this time constant. 

(iv) What is the percentage of the energy of the charged capacitor that is 
stored when it is 80% charged. 

(b) In a photographic flash, usually a condenser is charged to a high 
potential and discharged through a resistance to give a momentary flash 
for 0,01 second, calculate: 


(i) the value of resistance which gives a time constant of 0.01 s. using the 
capacitor of part (a), and 

(ii) the percentage of the stored energy that is discharged during this 
time, 


. An LR circuit of impedance 400 Q and a resistance 300 Q is connected to a 


(220 V, 50 Hz) supply. Calculate: 


(a) the inductance of the circuit, and 
(b) the phase angle. 


. A current of 10 A flows in a coil when connected to a 120 V, dc supply and 


a current of 0.2 A flows when connected to a 120 V ac supply. Calculate: 


(a) the resistance of the coil, 

(b) the inductance of the coil if the frequency is 60 Hz, 

(c) the phase angle, and 

(d) the frequency of ac supply to give a phase angle of 45°, 


. A series RC circuit (R = 2kQ, C = 30g F) is connected a (220 V, 50 Hz) 


supply. Calculate: 


(a) the voltage across the capacitor, 

(b) the voltage across the resistance, 

(c) the phase angle, 

(d) the impedance of the circuit, 

(e) the instantaneous current as a function of time, and 
(f) the current in the circuit. 


. An ac source (220 V, 50 Hz) is connected to a series circuit containing a 


resistance 200 Q, an inductance 0.5 H and a capacitance 10 pF. Calculate: 


(i) the impedance of the circuit, 
(ii) the current in the circuit, 
(iii) the voltage across each part, and 
(iy) the phase angle. 
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7. What are the readings of voltmeters V;, Va and V; in Fig. 8.23? 


Fig. 8.23 


8. An LCR series circuit is connected to an ac source of 24 V, At a certain 
frequency, both the inductive and capacitative reactances are 40 Q. If 
R = 10Q, calculate: 


(a) the voltage across R 

(b) the voltage across L, 

(c) the voltage across the series combination of C and L, and 
(d) the frequency of ac source if L = 0.1 H. 


9 
ELECTROMAGNETIC WAVES 


9.1 INTRODUCTION 


In the preceding chapter we have studied the fundamental facts 
about electricity and magnetism. They include all but one of the basic 
ideas of the modern theory of electromagnetism. In this chapter we 
will indicate that one missing link which will complete the description 
of the basic equations of electromagnetism. In his revolutionary work 
published in 1865, Maxwell provided that missing link, known as the 
displacement current. This new kind of current (see Sec. 9.2 below) 
brought together the seemingly unconnected phenomena of electricity 
and magnetism into a coherent and unified theory. Having discovered 
the missing link, Maxwell then postulated the transmission of energy 
by electromagnetic waves. His discovery that electromagnetic waves 
travel with the speed of light led him to conclude that light itself is an 
electromagnetic wave, as had been suggested earlier by Faraday. 


9.2 MAXWELL’S DISPLACEMENT CURRENT 


In Chapter 7 we studied the magnetic fields due to currents. The 
magnetic field B is related to current 7 by Ampere’s circuital law: 


$ B-dl = pol (9.1) 
Cc 


where J is the current across a closed surface whose periphery is the 
loop C. 

In 1864, Maxwell showed that Eq. (9.1) was logically inconsistent 
and that something was missing. We give below his reasoning which 
shows the inconsistency and incompleteness of Eq. (9.1). 

Consider a parallel-plate capacitor being charged with a battery 
(Fig. 9.1). During the charging process, a current J flows through the 
connecting wires, which of course changes with time, as we have seen 
in the previous chapter. The current will produce a magnetic field 
around it which can be detected by a magnetic compass. 
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Path of 
integration 


Fig. 9.1 A parallel-plate capacitor 
being charged by a battery 


Maxwell’s reasoning was as follows: Consider two surfaces Si and 
S2 bounded by the same closed circular loop C. Surface Si is a plane 
circular surcfae enclosing only the connecting wire attached to the left 
plate of the capacitor while surface S> is a hemispherical surface 
which lies in the region between the plates. Both surfaces enclose the 
same loop C, which is the path of the line integral in Eq. (9.1). Now 
the circular area S; bounded by loop C has a current 7 flowing across 


it; because the wire passes through it. Hence from Ampere’s law, 
we have 


For surface Si: 
$ Bedi = pol (9.2) 
c 


The surface S2 encloses one of the capacitor plates and lies in the 
region between them. No actual current (i.e. current due to the flow 
of electrons) flows in this region because it contains a dielectric. Since 
no current apparently flows out of this surface, we, have from 
Ampere’s law 


For surface S2: 


$ B-d = 0 (9.3) 
c 


The two results (9.2) and (9.3) obviously contradict each other, since 
the value of the loop integral of magnetic field along the same loop C 
cannot depend upon the kind of surface bounded by the loop. The 
two surfaces Si and S2 have an equally good claim to be used. 

The two results (9.2) and (9.3) also violate the principle of conti- 
nuity of current (or conservation of charge), since a current J flows 
into the surface S2 but apparently no current flows out it. These con- 
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siderations led Maxwell to a belief that a current of some sort must 
be flowing in the region between the capacitor plates during the 
charging process, To remove the contradiction , Maxwell modified 
Ampere’s law [Eq. (9.1)] as follows: 


D b 
f B-dl = pol + poto ee = po (: + € s) (9.4) 


where x is the electric flux across the loop. Just as magnetic flux 
Ps = BA (magnetic field x area), the electric flux is Pg = EA (electric 
field x area). Notice that «o d®g/dt has the dimensions of current, 
Maxwell named this product as the displacement current Ja, i.e. 


Displacement current Ja = €o ae (9.5) 


dt 
so that the generalized Ampere’s law reads; 


$ Bil $ poll kil) 9.6) 


where / is the usual conduction current! (i.e. current caused by the 
conduction of electrons). Unlike the conduction current J, the dis- 
placement current Ja exists as long as the electric field Æ (and hence the 
electric flux Pe) is changing with time. Maxwell’s important contribu- 
tion is that a time-varying electric field produces a magnetic field just as 
a conduction current does. 


Continuity of (7 + Ta) 


The sum (Z + Ja) has the important property of continuity along any 
closed path, although individually they may not be continuous. To 
show this, let us again consider Fig. (9.1). A current / enters one plate 
and leaves the other plate of the capacitor. The conduction current 1 
is not continuous across the capacitor gap because no charge is trans- 
ported across this gap. If the sum (7 + Ta) is to be continuous, the 
displacement current Ja in the gap must be equal to the conduction 
current J in the lead wires. This can be shown as follows. 

We know that the electric field Zin the gap of a parallel plate 
capacitor of plate area A is given by 


Bags 
ee «0A 
where g is the charge on the capacitor plates at any instant of time 


during the charging process. Differentiating, we get 
de Ne dg es Fe 3 on 


dt «oA dt «oA 


422 Physics for Class XII 


By definition, the displacement current Ja is 


(9.8) 


i 
2 
a 

al 


Combining Eqs (9.7) and (9.8) we get 


7i 
Ia = oA aa I 
which is exactly the value of conduction current in the lead wires. 
The sum (J + Za) thus has the same value along the entire path, 
although individually they are discontinuous. 


Note: We know from Faraday’s law of induction, that 
er dee 
fear- 2: (9.9) 


where Øs is the magnetic flux. This law asserts that an electric field 
[LHS of (9.9)] is produced by a changing magnetic flux (or magnetic 
field) [RHS of (9.9)], Does the counterpart of Eq. (9.9) exist? 
According to Maxwell, it does and from considerations of symmetry, 
the counterpart is 


dt 
where (uo€0) has to be introduced to keep the dimensions of both sides 
consistent. Equation (9,10) asserts that a magnetic field [LHS of (9.10)] 
can be produced by a changing electric field [RHS of (9,10)] In 
each case, the appropriate flux Dp or g is increasing in Eq. (9.9) or 
(9,10). However, experiment shows that the field lines of E are counter- 
clockwise while those of B are clockwise. This difference requires that 
the minus sign in Eq. (9.9) be omitted from Eq. (9.10). Hence the 

analogy between the two is complete. 
We also know that a magnetic field is also produced by a current, 


®, 
fea = [0€0 ae = pola (9.10) 


ied B-dl = uol. Thus there are at least two ways of producing a 


magnetic field: (a) by a time-varying electric field and (b) by a current. 
Maxwell said that both these possibilities must be allowed and there- 
fore, Ampere’s Jaw be modified as 


$ B-dl = poll + Ja) = po (: + of) 
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In situation represented by Eq. (9.2) no time-varying electric fleld is 
present, hence the term d®e/d? is zero and in the situation represented 
by Eq. (9.3) there is no conduction current in the gap, so the term / 
is zero but the RHS of Eq. (9.3) should be poco d®e/dt, not zero, since 
the time-varying flux is not zero. 


EXAMPLE 9.1 Figure 9.2 shows a capacitor made of two circular 
plates, each of radius R = 12 cm, separated by d = 5.0 mm. The 
capacitor is being charged by an 


external source (not shown in the 

I f f $ figure). The charging current J is 
EER constant and equal to 0.15 A. 

\ 9 (a) Calculate the capacitance 

X and the rate of change of potential 
difference between the plates. 

Fig. 9.2 (b) Obtain the displacement 


current across the plates. 
(c) Is Kirchhoff’s first rule valid at each plate of the capacitor? 
explain. 


Solution: 
Radius (R) = 12cm = 12x10 m 
Plate area (A) = TR? = m X (12x 10>)? mê 
Plate separation (d) = 5.0 mm = 5.0x 1073 m 
(a) The capacitance is given by 


sod 
d 


1 (12x 10-2)? at 
£ 5 = 80.1 X 107!2 F 
Fox 10) 5.0x 10° 0 


Now instantaneous charge q on capacitor plates is 


q= CV 
shigis 
; I= Cu 
ay ETS EONS eT 109 Va! 
iid Gg RONDH10s 2a! 
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(b) The displacement current is 


= «att (i) 
We know that A en 
me ee A (ii) 
Using (ii) in (i), we have 
l= oA = I = 0.154 


This result also follows from the fact that (I + Ia) is continuous. 

(c) Since the sum (J + Ia) is continuous, Kirchhoff’s law for 
currents holds if the term “current” in the law includes the displace- 
ment current as well. 


EXAMPLE 9.2 Referring to Fig. (9.2), calculate: (a) the magnetic field 
at a point (i) on the axis, (ii) 6.5 cm from the axis and (iii) 15 cm 
from the axis. (b) At what distance from the axis is the magnetic field 
due to the displacement current the greatest? Find the maximum 
value of the field. Use the data given in Example 9.1. 


Solution: The magnetic field is given by (since there is no conduction 
Current in the gap of the capacitor) 


$, B-dl = poll + Ta) 


= Current through the area of loop C (i) 


We will now evaluate the loop integral in Eq. (i) at a point at a dis- 
tance z from the axis for the two cases: r SRandr > R, where R is 
the radius of each plate of the capacitor. 


Case: r< R Consider a circle of radius r (< R) between the circular 


plates and coaxial with them as shown in Fig. 9.3. The common 
centre lies on the axis of the plates and plane of the circle is per- 
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pendicular to the axis (which is perpendicular to the page). The 
B Capocitor plates Magnetic field B has the same 

-= magnitude at every point on the 

A BE circle and its direction is tangen- 
tial at every point as shown. 

$ Therefore, the line integral along 


p the circular loop is 
fs:a=Bf d/ = B(27r) 
circle 
ae” From Ampere’s law, Eq. (i) we 
B have (since conduction current 
Fig. 9.3 1 = 0 in the region between the 
plates), 


B(27r) = displacement current passing through the area enclosed 
by the circle of radius r 7 
= }0€0 (rate of change of electric flux through the area mr?) 


Now let Øs be the flux through the plates of area 7r?. Since the flux 
oc pd the m through the area zr? (which is less than mR?) is 


Dy, - I = Of ma Therefore, the rate of change of electric flux through 
2 
the area mr? = (<2): ie Hence 
d&g 7? 


B(2ar) = poco dt? 


But co d®g/dt = Ja, the displacement current through the capacitor 
plates. Therefore, we have 


B(27r) = pola a 
; — Horla SR (ii) 
or B= R (for r ) 


Case: r > R Consider now the circle of radius r > R as shown in 
Fig. (9.3). Since the area mr? of this larger circle now completely 
encloses the capacitor plates, it is obvious that the total current pas- 
sing through zr? is simply Ju. 

Hence for, r > R, 


B(27r) = pola 


_ Hola 


5 (forr > R) (iii) 
mr 


or 
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(i) From Eq. (ii) it follows that the magnetic field on the axis of the 
plates (i.e. for r = 0) = 

(ii) Now R = 12 cm. The field at r = 6.5 cm (< R) is given by 
Eq. (ii) where Ja = 0.15 A (as calculated in Example 9.1 above) 


2 
Bat r( = 6.5em=6.5 x 102m) = $ Se ea ae 


= 135x167 T 
Gii) Field at r = 15 cm is obtained from Eq. (iii). 


4m 10-7 0.15 
2m x (15 x 1072) 


= 2.0107 T 


Batr( = 15x 107 m) = 


(b) It is clear that B is maximum at r = R in which case both 
Eqs (ii) and (iii) reduce to 
pola _ 40x 10-7 0.15 


Boas = SR mx Uaz ioe 7 25% 107 T 


EXameLe 9.3 (a) Use Ampere’s law to determine the magnetic field 
due to the conduction current outside the plates (refer to Fig. 9.2 of 
Example 9.1 and use the data given there) at points: (i) 6.5 cm, 
(ii) 12 cm, and (iii) 15 cm from the wire. Compare your answers with 
those in Example 9.2 above. 

(b) If the conducting wire has a radius of 1.0 mm, what is the 
maximum value of the magnetic field due to the conduction current. 
Compare your result with the answer obtained in Example 9.2(b). 


Solution: Figure 9.4 shows the cross-sectional view of the wire placed 

perpendicular to the plane of the page and a current J directed into 

the page. The magnetic field lines 

B are concentric circles in the plane 

of the page. The magnetic field 

has the same constant value at 

every point on the circumference 

B of the circle drawn at a distance r 

from wire; the direction of B being 

along the tangent to the circle at 
every point. Hence 


Fig. 9.4 $ B:dl = R(27r). 
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From Ampere’s law: 


$ B-dl = po current through the circle 


or B(27r) = pol 
_ bal 
oF BS 2ar 


Notice that the same expression can also be obtained by using the 
Biot-Savart law (see Chapter 5). 

(a) The above expression is the same as that for B for the case 
r > R. Since I = Ja, the values of B for r = 12 cm and r = 15 cm are 
the same as in Example 9.2 above. But for r = 6.5 cm, the expressions 
are different. In Example 9.2, it was 1.35 1077 T. 

(b) Since B œ 1/r, the value of B is maximum at the surface of the 
wire, i.e. atr = 1.0mm = 1.0X 10-3 m. 


Bo. = 47X10-7x 0.15 
max "2X (1.0X 107) 
= 3,0 X0 
which is much greater than the corresponding value (2.5 x 10-7 T) 
obtain in Example 9.2(b). The magnetic fields due to conduction 
currents can be multiplied considerably by using a coil of many turns, 
and the magnetic fields due to displacement currents can be increased 
in experiments involving oscillations at very high frequencies so that 
dE/dt becomes very high. 


EXxampLe 9.4 The capacitor shown in Fig. 9.2 of Example 9.1 has a 
capacitance of 100 pF and is connected to a 220 V, 50 Hz ac power 
supply. (a) Find the rms value of the conduction current. (b) Is the 
conduction current equal to the displacement current? (c) Find the 
amplitude of B at a point 6.0 cm from the axis between the plates. Use 
the data given in Example 9.1. 
Solution: 
C = 100 pF = 107" F 

Vims = 220 V 

2a X50 = 100 7 rad st 


Il 


w 


(a) Impedance of capacitor is 
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Now fa ee Veto’ 
Zc 
= 220 x 1007 x 10710 = 6.9% 1076 A 
= 6.9 pA 


(b) Yes, the derivation given in Example 9.1(b) is true for oscillat- 


ing electric fields, i.e. J = Ta. 
_(c) The instantaneous value of B is 


_ vorl 
2m R? 
The amplitude of B is (*.’ B and J are in phase) 
n-a 
where Amplitude of J = lb = / 2 Tekis 
= V2 x69 pA 
= 9.76 pÀ 


9,3 ELECTROMAGNETIC WAVES 

Consider a region where there are no charges and conduction currents 
(I = 0). Such a region is called a dielectric, including vacuum. Here 
we consider the simplest case of waves in vacuum. For vacuum. 
Ampere’s law [Eq. (9.4)] and Faraday’s law [Eq. (9.5)] take the 
symmetrical form. 


L, de 
$ B-dl = poe i (9.11) 
_ _ d®s 
$ e-a = aa (9.12) 


The former states that a time-varying electric field at any point is a 
source of magnetic field and the latter states just the reverse, namely, 
that a time-varying magnetic field is a source of electric field. It is 
reasonable to think that a wave of electric and magnetic fields, both 
varying with space and time, will exist; one providing the source of 
the other. It can be rigorously proved from Egs (9.11) and (9.12) that 
such a wave (called the electromagnetic wave) does indeed exist. We 
will give a somewhat indirect proof. We will assume an electromagne- 
tic wave and show that Eqs (9.11) and (9.12) can be satisfied. We will 
then calculate the speed of such a wave. 
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Consider a plane electromagnetic wave travelling in the x-direction. 
We will show (a little later in this section) that, for a plane wave, the 
electric and magnetic fields are transverse to the direction of travel 
(i.e. they are in the y-z plane). For the moment we assume this. We 
further assume that the electric field is along the y-direction. This field 
Ey depends only on x and ¢ (for a plane wave). The magnetic field 
will then be along the z-direction, perpendicular to Ey. The field Bz 
also depends only on x and t. Figure 9.5 shows such a plane wave 
travelling in the x direction. The E-field is along the y-axis and the 
B-field is along the 2-axis. 


Fig. 9.5 Schematic representation of a Fig. 9.6 Generation of B, by a 
plane electromagnetic wave varying Ey 
travelling along the x-axis 


Figure 9.6 is used to show the application of Eq, (9.12) to the plane 
E wave moving in the x-direction. A convenient closed path (rectangle 
PQRS) is chosen in the x-y plane, around which we shall take the line 
integral of E, This is equated through Eq. (9.12) to the rate of change 
of flux of B(®,) through the plane bounded by the path of the line 
integral. 

Let Ey be the E-field at x and (Ey + dEy) that at (x + dx), here dx 
is length of the rectangle. Let its height be A. It is clear that the line 
integral of E along the horizontal parts PQ and RS is zero because 
these paths are along the direction of the Ey fields so that (E-dl) = 0 
along the y-direction. Only the vertical parts PS and QR contribute, 
The line integral then becomes 


f E-dl = [(Ey + dEy)h — (Eyh)] 


= dEy'h (9.13) 
The magnetic flux Øs for the rectangle is 
Ör = B, X area = Bzh dx 
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Differentiating this, we get 


is paeh 2) Be 6.14) 
Using Eqs (9.13) and wat in Eq. (9.12) we get 
dEy-h = — (h dx) SB 
dey _ Td, 
of ie te aE 


Since both Ey and Bz are functions of more that one variable (x and 
AE A eee ree | ô 
t), the convention is to use partial derivatives x and Ey rather than 


total derivatives d/dx and d/dt. Thus we have 


Bs =- 2B, (9.15) 
The next step is to make the converse calculation of Bz resulting 
from a varying Ey. The convenient 
closed path (rectangle PQRS) is 
chosen in the x-z plane, around 
which we will take the line integ- 
ral of B, This is equated through 
Eq. (9.11) to Hoco times the rate 
of change of electric flux of E(x) 
through the plane bounded by 
the path of the line integral. We 
find, by a similar calculation, that 


z 
(Bz+ dBz) 
Fig. 9.7 Generation of E, by a vary- e-a = [(B:h) 


ing B, 
— (B: + dBz)(h)] 


= —dB,+h (9.16) 
The electric flux through the rectangle is 
O; = EyXarea = Ey(hdx) 
Differentiating we have 
= j 
E = (dx) (9.17) 
Using Eqs (9.16) and eae in Eq. (9.11), we get 


—(4B,)h = peo (dx wee 
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or 


ôB; © OEy 
PEATE — poo Ot (9.18) 


Now we assumed that the electromagnetic wave is travelling in the 
x-direction. The Fy and Bz fields are, therefore, given by (see Fig. 9.5) 
Ey = Eo sin (wt — kx) (9.19) 

B, = Bo sin (wt — kx) (9.20) 


where Eo and Bo are the amplitudes of Ey and Bz respectively, w is the 
angular frequency and k is the wave number of the wave. Quantities 
w and k are related as (since w = 27v and k = 2n/A): 


w 2nv 
> = sae vA= 0 (9.21) 


where v is the speed of the wave, v is its frequency and A its wave- 
length. Using Eqs (9.19) and (9.20) in Egs (9.15) and (9.18) we get 


~kEo cos (wt — kx) = wBocos (wt — kx) 


w 
or a =-< (9.22) 
and —kBo cos (wt — kx) = poeoEo cos (wt — kx) 
B egw 

or a = = (9.23) 
Eliminating Zo and Bo from Eqs (9.22) and (9.23) we have 

A S. E 

k? poto 


which with the use of Eq. (9.21) gives 
1 
v= == (9.24) 
V poco 
which is the speed of electromagnetic waves in vacuum. Now, for 
vacuum, we know that mo = 47 X 10-7 TmA™! and € = 8.85 x 107!? 
C? N-! m~, Substituting these values in Eq. (9.24) we have 


v = 3,0 x 108 ms™! 


ie 1 

[(47 x 10-7)(8.85 x 10713)]12 
which is the speed of light in vacuum measured experimentally. The 
excellent agreement between the experimentally measured speed of 
light (e = 2.997924 108 ms“) to such a high degree of accuracy and 
the value based on the experimental measurements of eo and po 
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gave the first quantitative proof of the fact that light is an electro- 
magnetic wave. The emergence of the speed of light from purely 
electromagnetic considerations is the crowning achievement of Max- 
well’s electromagnetic theory. 


Transverse Nature of Plane Electromagnetic Waves 


We now show that for a plane electromagnetic wave travelling, say, in 
the x direction, the directions of the E and B fields are transverse to 
the x-direction, the direction of propagation, i.e. E and Bare confined 
to the yz plane. To show this we will use Gauss’s law in electricity and 
its analogue in magnetism (see Chapter 7); they are 


$ E-dS = 4 

S €0 

and $, B-dS = 0 (9.25) 
since there are no free charges in vacuum (q = 0), the former reduces 
to 


$, Bas =0 (9.26) 


Fig. 9.8 Elementary cube ABCDEFGH used 
to prove that a plane electromag- 
- netic wave is transverse 


To perform the surface integrals in Eqs (9.25) and (9.26) we take 
an elementary cube ABCDEFGH of sides dx, dy and dz (Fig. 9.8). 
First we apply Eq. (9.26) to the cube. Since we are dealing with plane 
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waves, E does not vary with y or z, so the flux of E through faces 
ADEH, BCGF, ABEF and CDHG is zero. We are left with faces 
ABCD and EFGH. Let E, be the x-component of E at face ABCD 
and Ex that at face EFGH. The flux across ABCD is 


Í E-dS = —Ex (dy dz) 
ABCD 


since Ex is normal to this face and the face area is dy dz (see Fig. 9.8). 
The minus sign results from the negative direction (along-x axis) of 
the outward normal to this face. Similarly the flux across EFGH is 


Í E-dS = + Ef (dy dz) 
EFGH 


Since the total flux through the whole cube is zero, we must have 


— Ex(dy dz) + Ex(dy dz) = 0 

or Ex = Ex 

i.e. Ex must have the same value at both the faces at all times. 
Therefore Ex cannot vary with x, i.e. Ex = constant. Now, a constant 
field cannot give rise to a wave, only a space-varying field can. Hence, 
if we are interested only in waves, Ex can be set equal to zero. Simi- 
larly, using Eq. (9.25) we can show that B: = constant and has 
nothing to do with wave motion. We thus see that, in a plane electro- 
magnetic wave, the electric and magnetic fields are transverse, i.e. 
perpendicular to the direction of wave propagation. Thus, for a plane 
wave propagation in the x-direction, the E and B fields are in the yz 
plane. In our example we have considered one combination (Ey, B:). 
The other combination (Ez, By) also exists. When both pairs are pre- 
sent we have, what is called, an unpolarized wave. If only one pair, 
(Ey, Bz) or (Ez, By) is present, the wave is said to be polarized, as we 
will see in the next chapter. 


Production of Electromagnetic Waves 


Consider a charge at rest. It has an electric field in the region around 
it but no magnetic field. If it is given an impulse so that it begins to 
move, it produces electric and magnetic fields. If it is moving with a 
constant velocity (i.e. if the current is not changing with time) the 
magnetic field will not change with time, so it cannot produce an 
electromagnetic wave. But if the charge is somehow accelerated, the 
magnetic and electric fields will change with space and time; it then 
produces an electromagnetic wave. Thus an accelerated charge emits 


an electromagnetic wave. 
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In chapter 8 (Sec. 8.6) we discussed oscillations of an LC circuit. 
We found the charge oscillating across the capacitor plates. An oscil- 
lating charge has a non-zero acceleration; hence it will emit an electro- 
magnetic wave which has the same frequency as the oscillating charge 
has. 

In Chapter 13 we will learn that an electron circulating round its 
nucleus in a stable orbit does not emit an electromagnetic wave, 
although it is accelerating; it does so only when it falls to a lower 
orbit. 

When fast-moving electrons hit a metal target, electromagnetic 
waves (x-rays) are produced. The detailed discussion about the pro- 
duction of electromagnetic waves is beyond the scope of this book. 


Energy Densities of Electric and Magnetic Fields 


Just as an oscillating pendulum has energy associated with it, oscil- 
lating electric and magnetic fields also have electric and magnetic 
energies associated with them. The energy density (i.e. energy per unit 
volume) of an electric field E is given by 


tie = eo |E = SE? + E + ED (9.27) 
The energy density of a magnetic field is given by 
ee ptt Da aati: n? 
uB = Do | B| See Que (B® + By + B:) (9.28) 


Consider a plane electromagnetic wave travelling in the x-direction 
with the E field confined in the y direction and the B field in the z- 
direction. We can-then write 


E:.=0 £=0, 
Ey = Eo sin (wt — kx) 
Now 
w = 2ayv = 2n/T and k = 2n/A 


Therefore, 


faa 
Ey = Ep sin: F(' — =) (9.29) 


Also Bx = 0, By = 0, and 


Be = Bo sin (1 a z) (9.30) 
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where Eo and Bo are the amplitudes of E, and B; fields respectively. 
For such a waye, 


ue = 5 E (9.31) 
1 2 
and uB = yin’ Be (9.32) 


Using Eq. (9.29) in Eq. (9.31), the average energy density of the 
electric field of the wave is 


< up > = 3 a(t , sin? fz t— ~)har (9.33) 


The function sin? e en z) at any x varies with time between the 


limiting values of 0 and 1 so that the average value of this function is 
1/2 and the integral in Eq. (9:33) is just T/2. Hence 


<u) = TE (9.34) 


Similarly, using Eq. (9.30) in Eq. (9.32), the average energy density of 
the magnetic field of the wave is 


CNE n B (9.35) 


Now from Eq. (9.22) we have (since w/k = v = 1/4/ moto) 

2 Eo 
Bo, SiR pHoe0Eo (9.36) 
Using Eq. (9.36) in Eq. (9.35), we find that < us > = FB the same 


as Eq. (9.34). Thus we conclude that in a plane electromagnetic wave, 
the average energy densities of electric and magnetic fields are equal, 
The total average energy density of the electromagnetic field is 


2 
u=<m) + <m) = S= Fe (9.37) 


EXAMPLE 9.5 In a plane electromagnetic wave, the electric field oscil- 
lates sinusoidally at a frequency of 2.0x10!Hz and amplitude 


` 48 Vm™!. (a) What is the wavelength of the wave? (b) What is the 


amplitude of the oscillating magnetic field? (c) Find the total average 
energy density of the electromagnetic field of the wave. 
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Solution: 
Eo = 48 Vm“! v = 2.0 10! Hz 
Speed of the wave is 
v = 3X 108 ms“! 
3.0 x 108 


(a) Wavelength A = < = s0x100 = 1.5 10-2 m 
(b) From Eq. (9.22), 
k E 
Ce 
= a = 16X10-7T 
(c) From Eq. (9.37), 
L 0,2 _ 8.85x 1071? x (48)? 
u 7E 7 
= 1.0 1078 Jm” 


9.4 EXPERIMENTAL CONFIRMATION OF 
ELECTROMAGNETIC WAVES 


In 1865, Maxwell predicted the existence of electromagnetic waves. 
His theory further predicted that electromagnetic waves of all frequen- 
cies (and hence all wavelengths) should propagate with the speed of 
light. This theory was first experimentally verified by a German physi- 
cist, Heinrich Hertz in 1888. He used a simple electric oscillator and 
was able to pick up its radiation of electromagnetic waves on a radio 
receiver some distance away. In 1899, an Italian engineer Guglielmo 
Marconi succeeded in transmitting electromagnetic waves across the 
English Channel and 1901 across the Atlantic Ocean. Our radio, radar 
and TV today are merely elaborations and modifications of those 
early beginnings; their transmission and reception still depend on 
oscillating circuits basically similar to those used by Hertz. 


HERTZ’S EXPERIMENT 


On the basis of theoretical considerations Maxwell asserted that light 
is a form of electromagnetic radiation. It was about twenty years later 
that Hertz produced electromagnetic waves of much lower frequencies 
than those of visible light, detected them and established experimen- 
tally that they differed from light only in respect of frequency (or 
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wavelength). He produced electromagnetic waves by using the oscil- 
latory LC circuit [see Chapter 8]. The oscillatory current in the circuit 
produces electromagnetic waves which travel in the space surrounding 
the LC circuit. To ensure that the electromagnetic disturbance is easily 
detectable, the region of influence had to be extended. This was achiev- 
ed by using large capacitor plates and separating them by a large 
distance. The oscillatory current obtained by the discharge of a capaci- 
tor through an inductance decays in amplitude and a single oscillatory 
discharge is of too short a duration to be readily detected. Hertz 
solved this problem by using a spark gap method. In modern techniques 
this difficulty is overcome by using the amplifying property of a 
transistor is an amplifier. 


-Metal plate 
A -Gap 
To WA gat 
Induction 
coil 
Detector 


a Metal plate 


Fig. 9.9 Schematic illustration of Hertz’s 
experiment 


Hertz’s experiment is schematically illustrated in Fig. 9.9. He took 
two square plates of brass with sides of length 40 cm placed vertically 
with their centres about 60cm apart. The opposing faces of these 
plates were connected to thick wires carrying highly polished brass 
spheres whose centres were separated by a gap of 2 to 3cm.To obtain 
adequate power for the supply to the circuit, Hertz used an induction 
coil which was connected across the wires attached to the plates, thus 
charging the capacitor. 

When the uni-directional voltage from the induction coil becomes 
high, the air in the gap between the spheres gets ionized, i.e. the 
atoms of the gases in air are stripped of their electrons. Consequently, 
the air in the gap becomes conducting and provides a path for the 
discharge between the plates. The oscillatory discharge through the 
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conducting air produces a train of electromagnetic waves. Eventually 
the air in the gap ceases to conduct because the voltage across the 
capacitor plates falls to too low a value. However, the process is 
repeated every time the primary circuit of the induction coil is broken. 
Thus a series of trains of electromagnetic waves is produced. 

The period of oscillation of Hertz’s circuit was about T=1.8 x 1078s. 
Putting the speed of electromagnetic waves in air as c = 3X 108 ms“, 
the wavelength of the waves was A=cT=(3 x 108 ms~!) x (1.8 x 1078 s) 
= 5.4 m and the frequency of the waves was v = 1/J =1/1.8X 10-8s 
= 55 MHz, Such waves are called radiowaves. 

To detect these waves, Hertz used an almost closed circular stout 
wire terminating at each end by a small polished brass sphere (Fig. 9.9). 
If this circular wire is placed such that the lines of the magnetic field 
of the waves pass throughit, then an alternating emf will be induced 
round the circular wire. The oscillatory emf across the knobs (small 
spheres) causes a small spark to pass if the induced emfis of sufficient 
magnitude. 

The detector has its own natural frequency depending on its capaci- 
tance and self-inductance. The diameter of the circular wire was 
adjusted so that its natural frequency matches with the frequency of 
the electromagnetic waves, thus producing resonance as a result of 
which the amplitude of oscillations of the detector circuit is enhanced. 
Hertz used a detector whose circular wire had a diameter of 70 cm. 
The maximum resonator response is achieved when the plane of the 
Circular wire is perpendicular to the lines of magnetic field. At reso- 
nance, the spark is readily produced. Thus the existence of electro- 
magnetic waves around an oscillatory circuit was detected. Seven years 
later, an Indian physicist Jagdish Chandra Bose succeeded in produc- 
ing and observing electromagnetic waves of much shorter wavelength 
(~10 mm). These waves are called microwaves. 

Hertz also demonstrated experimentally that electromagnetic waves 
can be reflected and refracted like visible light. He also showed that 
these wayes exhibit interference phenomena just like visible light does, 
thus establishing beyond doubt that the radiationis in the form of 
waves, 


9.5 SPECTRUM OF ELECTROMAGNETIC RADIATION 


Beginning with the remarkable demonstration by Hertz of the exist- 
ence of long wavelength electromagnetic waves, scientists began look- 
ing for electromagnetic waves of wavelengths much shorter than the 
visible light. In 1898 Röntgen discovered x-rays which are- electro- 
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magnetic waves of wavelength about 10-!° m. The wavelength of visi- 
ble light is the range of 4x 10-7 to 8x 10-7 m. Radiowaves, x-rays 
and visible light are all electromagnetic waves and travel with the same 
speed c = 3.0 x 108 ms“ in free space. They differ in wavelength (and 
hence in frequency; v = c/A) only, which means that the sources that 
produce them and their detectors are different. Table 9.1 shows the 
frequency range, wavelength range, the names and the sources of the 
known electromagnetic radiations. The spectrum of electromagnetic 
radiations has no upper or lower limits and all the regions overlap. 


Table 9.1 The electromagnetic Spectrum 


Name Frequency Wavelength Source 
range (Hz) range (m) 
ed es 
Radiowaves 10* to 10° 0.1 to 600 Oscillating electric 
circuits 
Microwaves 10° to 10% 10-* to 0.3 Oscillating currents in 
special vacuum tubes 
Infrared 10% to 5x 10" 10°* to5x10-? Outer electrons in 
atoms and molecules 
Visible light 4x10" to 7x10" 4x107 to Outer electrons in 
8x 107-7 atoms 
Ultraviolet 10% to 10" 1.5x107 to Outer electrons in 
3.5 10-7 atoms 
x-rays 10" to 10% 1071 to 1078 Inner electrons in 


atoms and suddén 
deceleration of high 
energy free electrons 
Gamma-rays 10” to 10% 10-** to 10-18 Nuclei of atoms and 
sudden deceleration of 
high energy particles 


Notice that visible light is only a very small part of the total electro- 
magnetic spectrum. We see that electromagnetic waves haye a very 
wide of wavelengths (and hence of frequencies), Although they are 
identical in nature, their interaction with matter or their physiological 
action on living bodies depends on their frequency. Infrared rays are 
thermal radiations which produce heat, x-rays and gamma rays are 
highly penetrating, to mention only a few of the effects. 


9.6 ELECTROMAGNETIC RADIATION AND EARTH’S 
ATMOSPHERE 


The primary source of ‘electromagnetic radiation that we on earth 
receive is the sun, The solar radiation passes'through the different 
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Thermosphere Approx 
of lonosphere 400 km 


Mesosphere 


EARTH 
Fig. 9.10 Various layers of earth's atmosphere 


layers of the earth’s atmosphere before it reaches the earth. In fact 
only a very small fraction of the total radiation manages to reach the 
earth, 

Figure 9.10 shows the names and altitudes of the various layers of 
the earth’s atmosphere. The boundaries between layers are not sharp 
and the distances given are approximate. The constitution of different 
layers is different. Water vapour, for example, is concentrated in the 
lowest layer, above this layer is a region of ozone gas. The upper 
atmosphere has a layer called the ionosphere which consists of partial- 
ly ionized gases. 

The atmosphere is transparent to visible radiation. The other 
components (such as infrared and ultraviolet) of the solar radiation 
are absorbed in different layers. The infrared radiations are called heat 
or thermal radiations. They produce heat when they are absorbed by 
a body. Now most infrared radiation from the sun is absorbed by the 
atmosphere. Whatever little radiation the earth receives heats the 
earth. Consequently the earth itself emits radiation, and this radiation 
is mostly in the infrared region (because the earth is much cooler than 
the sun; hence from Planck’s law, it can emit only long-wavelength 
radiation such as infrared). The infrared radiation emitted from the 
earth cannot cross the lower atmospheric layers which reflect it back. 
The clouds also prevent the radiation from escaping and thus act as 
“blankets” of the earth. The lower atmosphere, therefore, becomes 
richer in infrared radiation and all objects on earth absorb it getting 
heated in the process. This phenomenon is called the “Greenhouse 
effect”. 

The components of the solar radiation whose wavelength is shorter 
than the violet (such as ultraviolet and x-rays) are dangerous; they 
damage the living cells, Fortunately, the ozone layer effectively absorbs 
these harmful components and we are protected from them: 
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Radiowave and Microwave Transmission 


Radiowaves and microwaves (i.e, waves whose wavelength is longer 
than about 1 mm) are relevant as far as transmission and communica- 
tion are concerned. The earliest experiments of Hertz and Marconi on 
radio communication used waves of wavelengths 10 m or more. The 
lower atmosphere is transparent to waves of these wayelengths but the 
upper atmospheric layer called the ionosphere reflects them back to 
earth. This property is, therefore, made use of in radio communication. 

A radio signal emitted from a certain location on earth can be 
received at another location in two possible ways. The wave can travel 
directly along the earth from one point to another—this is called the 
ground wave—or it could be directed towards the sky and reflected 
from the ionosphere towards a desired location on earth—this is 
called the sky wave. : 

The communication by ground wave is possible with waves of wave- 
lengths longer than about 200 m because the lower wavelength waves 
are heavily damped by interaction with matter. Below this wavelength, 
communication through the sky wave is the only method. In common 
day language the two regions are referred to as the medium wave band 
and the short wave band. 

Communication via the sky wave is not possible if the frequency of 
the wave is higher than about 40 MHz because the ionosphere bends 
these waves and does not reflect them. Therefore, television signals 
(whose frequencies are in the range 100-200 MHz) cannot be trans- 
mitted via the sky wave; only 
ground wave transmission is possi~ 
ble. The receiver antenna is placed 
directly in the path of the TV 
signal. The range of a TV signal 
can be easily computed as shown 

ees in the following. 

a Suppose a TV transmitter is 
o stationed on top of a tower ata 
a height h above the ground 
(Fig. 9.11). Because of the curva- 
ture of the earth, the TV signal cannot be received beyond places 
marked P and Q in the figure. The distance PS or QS up to which 
signals can be received can be easily calculated in terms of height h 
and the radius R of the earth. In the right-angled triangle OTP, we 
have 


Earth's wh 
= Tv 
Surface oe Sapro 


Fig. 9.11 Range of TV transmission 


(OT)? = (OP)? + (TP)? 
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where OT = R + h, OP = R, TP œ SP = d(say). We then have 
(REAP = RH e 


or d? = k? + 2hR = R(t a 4) 


since h & R, we have 
d = V/2hR (9.38) 


Jf the TV transmitter is at a height h = 50 m, the value of d works 
out to 80 km (radius of earth = 6.4 106 m). The actual range is, in 
fact, less than 80km due to heavy attenuation (damping) of the 
signals unless the transmitter is very powerful, i.e. the signals have a 
large amplitude (Zo) and therefore a large energy. 

Electromagnetic waves of frequencies higher then TV signals are 
called the microwaves. Their wavelength is of the order of a few milli- 
metres. We will learn in the next chapter that such short wavelength 
waves are not diffracted (i.e. bent) by obstacles of normal dimensions; 
they travel in straight lines. Therefore, a beam of microwaves can be 
sent in a particular direction. A radar is a device that does this; it 
sends a beam of microwaves towards a distant object and receives the 
signal reflected back from it. Since the speed of all electromagnetic 
waves is c = 3 108 ms~!, from the measurement of the time interval 
between the sending and receiving of the signal, one can compute the 
distance of the object. 

With the advent of artificial satellites, microwave telecommunica- 
tions have undergone a revolution. It is now possible to transmit 
signals from one location on earth to almost any other location. 
Signals are sent from a microwave transmitter toward an artificial 
earth satellite which sends them back to earth. Since the satellite is at 
a great height (A ~ 36,000 km) above the earth, the range d[see 
Eq. (9,38)] becomes very large. The satellite moves in an orbit and the 
earth spins about its own axis. If such a satellite is to be used to trans- 
mit signals to a definite region, its orbit must be such that, relative to 
the earth’s surface, it must appear stationary. For a satellite to appear 
fixed at a place above a certain place on the ‘earth, it must corotate 
with the earth so that its orbital period round the earth is exactly 
equal to the rotational period of the earth about its axis of rotation. 
Such a satellite is called a geostationary or synchronous satellite, It is 
easy to calculate what height it should have to be synchronous. It 
turns out that, for a satellite to appear stationary, it must be placed 


Electromagnetic Waves 443 


in orbit round the earth at a height of about 36,000 km from the 
earth’s surface. This is often called the parking orbit of the satellite. 
Relay satellites are placed in parking orbits to transmit TV program- 
mes from one part of the world to another. 


SUPPLEMENT 


WIRELESS COMMUNICATION 


We have seen that radiowaves and microwaves must be used to trans- 
mit signals. Therefore speech or music (which are in the audio 
frequency range of 20 Hz to 20 kHz) must first be converted into 
radiowave signals. This is what is done at a transmitting station where 
amplifiers are used to increase the power of the signals. These 
boosted radio signals are then radiated in space by an antenna. Thus 
a transmitting station has a microphone (to convert audio signals to 
electrical signals), an amplifier and an antenna. The receiving station 
has a receiving antenna, an amplifier (to amplify the weak signals 
received) and a loudspeaker (to convert electrical signals back to 
audio signals). The scheme is shown in Fig. 9.12. 


Antenno >» Antenno 
a 


Microphone 
p Amplifier [Ampiifier | J 
Transmitter Receiver Loudspeaker 


Fig. 9.12 


The scheme presented in Fig. 9.12 will not work if the transmitter 
sends out a harmonic wave of a single wavelength (or a single fre- 
quency). The reason is that such a wave travels unchanged; each cycle 
just like the preceding cycle. If we wish to send a message (speech or 
music) with the wave, we must bring about a change (or modulation) 
in the wave at the transmitting station in such a way that it can be 
decoded (or demodulated) at the receiving station. Two different 
modulations are possible. We may modulate either the amplitude or 
the frequency of the wave. These two ways are respectively called 
amplitude modulation (AM) or frequency modulation (FM). The process 
of modulation at the transmitting station and demodulation at the 
receiving station is shown in a block diagram (see Fig. 9.13). 
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ae 
= Tuneobd Demodu-' Audio g 
sp 


TRANSMITTER RECEIVER 
Fig. 9.13 


SUMMARY 


Electromagnetic waves are produced by space and time-varying elec- 
tric and magnetic fields. A time-varying electric field is a source of 
magnetic field and vice versa, one providing the source for the other. 
In a plane electromagnetic wave, the electric and magnetic fields are 
at right angles to each other; both being transverse to the direction in 
which the wave travels, Electromagnetic waves of all wavelengths (and 
frequencies) travel in free space at the same speed c = 3108 ms~', 
the speed of light. An accelerated charge emits an electromagnetic 
wave. The existence of electromagnetic waves was theoretically postu- 
lated by Maxwell in 1865, they were experimentally confirmed by 
Hertz some twenty years later. 

Radiowaves and microwaves are used most efficiently for broad- 
casting and telecommunications. With the advent of artificial satellites, 
microwave telecommunications have undergone a tremendous improve- 
ment in range. 


EXERCISES 


tS 


Short-Answer Questions 


. What is the SI unit of the displacement current? 

. What is displacement current due to? 

Does this current satisfy the continuity requirement. 

» Write down Ampere’s law as generalized by Maxwell. 
What oscillates in an electromagnetic wave? 

. What is a plane wave? 

. Are electromagnetic waves transverse or longitudinal? 
. Is the light from your bulb an electromagnetic wave? 


ONDUAN 


B. Long-Answer Questions 


1. Explain clearly how Maxwell was led to the existence of a displacement 
current, a 

2. “Conduction and displacement currents individually are discontinuous, but 
their sum is continuous’. Comment, 


i 
i 
- 
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A capacitor with air as dielectric has circular plates, each of radius r and 
separated by a distance d. It is being charged by an external source; the 
charging current being J. Obtain the expression for the magnitude of 
magnetic field at distance R from the axis of the plates if: (a) R < r and 
(b) R >r. Use generalized Ampere’s Law. Verify your results using the 
Biot-Savart law. 

Write down mathematical formulations of the generalized Ampere’s law 
and Faraday’s law of induction for free space and hence show that: (a) a 
plane polarized electromagnetic wave is transverse, and (b) the speed of the 
wave is equal to that of light. What conclusion would you draw from this? 
How are electromagnetic waves produced? 


. Obtain expressions for the average energy densities of the electric and 


magnetic fields of a plane electromagnetic wave travelling in one direction 
and show that they are equal: 


. Briefly outline Hertz’s experiment. What important conclusion did he draw 


from his experiment? 


Name the various known electromagnetic radiations. State the range of their 


frequencies. 


. What are infrared radiations? How are they useful? 

. What is the “Greenhouse effect”? 

. Write an essay on radiowave and microwave communication, 

. What do you understand by the term “modulation”? What are amplitude 


and frequency modulations? Why is modulation of a wave necessary at the 
transmitting station? 


C. Multiple-Choice Questions 


Choose the correct answers or answers from the given alternatives. 
Displacement current was first postulated by 

(a) Ampere (b) Maxwell 

(c) Hertz (d) Marconi 


. The displacement current flows in the dielectric of a capacitor when the 


potential difference across its plates 
(a) is increasing with time (b) is decreasing with time 
(c) has assumed a constant value (d) becomes zero. 


. The SI unit of the displacement current is 


(a) H (b) C 

(c) F m` (d) A 

Choose the only wrong statement from the following. Electromagnetic 
waves: ‘ 3 
(a) are transverse 

(b) travel in free space at the speed of light 

(c) are produced by accelerating charges 

(d) travel with the same speed in all media. 

Which of the following pairs of space and time varying E and B fields would 
generate a plane electromagnetic wave travelling in the z-direction? 

(a) Ey, By (b) Ey, B; 

(c) Ey, B; (d) Ez, By 
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6. Choose the waves relevant to telecommunication. 


(a) ultraviolet (b) infrared 
(c) microwaves (d) visible light 


D. Numerical Problems 


1, A air-filled capacitor has circular plates, each of radius 5,0 cm. If the 
electric field in the air gap changes at a rate of 10! Vm- s71, what is the 
displacement current? 

2. What is the magnetic field at each plate of the capacitor of problem 1? 

3. A parallel-plate capacitor of area 50 cm? and plate separation 3.0 mm is 
charged initially to 80 C. Due to a radioactive source nearby, the medium 
between the plates gets slightly conducting and the Plate loses charge 
initially at the rate of 1.5x 10-8 Cs~, What is the magnitude and direction 
of displacement current? What is the magnetic field between the plates? 

4. The voltage between the plates of a parallel-plate capacitor of capacitance 
1.04F is changing at a rate of 5 Vs-!, Find the displacement current in the 
capacitor. 

5. An air-filled capacitor is made of identical circular plates separated by 
5.0 mm. Its capacitance is 80 pF. It is being charged by a constant current. 
If the magnetic field at a distance of 15 cm from the axis of the plates is 
2,0 107? T, find the charging current. 

6. The capacitor of Problem 5 is connected to a (220 V, 50 Hz) ac power 
supply. Find the maximum value of B at a point 6.0cm from the axis bet- 
ween the plates. 

7. Electromagnetic waves travel in a medium at a speed of 2.0108 ms-4, The 
relative permeability of the medium is 1.0. Find its relative permittivity, 

8. In a plane electromagnetic wave of frequency 1.0 1012 Hz, the amplitude 
of the magnetic field is 5,0x 10-8 T. (a) Find the amplitude of the electric 
field, (b) What is the total average energy density of the wave? 


i a ee 
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3 10 
WAVE OPTICS 


10.1 INTRODUCTION 


The subject of optics has been divided into two branches, namely, ray 
optics and wave optics. Ray optics deals with the formation of images 
in mirrors and lenses, the aberrations of optical images and the work- 
ing and designing of optical instruments. You have studied this branch 
of optics in earlier classes. In the next chapter we will learn more 
about ray optics. Ray optics is based on the laws of rectilinear propa- 
gation, reflection and refraction of light and the knowledge of geo- 
metry of straight lines, In the next chapter we will see that many 
aspects of the behaviour of light can be well described and understood 
in terms of the idea of rays. 

During the first decade of the nineteenth century, some more facts 
about light were discovered. In 1801, Thomas Young demonstrated 
interference between two beams of light. In 1808, Malus discovered 
that the light reflected from a glass was polarized. Grimaldi in 1665 
had already discovered diffraction of light. These aspects of the 
behaviour of light (interference, diffraction and polarization) cannot 
be explained in terms of the idea of rays. In this chapter we will see 
how these phenomena are explained in wave optics. In chapter 9 we 
have learnt that light is an electromagnetic wave in which the electric 
and magnetic fields vary with space and time resulting in the propa- 
gation of the wave. 

We begin this chapter by describing the connection between rays 
and wavefront. In wave optics, the wavefront is the counterpart the ray 
in ray optics. We will then use the idea of wavefronts to explain 
interference, diffraction and polarization of light. We will end this 
chapter with a section on Doppler effect for light waves. 


10.2 RAYS AND WAVEFRONTS: HUYGENS’ PRINCIPLE 


We can classify waves as one-dimensional, two-dimensional and three- 
dimensional. Waves on a string are one-dimensional, since they travel 
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only in one direction, i.e. along the string. Surface water waves travel 
only on the surface of water, and are hence two-dimensional. Sound 
and light waves which travel in all directions are three-dimensional 
waves, 

Let us consider water waves, When a stone is dropped in a still 
pond, water waves spread out in 
the form of concentric circles 
(Fig. 10.1). These circles are 
called wavefronts. Circle A repre- 
sents a crest. C is the next crest. 
Between the circles A and C is 
circle B which is a trough. All 
particles in a crest move up 
together and are at their maximum 
+ve displacement at the same 
time. In other words, they have 
same state of motion, i.e. the 
phase of oscillation, Similarly, all 

Fig. 10.1 Wavefronts of water Particles constituting a frough are 
Waves at their maximum-negative dis- 
placement (below the level surface) 
simultaneously, i.e. they have the same phase. Thus, we define wave- 
Jront as the locus of points having the same phase of oscillation. In 
the case of water waves, the loci of points in the same phase are 
concentric circles, since in a homogeneous medium like water, the 
disturbance created at O travels the same distance r to reach the crest 
A. Thus, the phase of particles situated at a distance r from O is the 
same at a particular instant of time. The ray is the path of an element 
of the wavefront and hence gives the direction of propagation of the 
waves. 

Let us now consider light waves. The wave travels in all directions. 
In an isotropic medium light waves created by a point source propa- 
gate with the same velocity in all directions. Hence, the wavefronts 
which envelop points in the same phase of oscillation are spherical in 
this case and the rays are normal to the wavefronts. The wavefronts of 
waves travelling in a single direction are plane (Fig. 10.2a). As the 
spherical wave advances, the curvature of the spheres decreases pro- 
gressively (Fig. 10.2b). Thus, a small portion of a spherical wave 
“viewed at a long distance from its source is a plane wave, in which 
case the rays are parallel and unidirectional. 
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(a) 


Fig. 10.2 (a) Plane wavefronts, and (b) Spherical wavefronts; 
Arrows represent rays 


Huygens’ Principle 

As a wave spreads out, the wavefronts advance. The radius of circular 
wavefronts of water waves or of spherical wavefronts of light waves 
continuously increases. Christian Huygens (1629-1695), a Dutch 
physicist, give us what we call Huygens’ principle which tells us how to * 
prediet a new wavefront if the position of an earlier wavefront is 
known. This principle states that each point on a given wavefront is 
| to be considered as the source of secondary wavelets; the new wave- 
front will then be the envelope of these secondary wavelets. Referring 
to the circular wavefronts of water waves (Fig. 10.1) let us see how 
we can use this principle to construct (or predict) a subsequent wave- 
front out of the given wavefront A. We treat every point on A to be 
a source (like the original source O) of secondary wavelets. We wish 
to determine where this wavefront would be after, say, a time interval 
At. The waves will travel a distance Jr = vát in time At; where v. is 
the wave velocity. Now, as shown in Fig. 10.3, we draw circles of 
radius 4r taking each point op A as the centre, We then construct the 
envelope B of these small wavelets. B is the new wavefront. 


Fig. 10.8 Propagation of; (a) circular wavefront, and 
(b) plane wavefront; the arrows indicate the 
direction of the rays x 
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It may be pointed out that the shape of the wavefront depends also 
on the properties of the medium. We have assumed the medium to 
be homogeneous and isotropic. In such a medium, the wave velocity 
is the same in all directions. The shape of the wavefront is complicat- 
ed in inhomogeneous and anisotropic media. 


10.3 THE LAWS OF REFLECTION AND REFRACTION 


We have just learnt how we can apply Huygens’ principle to locate a 
given wavefront at a later time. We will now use this principle to 
deduce the laws of reflection and refraction of a wave. 


Laws of Reflection 


Let us, for simplicity, consider a plane wave incident on a plane 
reflecting surface. Let ABC in Fig. 10.4(a) represent a section of a 

„Plane wavefront incident on a plane reflecting surface PQ at an angle 
i. The arrows represent the rays. Let us assume that at time ¢ = 0, 
point A of the wavefront has reached the surface. After some time B 
will reach G and after some more time C will reach E. Point C will 
reach E at time f given by t = 0/CE, where » is the velocity of the 
wave. From Huygens’, principle, every point of the surface between A 
and E, in turn, becomes a source of secondary spherical wavelets. Let 
us now locate the reflected wavefront at time t. ‘At time t, the wavelet 
that had emerged from A at time ¢ = 0, has travelled a distance 
AD = CE. With A as the centre and AD as the radius, draw a circle 
(shown only partly). This circle represents the section of the spherical 
wavelet in the plane of the paper. The wavelet that emerges from G 
when B reaches G must have travelled a distance GF = BG until 
time t. We draw another circle with G as the centre and GF as the 
radius. This. process is carried out for all points between A and E. In 
Fig. 10.4(b) five such wavelets have been drawn. The envelope of these 
wavelets is the reflected wavefront EFD at time t. The arrows perpendi- 
cular to this wavefront are the reflected rays. 


Incident wovefront ee 
efron, 


(a) tb) 
Fig, 10.4 Reflection of a plane wavefront from a plane surface 


Wave Optics 451 


The right triangles ACE and AED are congruent, since CE = AD 
and AE is the common side. 
Hence ZCAE = ZDEA 


or i=r 

i.e. the angle of incidence is equal to the angle of reflection. This is 
the first law of reflection. Further, the incident wave, the reflected 
wave and the normal at the point of incidence, all lie in the same 
plane which, in our case, is the plane of the paper. This is the second 
law of reflection. These laws of reflection hold for all types of waves. 
You are already familiar with the laws of reflection of light. 


Laws of Refraction 


Consider a plane wave incident on a plane boundary separating two 
different media. The wave is partly reflected and partly refracted. We 
shall consider only the refracted part. Let AB in Fig. 10.5(a) represent 
a section of a plane wavefront incident at an angle 7 on a boundary 
PQ separating two media 1 and 2. Let vı and 2 respectively be the 
velocity of the incident wave (in medium 1) and the refracted wave 
(in medium 2). As in the case of reflection, the form and position of 
the refracted wavefront can be determined using Huygens’ construc- 
tion. Let vı: be greater than v2. The first point on the boundary to be 
hit by the incident wavefront is A and the last is C. From Huygens’ 
principle, every point on the boundary between A and C, in turn, 
becomes a source of secondary spherical wavelets. Let ¢ be the time 
taken by the disturbance at B to reach C. Therefore, BC = vt. 
During this time the secondary wavelet created at A, t seconds earlier, 
has travelled a distance AD = wt, in medium 2. With A as the centre 
and AD as the radius, draw a circle. In the figure only a part of this 


Incident 
wave front 


Refractea 
wavefront 
cb 


Fig. 10.5 Refraction of a plane wavefront at a plane boundary between 
two media 
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circle is drawn and shown dotted. This circle Tepresents the secondary 
spherical wavelet, at time ż, that had emerged from A ¢ seconds 
earlier. Remember the section of a sphere in a plane is a circle. The 
refracted wavefront CD is then obtained by drawing a tangent from 
C to this circle. In Fig. 10.5(b), we have drawn the wavelets from six 
points between A and C and shown that the tangent drawn is indeed 
the envelope of various secondary wavelets. 

Now, in AABC, 


P ets tar BG 
sin Z BAC = sin i -O 


and in AACD, 


AD 
AC 
sini BC mt o 
sin r AD mnt n 
Imis called the index of refraction of medium 2 with respect to 
medium 1. This is Snell’s law of refraction. The incident wave, the 
refracted wave and the normal to the surface, at the point of incidence, 
all lie in the same plane which is the plane of the paper in our 
diagram. These laws of refraction hold for all types of waves. 


The refractive index of a medium with respect to vacuum is written 
as n. We then have 


sin ZACD = sin r = 


= In (10.1) 


a= 


els 


(10.2) 


where c is the speed. of the wave in vacuum (c = 3.0 108 ms~! for 
light waves) and v is the speed of the wave in the medium. The refrac- 
tive index of air (for light waves) is 1.0003 so that the speed of light 
in air is only slightly less than in vacuum. 


Note: The frequency of a wave does not change when a wave is 
reflected from a surface or refracted at the boundary between two 
media, if the media are at rest. If the source is in onemedium and the 
observer in another medium (both media being at rest), the time 
taken to travel from one to the other is fixed for all points of the 
wavefronts. This means that two wavefronts separated by one time 
period are separated by the same time interval at the source and at 
the observer. Thus, the frequency of a wave remains the same as the 
wave travels from one medium to another. Since » = vA a change in 


speed v implies that the wavelength A will change as the wave travels 
from one medium to another. 
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We have deduced the laws of reflection and refraction for the 
simplest case of a plane wavefront incident on a plane boundary. 
These laws hold for all types of wavefronts and for all kinds of boun- 
daries, plane or curved. Figure 10.6(a) shows the reflection of a plane 
wavefront from a concave mirror and Fig. 10.6(b) shows the refraction 
of a plane wavefront through a convex lens. 

Incident 


Incident wavefront Refracted 
wavefront wavefront 
A 


c 


Reflected 
wavefront 


D? 


Fig. 10.6 (a) Reflection of a plane wavefront from a concave mirror, 
and (b) refraction of a plane wavefront through a convex 
lens 


Let us first look at Fig. 10.6(b). The central part B of the incident 
plane wavefront travels through the greatest thickness of the lens and 
is, therefore, slowed down the most. The outer parts A and C which 
travel through a smaller thickness of the lens are slowed down the 
least. This explains the spherical nature of the refracted wavefront 
and also the converging action of the lens. The concave mirror in 
Fig. 10.6(a) has the same effect. The central part B of the incident 
wavefront has to travel the greatest distance before getting reflected, 
compared to the outer portions A and C: Therefore the point B’ of 
the reflected wavefront is closer to the mirror than points A’ and C’. 
This explains the spherical nature of the reflected wavefront and the 
focussing action of the concave mirror. 


EXAmpLe 10.1 Yellow light of wavelength 589.0 nm is incident on a 
boundary separating air and glass. Find the speed, wavelength and 
frequency of: (a) reflected light, and (b) refracted light. The refractive 
index of glass for yellow light = 1.5. 


Solution: (a) Reflected Light The reflected light is sent back into the 
medium (air) in which the incident light travels. Now ‘the speed’ ‘of 
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light in a given medium is fixed = 3.0 x 108 ms~ for air (or vacuum). 
Hence the speed of the reflected light (c) = 3.0 108 ms~'. 


Wavelength of incident light (A) = 589.0 nm 
= 589.0 x10 m 


Frequency of incident light (v) 
8 
Soe ok = 5.09x 104 Hz 
Since the frequency and velocity of the reflected wave are the same as 
that of the incident light, the wavelength of the reflected light= wave- 


length of incident light = 589.0 nm. 
(b) Refracted Light The speed of the refracted light vg (in glass) is 


obtained from ng = = which gives 
g 


= 2.0 x 108 ms“! 
Since the frequency y of light remains unchanged on refraction, we 
have 


Ua. Ug 


yae SE 


ASAE 
where va = c = 3.0X 108 ms“! and As = 589.0 10-9 m 
Therefore 
ee, 
Ag = EN 
_. 2.0x 108 
~ 30x 108 
= 392.7 10-7? m = 392.7 nm 


x 589.0 x 10-9 


10.4 LIGHT—AN ELECTROMAGNETIC WAVE 


In Chapter 9 we have seen that light is an electromagnetic wave in 
which the electric and magnetic fields vary sinusoidally with space and 
time. Let us, for simplicity, consider a plane wave. A small portion 
of any wavefront can be regarded as nearly plane. If a plane wave is 
travelling in, say, the x-direction, thè E and B fields are confined in 
the transverse direction, i.e. in the y-z plane. Let us assume that the 
E field is in the y-direction and B-field in the z direction. The electric 
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field E and magnetic field B at a point (x, y, z) atatime t are 
written as: $ 


E(x, y, z, t) = Eoy sin (= = én) 


B(x, yy:zsit) Boe sin (2 E ary go) (10.3) 


where Eo and Bo are the amplitudes (i.e. the maximum values) of the 


oscillating electric and magnetic field and y and 2 are the unit vectors 
along y and z directions respectively. The oscillating fields E and B 
are always in phase. At time ¢ = 0, the phase at the origin (x = 0) 
is $o. 

How can we picture a wave described by Eqs (10.3), Each equation 
has three variable E (or B), x and t. It is not easy to visualize how E 
and B vary if x and ¢ both are changing; we would need a three- 
dimensional picture. In order to show them on a two-dimensional 
plane, one of the two independent variables (x or t) is kept constant 
and the other is varied. Figure 10.7 shows how the electric and magne- 
tic fields vary with x at one instant of time. Notice that the E and B 
vectors are in the y-z plane which is perpendicular to the x-direction, 
the direction of propagation. This means that the waves are transverse. 
The E and B fields vary as x is changed. If x is changed by A, their 
original values are recovered. This is the definition of wavelength A. 
Figure 10.7 shows the fields when x is changed by 4/2. Notice that 
there is no dependence of E and B on y and z [see Eqs (10.3)]. This 
means that the planes parallel to the y-z plane are the wavefronts. 
Figure 10.7 shows the plane wavefront at fiye different locations (i.e. 
different x values). On a wavefront the phase of the wave is constant. 


y 


Fig. 10.7 A plane em wave propagating along 
the +x-direction 
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A similar picture can be drawn keeping x fixed and changing the time 
t, this picture will give snap-shot of the wave at different times. The 
planes 1 and 5 now will be separated by a time interval 7/2. 


Charged Particles and Electromagnetic Waves 


We know that an accelerating charge radiates electromagnetic waves. 
Figure 10.8 shows the acceleration vector a of a charge at a certain 
instant of time, the charge is shown accelerating in a direction @ with 
the x-axis. Let us suppose that an observer is located on the x-axis. 


Gynt anuala € 


x-axis 
Charged — To observer 


Particle 


plane 


Fig. 10.8 Radiation from an accelerated charge being studied by 
an observer inclined at an angle 0 with the acceleration 
vector a 


The acceleration vector a can be resolved into two rectangular 
components—one in the direction of the observer (ax) and the other 
transverse to this direction (ay). The component ay can produce only 
a longitudinal wave along the x-direction. But electromagnetic waves 
are transverse, hence the component ay has nothing to do with electro- 
magnetic waves in the x-direction. Hence the electric vector E of the 
wave is parallel to ay and Proportional to it. We will use this Principle 
later in this chapter when we discuss polarization of light. 

Let us, for the present, look at another aspect of electromagnetic 
waves. Suppose the wave encounters a charged particle at rest. The 
electric field E of the wave will exert a force gE on the particle if its 
charge is q; the magnetic field B does not exert any force on it because 
it is at rest. What happens if the charged particle begins to move with 
a velocity, say, v. The force due to electric field is still given by qE 
(this is only approximately true; the requirement is that v must be 
very small compaied to c; where c is the speed of the wavelin vacuum). 
The magnitude of the Magnetic force on the moving charge is qvB. 
Hence 


Electric force _ GE 
Magnetic force goB 

where the ratio E/B = ¢ (see Chapter 9). 
Thus we find that the electromagnetic wave exerts a much larger 


Cc 
v 


E 
SE (10.4) 


Wave Optics 457 


electric force (than magnetic force) on a slowly moving charged parti- 
cle, i.e. ifv < c. In our further discussion, we will therefore consider 
only the electric field, though the magnetic field is always understood 
to be present. 


10.5 INTERFERENCE 


In Class XI you have studied interference of surface water waves which 
are transverse. In the laboratory this interference can be demonstrat- 
ed by attaching a stylus to each prong of a tuning fork and placing it 
over a big ripple tank. The fork is set into vibration and each stylus 
is brought into contact with water. Two sets of concentric circular 
waves start simultaneously from the point of contact of each stylus 
[Fig. 10.9(a)]. The wave trains travel in the form of crests and troughs 
on the surface of water. The solid circles represents crests and the 
dotted ones represent troughs. 


(a) (b) (c) 


Fig. 10.9 (a) Interference pattern (solid curves represent crests and broken 
curves represent troughs), (b) constructive interference, and 
(c) destructive interference 


At points like Q where two crests interest, a larger crest is formed, 
the displacements of the particle due to two waves adding up 
[Fig. 10.9(b)]. This is called constructive interference. At points like 
P where a crest of the wave and a trough of the other intersect, they 
cancel each other. At these points, the water surface is level and the 
interference is said to be’ destructive [Fig. 10.9(c)]. At points like R, 
two troughs intersect, the two negative displacements of the same 


particle add up to give a bigger trough. 


458 Physics for Class XII 


The Superposition Principle 

The experiment of interference of water waves clearly suggests that 
the actual displacement of any particle can be found by simply adding 
the separate displacements that the individual waves will give it if each 
wave were present alone. This process of vector addition of displace- 
ments of a given particle is called superposition. The superposition 
principle states that the resultant displacement of a particle is equal to 
the algebraic (vectorial) sum of the individual displacements give to it by 
two or more waves. : 

The same arguments can be used to discuss interference of two 
light waves, except that in place of particle displacements we use the 
electric fields of the waves. Historically, the phenomenon of inter- 
ference of light was discovered by the English scientist Thomas Young 
in 1801. 


Young’s Double-Slit Experiment 


Figure 10.10 illustrates the simple experiment devised by Young to 
show interference of light waves. Light from a source is limited by a 
slit S, which acts as the primary source. Light, diverging from S, 
illuminates two slits Sı and S2, which are very close together and equi- 
distant from S. The slits Sı and Sz act as secondary sources, The 
light waves from, Sı and S2 are received at a screen B. The distances 
in the diagram are chosen for convenience. The actual distances in a 
typical experiment are: wavelength A of the light from source6000A 
GÀ, read as Angstrom = 10-19 m), distance SıS2 = d~2mm, width 
of each slit ~ 0.2 mm, distance D œ 1.0 to 2.0 m. 


Bright (central) fringe 


Dark fringe 


. Screen 


(Source) £ <0 EEI IENA 


Fig. 10.10 Young's double slit experiment 


Figure 10.11(a) represents a section of Young’s experiment in a 
plane, i.e. the plane of the paper. According to Huygens’ principle. 
the waves spread out from slit S and as SS: = SS2 these waves reach 
the slits Sı and S2 simultaneously, so the waves diverging from Sı and 
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S2 are in the same phase. A train of secondary wavelets diverges to 
the right from each slit. The solid curves represent crests, i.e. E + ve 
maximum, and the dotted curves represent troughs, i.e. E — ve maxi- 
mum, in these wave trains. At the lines leading to Po, P2 and P2, the 
crest of one wave coincides with the crest of the other and the trough 
of one wave coincides with the trough of the other. Therefore, accord- 
ing to the superposition principle, the electric fields of the waves add 
up and the resultant amplitude (and hence intensity) is maximum 
along these lines [Fig. 10.11(c)]. The interference along these directions 
is constructive. Along the lines leading to Pi and Pj, the crest of one 
wave falls over the trough of the other and the effects cancel out, 
resulting in zero intensity along these directions. This is destructive 


interference. 
| omens | 
Bright y Z 


E SO OET 
Dark 


(a) (b) (c) 
Superposition of Fringes Superposition of 
wavefronts fields 


Fig. 10.11 /nterference of two light beams 


If the light falls on a screen, alternate bright and dark bands are 
visible [Fig. 10.11(b)]. These are called interference fringes. The bright 
fringes are seen to be equally bright and equally spaced. The separa- 
tion B between the two consecutive bright (or dark) fringes is called 
the fringe width. Fringe width B increases if the distance D, between 
the slits and the screen, is increased or if the separation d, between the 
slits, is decreased. The fact that the observed pattern is indeed due to 
interference of two light waves and not due to any other wave-effect, 
can be confirmed by covering one of the slits. The well-defined bright 
and dark fringes will disappear. 
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Theory of Interference 


We shall now obtain the expression for the resultant intensity at any 
point P of the screen, using the Superposition principle (Fig. 10.12). 
Since the two virtual sources Sı 
and Szare derived from the same 
primary source and since they are 
equidistant from S, the secondary 
wavelets emerging from Sı and S2 
arein the same phase and have 
equal amplitude, equal frequency 
and hence, equal velocity. Let 
source slit S be illuminated with a 
monochromatic (of one colour) 
light of wavelength A. The identical 
Fig. 10.12 Position of bright and light waves, diverging from Sı and 

dark fringes S2, at an instant of time z, may be 

represented by 


(as: 
E= Eosin = 
. 2rct 
= Eo sin ar 


where Eo is the amplitude, T the period and c the velocity of light. 
In travelling from Sı to P, the wave travels a path of x1 = SıP. Hence, 
on reaching P, the wave that emerged from S; looks like 


Eı = Eo sin $22 (et — xo} 
= Eo sin (wt — 4) (10.5) 


where w = 27c/À = 27/T is the angular frequency and $; = 27y1/A is 
the phase of the wave. Similarly, on reaching P, the wave thatemerged 
from Sz is given by 


E = Eo sin Pea =x} 


= Eo sin (wt — ¢2) (10.6) 
where x2 = SP and $2 = 27x2/A is the phase of the wave. Notice that 
the phases of the two waves (which started in phase from S; and S2) are 
no longer equal. The phase difference $ is given by 

= tb =F eq — x) = 224 (10.7) 


where the path difference 4 = x, — xı = S2P — SiP. 
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Before we use the superposition principle to find the resultant wave, 
we will make an assumption. We assume that the point P is very close 
to Po, the central point, so that y < D. We also assume that the two 
slits are very close together, i.e. d < D. Under these assumptions, the 
electric fields E1 and E2 at P will be very nearly in the same direction 
so that the superposition of Eı and E2 is simply the ordinary sum of 
E; and F2. It is no longer necessary to treat them as vectors. Hence 
the resultant wave is given by 


E = Ei + Ez 
= Fofsin (wt — $1) + sin (wt — $2)} 


= Ep(sin wt cos ¢1 — cos wt sin ¢1+ sin wt cos ¢2 
— cos wt sin $2) E 


= Eof(cos ¢1 + cos ¢2) sin wt — (sin 41 


+ sin 42) cos wt} (10.8) 
Now let 
Eo(cos $1 + cos $2) = R cos 8 (10.9) 
and Eo(sin 1 + sin $2) = R sin 8 (10.10) 
Using Eqs (10.9) and (10.10) in Eq. (10.8) we get 
E = R sin (wt — 0) (10.11) 


This is the resultant wave. The resultant amplitude is R and the 
phase is 8. As we are interested only in the resultant intensity (which 
is proportional to R?) we shall not worry about the phase 0. Squaring 
Eqs (10.9) and (10.10) and adding, we get 

R? = 2Eo{1 + cos (¢2 — $1)} 


= 2E%(1 +. cos $) (10.12) 


Constructive Interference 


The resultant intensity J (oc R?) is maximum if R? is maximum, i.e. if 
(see Eq. 10.12) 


cosġ= +1 
or pst OM AT 6c 
or 27A = 0, 2m, 4m... 
or A= 0,0; 25% 


The maximum value is Imas = KRmax = 4kE3 = lo 


l- 
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where k is a proportionality constant. The interference is said to be 
constructive. 


Destructive Interference 


The resultant intensity is minimum if R? is minimum, i.e. if 


cos? = — 1 
or p= m, 3r, Str, oi). 
or AA AREA EA 
à 
A 3A 5A 
or Aim Sry He 


The minimum value is Jmin = 0. 
The interference is said to be destructive. Thus the condition for 
maxima and minima of intensity are as follows. 


4=S:P —S$\P =m\ (MAXIMA) (10.13) 
and 

4 = SP — SP = (m bs 4) (MINIMA) (10.14) 
where m = 0, 1, 2,3,.... 


These maxima and minima constitute the bright and dark fringes. 


Position of Bright and Dark Fringes: The Fringe Width 
Referring to Fig. 10.12, we see that 


(S2P)? = (S2B)? + (BP)? 


2 
= D+ (y+ 4) 


d 271/2 
(2+ 4) 
or SP =D}]1+ N 


Since we have assumed that y, d < D, we expand the expression 
within the square brackets binomially and retain terms of up to the 


2 
order of ( DF 4) | D?. We then get 


SP = D + zph? + a 


ES ot 
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Similari sip =D + -4y 
rar D 8 ODN ee 


so that A= SP — SiP 


yd 10.15 
D (10.15) 
Bright Fringes For bright fringes, 4 = ma, i.e. 
d 
Ymp =m) 
or Ym = ae (10.16) 


which gives the position of the mth bright fringe. 

For the central fringe at Po, m = 0 and yo = 0 and the next bright 
fringe will be at yı =AD/d and so on. For the (m — 1)th bright fringe, 
we have 


Ym-1 = (m = DAD. r Ee E PIE P e 
d 
so that the fringe width £ is given by 
À 
B = ym — Yma = 1 (10.17) 


Dark Fringes The dark fringes satisfy the relation 
alt ( Es +) AD 
Pria NGO voip a 


i.e. the first dark fringe (m = 1) is at 


abel 

DS ue 
the second (m = 2) at 

, 3 

ea aa uF] 


and so on., The separation between two consecutive dark fringes is 
B = AD/d, the same as that between two consecutive bright fringes. 
Thus the fringes are equally spaced. Between two bright fringes is a 
dark one. Fringe width £ is directly proportional to D and inversely 
proportion to d. Further, the intensity of all bright fringes is the same 
(equal to Jo) and the intensity of dark fringes is zero. These conclusions 
are in agreement with the experimental observations, 


464 Physics for Class XII 


Intensity Distribution Curve 


The intensity at any point of the screen is given by 
[see Eq. (10.12)] 


T = 2kEQ(1 + cos $) = Io cos? (£) 


where Jo = 4kEs, is the maximum value of 7. In terms of y, d, D and 
A we have 


myD 
r= nco (22) (10.18) 


Fig. 10.13 (a) Intensity distribution, and 
(b) fringe pattern 


In Fig. 10.13(a) we have plotted J for various values of y and in 
Fig. 10.13(b) we show the corresponding fringe system. It may be 
remarked that there is no destruction of energy at the dark fringes. 
The total energy is merely redistributed in the fringe system, The energy 
disappears from the dark fringes and reappears in the bright fringes. 


Coherent and Incoherent Light Sources 


At first sight, the interference pattern observed on the screen appears 
paradoxical since we do not observe 
any pattern on a wall illuminated 

s, by two candles. We do not observe 


Ap § any interference pattern if slits S1 
Shield = and S2 in Young’s experiment are 
BS So = illuminated by two separate identi- 

2 cal monochromatic sources A 

and B, like two sodium lamps 

Screen (Fig. 10.14). The reason is not 


Fig. 10.14 hard to seek, The key word in 
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interference is ‘phase difference’. We know that the resultant intensity 
I at any point P, due to the superposition of light waves from sources 
Sı aud S2 is given by 


I = bcos (5) (10.19) 


where ¢ is the phase difference between the two interfering waves. 
This phase difference depends on two factors: (i) the initial phase 
difference between the sources S; and Sz, and (ii) the phase difference 
resulting from the path difference. At a given point P, the path 
difference 4 = SoP — SiP, is constant. Hence, the phase difference 
resulting from this path difference does not change with time. If the 
initial phase difference between the two sources changes with time, the 
phase difference ¢ in Eq. (10.19) and hence intensity J will change with 
time. Thus, sustained interference is not possible. This can be under- 
stood from the following reasoning. In a light source, namely a glowing 
filament or a gas discharge tube, light is emitted from individual atoms. 
The tiniest source may consist of millions of such indepeadent atoms. 
Each atom is excited by heat or electrical discharge. An electron of 
the atom shifts to a higher energy orbit and as it falls back to its 
original orbit, a light is emitted. The duration of this process of emis- 
sion of light is of the order of 1078 to 107!° s. Millions of such atoms 
obviously cannot emit light waves in the same phase. The phase of 
light will change arbitrarily because of collisions with other atoms. 
Hence, the initial phase difference between two independent sources 
can remain constant only for about 1078 or 107! s. Such a rapidly 
varying phase change (and hence intensity) cannot be seen by us or 
depicted by any photographic plate, because the'time of persistence of 
vision (0.1s) is much larger than the so-called time of coherence (1078 
or 1071s). Such independent sources of light which do not have a 
constant phase difference are called noncoherent sources, They cannot 
produce sustained interference effects. 

It is possible to obtain two coherent light sources from one incohe- 
rent source. Young’s double-slit device is one such example. The two 
sources (virtual) Sı and S2 in Young’s experiment (Fig. 10.10) have a 
constant phase relationship because they are derived from the same 
source S, which is essentially non-coherent. Whatever phase change 
takes place in Sı must also take place in S2 so that the relative phase 
difference between Sı and S2 remains constant with time. The sources 
that have a constant phase difference are called coherent sources. Only 
coherent sources can produce sustained or stationary interference. 
Nowadays we have remarkable devices called Jasers which produce 
coherent light. 


466 Physics for Class XII 


Fresnel’s Biprism 


Fresnel devised a simple experiment to obtain coherent sources and 
produce an interference pattern. The experiment is shown schematically 
in Fig. 10.15. He used a biprism which is actually a simple prism with 
very small base angles (x ~ $°). The phenomenon of refraction is 
utilized to produce a pair of coherent sources. Light from a narrow 
slit S, illuminated with monochromatic light, is allowed to fall on 
the biprism. The light passes- through the biprism. As a result of 
refraction by the upper and the lower halves of the prism, two virtual 
images Sı and S2 are produced. These virtual sources Sı and Sz are 
coherent as they are derived from the same primary source S. The 
source Sı illuminates the portion AB of the screen while the source S2 
illuminates the portion CD. The portion AD receives light from both 
the sources and interference fringes are seen in this region, 


Screen 


Biorism 


Fig. 10.15 Fresne/’s biprism experiment 


Lloyd’s Mirror 


In Lloyd’ mirror experiment, depicted in Fig. 10.16, the phenomenon 
of reflection of light is utilized to obtain a virtual light source coherent 
with its primary source. Light from a slit Sı is allowed to fall on a 
plane mirror at grazing incidence (the angle of incidence ~ 87°). The 
reflected light appears to diverge from Sz, the virtual image of the 
source slit S1, formed by reflection at the mirror. The virtual image S2 
acts as a coherent source with the primary source S1 itself. S2 illumi- 
nates the region AB of the screen which also receives light directly 
from Sı. In this region of overlapping of the direct and reflected waves, 
interference fringes can be seen. It may be mentioned that the conven- 
tional silvered mirror is not used because of multiple internal reflections. 
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In fact, even a plane dielectric surface (like a glass plate) can be 
employed since, at grazing incidence, glass behaves like a nearly perfect 
reflector. 


Screen 


Fig. 10.16 The Lloyd’s mirror 


The shape of fringes and the expression for the fringe width is the 
same in all the three experiments of interference. An interesting feature 
of Lloyd’s experiment is that the central fringe is dark and not bright. 
This is to be expected because we know that when a wave is reflected 
at the boundary of a dense medium, the reflected wave undergoes a 
phase change of = (which is equivalent to path difference of 4/2) with 
respect to the incident wave. Hence, the path difference for any point 
P on the screen is not just (S2P — S:P) but it is equal to (S2P — SiP) 


+ x Now the condition for destructive interference, Eq. (10.14) 


becomes 
se- sip-+ > = ( +5)a 
2: 1 2 m 2 


or S2P — SiP = mA, where m = 0, 1, 2, 3,... This condition is 
satisfied for the central fringe for which S2P = S:P. Thus, the central 
fringe in Lloyd’s experiment should indeed be dark. This provides an 
experimental confirmation of the fact that the reflected wave under- 
goes a phase change of = on reflection. 


Visibility of Interference Fringes 


The separation d between the two virtual sources must be very small 
in all the three experiments described above otherwise the fringe width 
B will be very small, i.e. the fringes will be too close together to be 
clearly visible. It is for this reason that angle « of the biprism is very 
small or the source slit in Lloyd’s mirror experiment is so placed that 
the light falls on the mirror at almost grazing incidence. Another 
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teason why d as well as y should be small is related to the coherence 
of the source itself which affects the visibility of the fringes. (Refer to 
Supplement S1 at the end of this chapter.) 


Wavelength Determination 


The wavelength of a monochromatic beam of light can be determined 
by an interference experiment, using the expression A = Bd/D. The 
fringes are received on the focal plane of an eyepiece fitted with a 
micrometer screw and fringe-width B is measured. Knowing the dis- 
tance d between the two coherent sources and the distance D between 
the sources and the eyepiece, wavelength A of light can be determined. 
Wavelength of light is expressed in the following convenient units: 


1 nanometre (nm) = 10-9 m 
1 Angstrom (A) = 107 m 
Thus Inm=10A 


EXAMPLE 10.2 In Young’s double slit experiment, the slits are sepa- 
rated by 0.28 mm and the screen is placed 1.4 m away. The distance 
between the fourth bright fringe and the central bright fringe is 
measured to be 1.2 cm. Determine the wavelength of light used in the 
experiment. 


Solution: The position of the mth bright fringe with respect to the 
central fringe is given by 


_ mb 
Ym = d 
For the central bright fringe (m = 0), yo = 0 
For the fourth bright fringe (m = 4), y4 = aD 
Therefore y> yo= BP 
95 X= (y4 — we (G) 


It is given that 
(v4 — yo) = 1.2 cm = 1.2x 102m 
D = 1.4 m, d = 0.28 mm = 0.28 x 1073 m 
Substituting these values in (i) and solving, we get 
À = 6x 10-7 m (or 600 nm or 6000.A) 


ilds ale lóa 
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Exampe 10.3. What is the effect on the interference fringes in a 
Young’s double-slit experiment due to each of the following operations: 


(a) the screen is moved away from the plane of the slits; 

(b) the (monochromatic) source is replaced by another (monochro- 
matic) source of shorter wavelength; 

(c) the separation between the two slits is increased; 

(d) the source slit is moved closer to the double-slit plane; 

(e) the width of the source slit is increased; 

(f) the widths of the two slits are increased; 

(g) the monochromatic source is replaced by a source of white 
light? 
(In each operation, take all parameters, other than the one specified, 
to remain unchanged.) 


Ans. The fringe width is given by 


(a) Ifthe screen is moved away from the plane of the slits, the value 
of D increases, hence the fringe width £ increases. 

(b) If wavelength A is decreased, the fringe width decreased. 

(c) If the separation (d) between the two slits is increased, the 
fringe width decreases. 

(d) and (e) Let x be the width of the source slit and X the distance 
between the source slit and the plane of the two slits. For interference 
fringes to be distinctly visible, the condition x/X < A/d should be 
satisfied. If x is too large (i.e. the source slit is too wide) or if X is too 
small (X is the distance between the source slit and the two slits) the 
requirement x/X < A/d may be violated and fringes will no longer be 
distinct, The reason is that the interference patterns due to various 
parts of the source slit overlap. Consequently, the minima will not be 
totally dark and fringe pattern becomes indistinct. However, as long 
as the fringe pattern remains visible, a change in x or X has no effect 
on the fringe width £. 

(f) The single-slit diffraction effects at the two slits will affect the 
fringe pattern (see Sec. 10.7). The bright fringes are no longer equally 
bright and equally spaced. ; 

(g) White light consists of colours violet to red (~4000 A to about 
7000 A). The interference patterns due to different component colours 
of white light overlap. At the centre of the screen, the path difference 
is zero for all colours. Hence the central fringe will be white. Since 
the violet colour has the lowest A, a violet fringe will be the first fringe 


470 Physics for Class XII 


on either side of the central white fringe, the farthest fringe is the red 
fringe. After a few fringes, the visibility of the fringes becomes very 
poor due to too much overlapping. (See also Supplement S1 at the 
end of this chapter.) 


EXAMPLE 10.4 Monochromatic light of wavelength 6000 A illumi- 
nates two narrow slits 0.3 mm apart producing an interference pattern 
on a screen 75 cm away. Calculate the separation between: (a) the 
second bright fringe and the central bright fringe, and (b) the second 
dark fringe and the central bright fringe. 


Solution: (a) The separation between the mth bright fringe and the 
central fringe is given by 


„m = AD. 
Ym 55) 
_ 2aD 
Jae ae 
75x 1072 
= 72> m10 aapa. 
2x (6000 x 10 XST 


=:3X 107 m = 3 mm 


(b) The separation between the mth dark fringe and the central 
fringe is given by 
an (n k) 32 
pe 2] ad 


with m = 2, it gives 

y4 = 2.25 mm 
EXAMPLE 10.5 In Young’s double slit experiment the slits are 0.5 m 
apart and interference is observed on a screen placed at a distance of 
100 cm from the slits. It is found that the 9th bright fringe is at a 


distance of 8.835 mm from the second dark fringe from the centre of 
the fringe pattern. Find the wavelength of light used. 


Solution: The distance of the mth bright fringe from the central 
fringe is 


Ym =p = mB 


where B = AD/d is the fringe width. 
ys = 9B (@) 
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The distance of the mth dark fringe from the central fringe is 
A 1\AD 1 
Ym me ala = \m— > B 


y= 58 ci) 


From (i) and (ii), we get 
aa ao a 
yo — y2 = 9B 7 B 5h 


It is given that yo — 2 = 8.835 mm. Hence 


B= sena = 1.178 mm = 1.178 10-3 m 


Now i fa 
Substituting for B, d and D, we get 
A = 5.89x 1077 m = 589 nm 


ExamrLe 10.6 In Young’s double slit experiment, the intensity of 
light at a point on the screen where the path difference is À is K units; 
À being the wavelength of light used. Find the intensity at a point 
where the path difference is À/4. 


Solution: 
2 
Phase difference = = x (path difference) 
IA 
oÀ ae RE 


The intensity at a point on the screen is given by 
I = 2Id(1 + cos $) 


where Jo is the intensity of each interfering beam. At a point where 
4 =), ¢ = 2m Hence, at this point, 


1 = 2Io(1 + cos 27) = 4fo = K units (given) 


Thus Io = í units 


Therefore T= xa + cos $) | 
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Agra z Therefore, at this point, 


K 7 Koi 
=> =) = = units 
I z (i + cos 3) z uni 
EXAMPLE 10.7 Two coherent light sources of intensity ratio 25:4 
are employed in an interference experiment. What is the ratio of the 
intensities of the maxima and minima in the interference pattern? 


Solution: Let Iı and h be the intensities of the two coherent beams 
and Ai and 42 their respective amplitudes, Now 


Intensity ratio 7 — 25 


A 


4 
itude ratio“ = /5 5 
Amplitude ratio’ f As 


Il 


ie. Ay = 5 units and A2 
At maxima: Amax = A, + A2 = 7 units 
At minima: Amin = A1 — Ar = 3 units 


Hence 
Imax Amar _ (I? _ 49 
Imin A? (3)? 9 


10.6 COLOURS OF THIN FILMS 


Make a loop of a wire and dip it in a soap solution and take it out. 
You will get a thin film of Soapy water within the frame of the loop. 
Allow sunlight to fall on the film and look at the reflected light. The 
film exhibits brilliant colours. On a rainy day small oil films on water 
show beautiful colours. This is an example of the most common type 
of interference that occurs in thin films. We shall give an elementary 
explanation of this phenomenon, 

Consider a film enclosed between two surfaces AB and A'B’ 
(Fig. 10.17). Light from a Source S falls on the face AB at point C 
where it is partly reflected along CD and partly refracted along CE. 
The refracted ray CE is partly reflected along EF at the lower surface 
and partly refracted out. This refracted part is not pertinent to our 
discussion and is, therefore, not shown in the diagram. The ray EF is 
partly reflected at F (not shown) and Partly refracted out along FG. 
The waves labelled 1 and 2 are coherent since they are derived from 
the same parent ray SC. When we place our eye so as to receive the 


EO LN 
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Retina 


Fig. 10.17 /nterference of light in a thin film: 
(a) mechanism of interference; and (b) type 
of interference pattern 


rays | and 2, these rays meet each other at the retina of the eye, 
where they interfere. The observed intensity will depend on the phase 
difference between waves 1 and 2. The detailed derivation of the phase 
difference is outside the scope of this book. We shall discuss the 
phenomenon only qualitatively, Waves 1 and 2 travel different paths 
to reach the retina. It is obvious from Fig. 10.17(a) that the path 
difference 5 must depend on the thickness of the film at E. Notice that 
wave 1 is reflected at C and wave 2 at E, If the film is denser than the 
medium outside it, wave 1 will suffer a phase change of 7 on reflection 
while wave 2 will not. A phase change 7 is equivalent to a path change 
of 4/2. Hence, the optical path difference 4 between 1 and 2is given by 


À 
Ae 
ô + 7 


where ô depends on the thickness and the angle of incidence and A is 
the wavelength of light. Thus, the observed intensity is maximum 
(constructive interference) if 
A 
=> 8 — = 
4 et 7 mÀ 
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Be è= (m- 4) a. (10.19) 


For destructive interference we have 
= mÀ m= 0l, 2 (10.20) 

Now, if the thickness at point E of the film is such that 6 is an 
integral multiple of wavelength A, the eye will see no light. As we go 
to point B’ of the film, the path difference increases. If E’ is such that 
ô for E’ is (m — 4)A for any value of m = 1, 2,3,... etc. then the 
eye will register maximum intensity and so on. The observed inter- 
ference pattern is depicted in Fig. 10.17(b). If the film is of an arbit- 
rarily varying thickness (like a soap film) the fringes will have compli- 
cated shapes. If S is a source of the white light, we will see coloured 
fringes. If, at a particular thickness, the relation (10.19) is satisfied for, 
say violet component, the eye will see a bright violet fringe. The colours 
that satisfy the relation (10.20) are absent. The intermediate colours 
have intermediate intensities. This is what we observe when a soap 
film is illuminated by sunlight. 

Do we observe any interference pattern in thick films? The answer 
is “no”. The reason is that the wavelength A of visible light is very 
small. For example, A of violet light ~ 0.00004 cm, A of red light is 
0.000075 cm, and of green light it is 0.000055 cm. If the thickness ¢ 
of the film is much larger than A, the path difference ô will be much 
larger than A so that Eqs (10.19) and (10.20) will be satisfied bya large 
value of the integer m. Since, for large m values, m œ m — 4, the 
maxima and minima of intensity will occur at essentially the same t 
value. This results in an overlapping of colours, thus, washing out the 
interference pattern. Hence, to observe the interference pattern, the 
thickness of the film should be comparable with the wavelength of light. 


EXAMPLE 10.8 Figure 10.18 shows two glass plates in contact at one 
end P and slightly separated at the other end Q, so that a wedge-shap- 
ed air film is trapped between them. The film is illuminated normally 
by monochromatic light and viewed from above. (a) Show that the 
separation between two successive dark (or bright) fringes is given by 
AI/2s where s is the thickness of the film at end Q and Zis its length. 
(b) A dark fringe is observed along the line joining the two plates at 
P. Why? (c) If the wavelength of light is 6000 A, at what value of 
the thickness of the film will the first bright fringe be observed starting 
from P? (d) Is the fringe at a point where the thickness of the film is 
0.00015 cm bright or dark? (e) If the space between the plates is filled 
with water, what changes, if any, do you expect to see in the fringe 
pattern? 
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Solution: Referring to Fig. 10.18 if the angle @ of the wedge-shaped 
film is very small and the light is incident normally on it, the path 
difference § between the waves reflected from the top and the bottom 
faces of the film is twice the thickness of the film at that point. Hence, 
from Eqs (10.19) and (10.20), the conditions for dark and bright fringes 
will be 


Fig. 10,18 
2t = ma (dark fringe), m = 0, 1, 2,... (i) 
2 = (r tt 3) e E A ass Oe Hla 


(a) Let us suppose that there is mth dark fringe at point A where 
the film thickness is tm and let xm be the distance of that fringe from 
contact point P. Then in triangle PBA, we have 

tm = Xm tan 8 


But tan = s/l. Therefore 


Using this in Eq. (i) we have 


P ore UE E fe RO 


l 
màl 
or Xm = aS 
The (m — 1)th dark fringe will be at a point satisfying 
_ (m— DA 


Xm-1 Is 
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Therefore, the separation between consecutive dark fringes is 
B = xm — Xm-1 


L mM (m DNN (iii) 


From Eq. (ii) 8 for bright fringes is also A//2s. 

(b) At point P, t = 0. Therefore the condition (i) for dark fringes 
is satisfied form = 0. Hence there will be dark fringe along the line 
of contact. The reason is that the wave reflected from the bottom of 
the film undergoes a phase change of 7 with respect to the one reflect- 
ed from the top which does not undergo any phase change due to 
reflection. 

(c) The value of ¢ for the first bright fringe from P is obtained from 
Eq. (ii) if we set m = 1, Thus 


= 1500A = 150nm = 1.5% 10-7m 


or t q 4 

(d) The fringe at = 0.00015 cm will be dark since the relation 
2t = mì is satisfied for m = 5. 

(e) Water is denser than air. Hence the wavelength of light will be 
less in water than in air. From Eq. (iii) it is clear that if A decreases, 
f will decrease. Hence the fringes will become closer together when 
water is introduced between the plates in place of air. 


10.7 DIFFRACTION 


Another characteristic of wave motion is diffraction which occurs 
when a travelling wave is obstructed by an obstacle, Let us investigate 
what happens when an aperture is placed in the path of, for instance, 
water waves in a ripple tank. Plane waves on the surface of water in 
a ripple tank can be generated by giving a sideways periodic motion 
to a straight vibrator PQ (Fig. 10.19). An obstacle, say, an aperture 
or a slit AB, is placed in the path of the plane waves that are travelling 
to the right. If the opening AB is much larger than the wavelength of 
the waves incident on it, the waves pass through it as plane (or nearly 
plane) waves. The boundaries or the edges of the emergent plane wave- 
fronts correspond to the edges A and B of theslit. The arrows indicate 
the rays. The wavefronts travelling in straight lines continue to travel 
in straight lines after emergence from the wide opening AB. We say 
that the law of rectilinear propagation is obeyed in this case 
(Fig. 10.19(a)]. 
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A seemingly peculiar phenomenon occurs when the width of the 
opening AB is decreased so that it is of the order of or less than. the 
wavelength of the waves incident on it [Fig. 10.19(b)]. Parallel plane 
waves, approaching from the left, pass through the small opening O 
and spread out into approximately concentric arcs. These circular 
waves no longer level in straight lines. Their effect is, therefore, expe- 
rienced not only in the straight direction marked S but also around 
the boundaries of the aperture, i.e. in the regions marked R. We say 
that the wave is diffracted at O. The phenomenon of bending of waves 
around the edges of an abstacle is called diffraction. Diffraction effects 
always occur when waves are incident on openings or obstacles but 
they become noticeable when. the dimensions of openings or obstacles 
are comparable to the wavelength. 


(a) (b) 
Fig. 10.19 Diffraction of water waves: (a) wide aperture, and 
(b) narrow aperture 


The phenomenon of diffraction is common to all waves. We are all 
familiar with the diffraction of sound waves. While playing the game 
of ‘hide and seek’ we make use of diffraction of sound. You may be 
hiding in a corner of a building but you could hear the words, ‘I spy’ 
uttered by the ‘spy’ when there is no possibility of his sound reaching 
you by reflection and refraction. Diffraction of sound is easily observ- 
able because of the comparatively long wavelength of sound. For 
example, the wavelength of an audible sound of frequency 700Hz in 
air at 25°C is approximately 50 cm. Hence, sound waves are noticeably 
diffracted at fairly big objects. Diffraction effects of light waves are not 
so obvious because of their extremely short wavelength. The wave- 
length of visible light is roughly 6 x 10-5 cm. Hence, diffraction of light 
can be observed only by allowing light to fall on extremely tiny objects. 

You have observed diffraction of light without knowing it. When 
you look at a distant street lamp through a handkerchief, you see, not 
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one, but a row of points of light arranged symmetrically around the 
brightest central point. Light is bent as it passes through the various 
tiny spaces between the strands of the fabric. If you hold up your 
index finger and middle finger, so that they are barely touching, and 
look through the small opening at a strong light with your eye focus- 
sed at the light, you will be able to see a number of dark lines in the 
gap between your fingers. These dark lines vanish if the gap is madea 
little wider. These dark lines are a diffraction pattern due to a single 
slit. We shall give an elementary explanation of such a diffraction. 


Single Slit Diffraction 


Let us analyse the diffraction pattern observed on the screen when a 
plane wave is incident normally on a slit (Fig. 10.20). When the slit 
width a is large, we will see a large bright slit at Po on the screen. If a 
is gradually decreased, a strange phenomenon is observed on the screen. 
We don’t see just one slit at Po as expected, but, in fact, more slits on 
both sides of Po are seen. Two such images are shown at P2 and P$ in 
the diagram. These slits are not as bright as the central slit. In bet- 
Ween two bright slits we see dark slits (Pı and Pi). The images P2 and 
P2 lie in the shadow (shown by dots) on the screen of the opaque 
portion of the slit. If light travelled in a straight line, these additional 
images would not be present. We, therefore, infer that the waves must 
have bent as they passed the slit (shown by dashed lines). The bending of 
light at the edges of an obstacle (slit in this case) is called diffraction. 


Screen 


Fig. 10.20 Diffraction of a plane wave at a slit 


Elementary Explanation of Diffraction 
The observed diffraction pattern can be explained by Huygens’ 
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principle of secondary wavelets. For simplicity, we shall assume that 
the distance D between the screen and the slit is very large so that the 
rays reaching the screen are parallel. The parallel rays can be received 
on the screen by placing a convex lens (not shown in the figure) bet- 
ween the slit and the screen. Let us imagine that the slit consists of a 
large number equally spaced points. According to Huygens’ principle, 
each point along the slit becomes a source of secondary spherical 
wavelets which are all in phase. We shall now examine the directions 
8 along which constructive and destructive interference can take place. 


Straight Direction (9 = 0) 

The slit AB, shown in Fig. 10.21, is enlarged for convenience. For the 
sake of argument the slit of width æ is divided into 12 equal parts. 
The points labelled 0, 1,2, ... 512 send out spherical waves in all 
directions. The arrows indicate the rays in the straight direction, i.e. 
the direction of the incident rays, so that @ = 0, They are brought to 
a focus at the central point Po of the screen by means of a converging 
lens. It is clear that the various waves trayel the same optical paths to 
reach the point Po. Hence they all reach in phase at Po and interfere 
constructively there, giving rise to a bright slit at Po. 


Screen 


Sit 
Fig. 10.21 Diffraction at angle 0 = 0 


Diffraction at Angle ô = 81 
Let us now analyse the resultant intensity in a direction so that the path 
difference 4 between the extreme rays from the slit is equal to A, i.e. 
A=asin; =À (10,21) 
where A is the wavelength of the incident wave (Fig. 10.22). The path 
difference between the waves from 0 and 12 is BC, given by 4 = BC 
= asin 6. Let us divide the slit into two parts I and II. It is clear 
from the figure that the waves from 0 and 6 differ in path by A/2 and 
in phase by 7. These two waves, therefore, interfere destructively. 
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its Screen 


Slit 
Fig. 10.22 Diffraction at an angle 0,, given by a sin 0, = A i 
Similarly, the pairs (1, 7), (2, 8), (3, 9) (4, 10), (5, 11), (6, 12) from 
regions I and II all interfere destructively. Hence, the resultant inten- 
sity along the direction 01, given by a sin 0; = A is zero. Thus, we get 
a dark slit at Pı (Fig. 10.20). Similarly, we will get a dark fringe at a 
point P; to the right of Po since for P{ also a sin 6; = A. 


Diffraction at Angle 0 = 62 


Moving further away from P; we will reach a point on the screen at 
which the relation 


Oo ere $A (10.22) 


is satisfied (Fig. 10.23). We divide the slit into three parts—I, II and 
III. Since the path difference, between corresponding points in regions 
I and I is again 4/2, the pairs of wavesin regions I and II interfere 
destructively. Hence, the resultant effect in direction 62 is only due to 
the waves emerging from ‘the region III, which contribute some 
intensity in this direction. Thus, we will see a bright fringe (which is 
much fainter than the central bright fringe) in a direction 92, satisfy- 
ing the relation a sin 62 = 3/2. In Fig. 10.20, P2 and P% are the 
direction along which these fringes will be seen. 

The above analysis can be carried out for points away from P2 and 
P2. We conclude that the bright central maximum of intensity at Po is 
bordered on both sides by other maxima, the intensity of these 
maxima decreasing as we go away from Po. 

Let us compute the angular Separation between the central maxi- 
mum (9 = 0) and the first maximum on either side (8 = b). 

Equation (10.22) gives 


sin 62 = 


nju 
aj> 
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Screen 


Fig. 10.23 Diffraction at angle 0, given by a 


sin 0, = 3-9 


For a slit of width d = 1 mm illuminated by a typical visible light of 
wavelength A = 6000 A = 6x 1075 cm (yellow light) we have, 
sin 82 = 0.0009 or 02 = 1/20 degree. Thus for a slit 1 mm wide, the 
two maxima are so close that they nearly overlap, washing out the 
diffraction pattern. But, if d = 3 x 10-3 cm, 92 = 17.5°. There is no 
overlapping now and the pattern is distinctly visible. Hence, diffraction 
effects becomes observable only if the dimensions of the obstacle are 
comparable with the wavelength of light. It is for this reason that 
x-rays (A ~ 1A) are not easily diffracted while radio waves (A ~ 10m 
or more) are diffracted by larger objects. 


Intensity Distribution Curve 


Figure 10.24 shows a graph of intensity versus angle 8. Notice that 
the central maximum is the most intense. The intensity falls to zero 
on either side of the central maxi- 


Intensit 
eae mum at an angle 9 = 61; so that 
26; is the angular width of central 
maximum. 
3 From Eq. (10.21), we find that 
-0,-0, O 0,8 ra PEERS 
a 


Fig. 10.24 /ntensity distribution in 


single slit diffraction If slit width a is comparable 


with wavelength A if A= a, 
sin 0; ~ 1 so that 6; ~ 90°, i.e. the incident light bends through about 
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90°. Thus a very narrow slit spreads out light. That is why the source 
Sin Young’s experiment (Fig. 10.10) was made very narrow. 


EXAMPLE 10.9 A parallel beam of light of wavelength 5890 Å is 
incident normally on a slit of width 0.2 mm. Calculate the distance 
between the minima on both sides of the central maximum of the 
diffraction pattern observed on a screen which is placed at the focal 
plane of a convex lens of focal length 50 cm. Assume that the lens is 
placed close to the slit. 


Solution: The angular separation of the minima on both sides of the 
central maximum is 261, where @: is given by 


sin 0; = 2 
a 
Here A = 5890 x 10710 m 
and a = 0.2x 103 m 
< g, _ 5890x 10-10 
sin G= IIO 


= 2.945 x 1073 
Since 9; is small, sin 0; œ 01 
: 6; = 2.945 x 10-3 rad 
From Fig. (10.25) it is obvious 
that if the lens is placed close to 
the slit, x = f tan 0; ~ f0:, where 
x is the position of the first mini- 
mum (P1) from the central maxi- 
mum, Therefore, the distance 
between the two minima on both 
Fig. 10,25 sides of the central maximum is 

2x = 2f61 


Now, 
f=50 cm=05m 
2x = 20.5 2,945 x 10-3 
= 2,945 x 10-3 m = 2,945 mm 
The separation 2/0; is the width of the central maximum. 
Exampte 10.10 A parallel beam of monochromatic light of wave- 


length 6000 A is incident normally on a narrow slit of width 0.3 mm. 
The diffraction pattern is observed on a screen which is placed at the 
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focal plane of a convex lens placed, between the slit and the screen. 
Calculate the angular separation between (a) the first minimum and 
the central maximum and (b) the first maxima on both sides of the 
central maximum. 

Solution: (a) The angular separation #1 between the central maximum 
and the first minimum is given by 


asin 0; =A 
Here, a = 0.3 mm=0.3x 103m 
and à = 6000 x 10-1 m 


6000 x 10-19 


sin 0) = ESAE 2x 10-3 


Since 91 is very small, sin 01 ~ 41 
6, = 2X 1073 rad 

(b) The angular separation 92 between the central, maximum and 

the first maximum is given by 
$ 3A 
== 3x103 
sin 62 a 3x10 

Rite 62 = 3X 10-3 rad 
Since the central maximum is bordered by two maxima symmetrically 
placed on both sides, the angular separation between the two maxima 
is 262 = 6X 10-3 radian. 


ExampLe 10.11 In Young’s double slit experiment (Fig. 10,12) the 
distance d between the slits Sı and S2 is 2.0 mm. What should the 
width of each slit be so as to obtain 10 maxima of the two slit inter- 
ference pattern within the central, maximum of the single slit diffrac- 
tion pattern? 

Solution; We have seen that the linear separation on the screen 
(Fig. 10.12) between m bright fringes in the two-slit interference 
pattern is given by [Eq. (10.16)] 


__ mdD 
ae ar De, 
Since y < D, the angular separation between m bright fringes will be 
Boyne AA 
on = Dy a 
For 10 bright fringes we have 
À 5 
19 = 10 (i) 
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Now the angular width of the principal maximum in the diffraction 
pattern due to a slit of width a is 


ei i) 
a 
Equating (i) and (ii), we get 
10 _ 24 
d ž a 
d _ 1.0mm _ 
or a= Cate 5 = 0.2 mm 


We notice that if a is comparable with d, the interference pattern 
cannot be seen. Hence the two slits in Young’s experiment must be very 
narrow. 


The Diffraction Grating 


An arrangement of a large number of very narrow equidistant and 
parallel slits is called a plane diffraction grating. Let N be the number 
of slits on the grating and d the separation between two successive 
slits. 

Consider a parallel beam of light incident normally on a plane 
grating. Each slit will diffract light in all directions. If we are looking 
along a certain direction with respect to the incident direction, the 
path difference between the waves diffracted by two successive slits is 
given by (see Fig. 10.26) 


A = dsin#@ 


if A = nd, the condition of constructive interference will be satisfied 


| Screen 


Fig. 10.26 Waves diffracted at an angle 8 by N slits 
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between waves diverging from any pairs of slits. Hence waves from all 
slits will be reinforced in this direction. The condition for this reads 


dsin @ = nd (10.23) 


where n has values 0, 1, 2, 3,... 

For n = 0 (i.e. 8 = 0) we have the central principal maximum. Values 
ofn = 1, 2, . . . correspond to first order, second order,. . . maxima 
on both sides of the principal maximum. Their directions are given 
by: 


i À 
First order— dsin ði =à or sind = z (10,24) 


À 
Second order—  dsin@2=2A or sinb = z (10.25) 


Figure 10.27 shows the intensities of the different maxima up to the 
second order. The central principal maximum is the most intense. There 
are a large number of minima and very weak secondary maxima between 
any two principal maxima; their number depends on N. The secondary 
maxima are so weak that they cannot be seen. 


t 
I 


-93 -8,; o 8, 82 
9 — 
Fig. 10.27 /ntensity distribution in the diffraction 


pattern due toa grating using mono- 
chromatic light 


It is interesting to see what happens if a beam of white light falls 
on a grating. White light is composed of various colours from violet 
(Ay ~ 4000 A) to red (Ak ~ 7000 A). It follows from Eq. (10.23) that 
in a given order 71, the value of 0 will be different for different colours; 
6 will be the smallest for violet and largest for red with other colours 
having intermediate values of 9. This means that the grating will send 
different colours in different directions. If we use a convex lens and 
focus them on a screen, as shown in Fig. 10.26, we would obtain the 
spectrum of white light in very much the same way as in a prism. By 
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measuring the value of @ for each colour, for a given order (say, n = 1) 
and knowing the value of d of the grating, we can determine the wave- 
length of each colour of white light by using Eq. (10.23). Equation 
(10.23) is called the grating equation and the separation d between two 
successive slits is called the grating element. A grating is made by draw- 
ing (with a diamond point) a very large number of straight and equi- 
distant scratches or lines (called rulings) over a small width of a thin 
glass plate. The transparent regions between rulings serve a slits. 


EXamPLe 10.12 Sodium light of wavelength 5890 A is incident nor- 
mally on a diffraction grating of 5000 rulings per cm. (a) Find the angle 
of diffraction for the second order. (b) What maximum order can we 
get for this grating for sodium light? 


nes A PA are ee 
Solution: (a) Grating element (d) 000° = 2x 10-4 cm 


= 2x 107m 
Wavelength (A) = 5890 A = 5.890 10-7 m 
Order (n) = 2 
The angle of diffraction is obtained from Eq. (10.23) which gives 


+ "À _ 2x 5,890x 10-7 
ane a YES 


= 0.589 
giving 6 = 36.1° 
nd 


(b) We have seen that sin 0-= a 


nx 5.89 x 10-7 
2x106 
Ea 
PSs 
Thus we find that sin @ exceeds unity (which is not possible) for n = 4. 
Hence n = 3 (i.e. third order) is the maximum order possible for the 
given grating using sodium light. Orders higher than 3 are possible 


for lights of shorter wavelengths or with gratings of bigger grating 
elements. 


Validity of Ray Optics 


We have seen that the bending of a beam of light due to diffraction 
at a slit becomes large if the slit width a is comparable with 
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wavelength A. Since the wavelength of visible light is small (between 
4x 410-7 m to 7X 10-7 m) most obstacles in many common situations 
are not small enough (in dimensions) to cause any serious diffraction 
effects. This means that, under ordinary circumstances, light travels in 
straight lines and ray optics is valid. Ray optics fails in special situa- 
tions where the sizes of the obstacles are comparable with wavelength. 


10.8 POLARIZATION OF LIGHT 


The phenomena of reflection, refraction, interference and diffraction 
are common to both transverse and longitudinal waves, mechanical 
as well as electromagnetic. The distinguishing feature is that only 
transverse waves can be polarized. Let us first discuss polarization of 
a mechanical wave. Let us look at a longitudinal wave and a transverse 
wave along the direction of propagation. 

Imaging the wave to originate from below the page and to travel 
towards you at right angles to the plane of the page. In the case of a 
longitudinal wave [Fig. 10.28(a)] the motion of the particles is perpen- 
dicular to the page and viewing from above the page this motion is 
not noticeable. In the case of a transverse wave [Fig. 10.28(b)] the 
motion of the particles is in the plane of the paper, being transverse 
to the direction of propagation and viewing from above this motion is 
easily observed. In Fig. 10.28(b) all oscillations along TU 22s eree 
generate a transverse wave perpendicular to the paper. This transverse 
wave in which oscillations take place in all possible directions with no 
definite phase relationship between them is called an unpolarized wave. 
If we can somehow get rid of all but one of these oscillations, say 11’, 
as shown in Fig. 10.28(c), we get what is called a linearly polarized 
wave. 


(a) 


(b) (c) 


Fig. 10.28 End-on view of: (a) longitudinal 
wave, (b) unpolarized transverse 
wave, and (c) linearly polarized 
transverse wave 


The following simple experiment helps in understanding polarization, 
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it demonstrates the polarization of transverse waves on a string. Take 
a long string AB passing through two slits Sı and S2, each slit being 
only slightly wider than the thickness of the string (Fig. 10.29(a)]. The 
end B is fixed and transverse waves are generated at the free end A by 
shaking it vertically, horizontally or in any arbitrary manner, so that 
unpolarized waves, with vibrations in all directions perpendicular to 
the direction AB, begin to travel along AB. In the portion ASi, this 
wave has particle vibrations in all possible planes. In the figure we have 
shown two such vibration planes. The slit Sı will permit only those 
waves to pass that have particle vibrations parallel to the slit Si. The 
wave emerging from the slit Sı is hence polarized, The slit Sı may be 
called the polarizing slit or polarizer. To discover that the wave emerg- 
ing from slit S1 is polarized we place another slit S2 called the analyser, 
so that it is exactly parallel to S1. The wave will be seen to emerge 
from it unchanged. If S2 is now rotated to a position perpendicular 
to Sı, no vibration at all will emerge from S2 [Fig. 10.29(b)]. If the 
analyser slit is horizontal when the wave is cut off, the incoming wave 
must have been polarized in the vertical plane. 


Fig. 10.29 Mechanical experiment to demonstrate 
polarization of a wave ona string 


If we replace the string by a spiral spring and create a longitudinal 
wave in it by periodically compressing and releasing the free end, we 
will notice that it will pass freely along the spring; the two slits in any 
relative orientation having no effect on it. Hence, longitudinal waves 
are not polarized. Only transverse waves can be polarized. 

We have seen that only transverse waves can be polarized. We now 
describe the optical analogue of the above mechanical experiment. In 
an unpolarized light, the electric field vector has all the possible 
orientations in a plane perpendicular to the direction of propagation 
[Fig. 10.28(b)]. If we can get rid of all but one of these orientations, 
we would get what we called a linearly polarized light wave. A specially 
cut crystal of tourmaline or calcite has just this property. Such a 
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crystal is called a polaroid as it serves as the optical analogue of the 
slit Sı of Fig. 10.29. 

Hold a polaroid Pi normally to the path of a beam of light from a 
source S as shown in Fig. 10.30. You will see light transmitted by Pi. 
Rotate Pı about the incident beam. No variation in the intensity of 
emergent beam is observed. Now take another polaroid P2 and view 
the light coming out of Pi through this. Rotate P2. At a particular 
orientation of Pz with respect to that of Pi, the intensity of light 
emerging from P2: will be seen to be maximum [Fig. 10.30(a)]. As P2 
is rotated from this position, the intensity of light is seen to decrease 
till at a certain orientation (90° away from the first orientation) no 
light is transmitted by P2 [Fig. 10.30(b)]. A comparison with the 
mechanical experiment of Fig. 10.29 suggests that the light emerging 
from Pı must be polarized. The polaroid P; allows only ‘that vibration 
of electric vector which is parallel to the arrow (1) of Pi. The light 
emerging from Pı is thus polarized. This light has the same orientation 
of the electric vector as that of Pz and is, therefore, transmitted by P2. 
When Pz is rotated through 90°, its orientation is perpendicular to 
that of the light incident on it. Hence, it does not transmit the light. 
The polaroids are then said to be ‘crossed’. This experiment clearly 
demonstrates polarization of light waves and confirms that light waves 
must be transverse. 


Analyser FEye 


Polariser 


S P, E cos 0 
Fig. 10.30 Demonstration of polarization Fig. 10.31 Action of a polaroid 
of light 


The action of the polarizer can be understood as follows. Consider 
a wave travelling along the x-axis which is perpendicular to the plane 
of the paper which is the y-z plane (Fig. 10.31). 

Suppose the electric field vector E makes an angle @ with the z-axis. 
We can think of this field E as a superposition of two waves—a 
wave E cos@ linearly polarized along the z direction and a wave E sinf 
linearly polarized along the y-direction. These two waves are in phase, 
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We can now understand the experiment with two polaroids of 
Fig. 10.30. A polaroid has the property that it transmits that compo- 
nent of the E field which is oriented along its axis (shown by a thick 
arrow with polaroid Pi in Fig. 10.30) and absorbs the other (perpendi- 
cular) component. The basic reason for this action of the polaroid is 
that it is made from a coloured substance (dye) in which the molecules 
point along a particular axis when the polaroid is prepared. The move- 
ment of the electrons along the axis allows them to absorb the wave 
polarized in that direction and not the perpendicular component which 
it transmits almost completely. 

In Fig. 10.30, the light transmitted by Pı is polarized along its axis, 
this light emerging from Pı is shown by double arrows. If the axis of 
the second polaroid P2 is inclined at an angle ô with that of the first 
polaroid Pı, then P2 will transmit a fraction cos @ of the incident 
amplitude; the wave transmitted by P2 being polarized along its axis. 
The transmitted intensity is a fraction cos? ô of the incident intensity. 
If P2 is rotated until its axis is parallel to that of Pı [as shown in 
Fig. 10.30(a)], then ô = 0° and all the intensity incident on P2 is 
transmitted by it. But if the axes of Pi and P2 are perpendicular to 
each other [as shown in Fig. 10.30(b)], 8 = 90° and cos 90° = 0 so 
that no light is transmitted by P2. The reason is that now the electric 
field of the wave incident on P2 is oriented perpendicular to the axis 
of P2. 

We can now understand the action of a single polaroid placed in 
the path of ordinary light from, say, a filament bulb. This light is 
unpolarized, i.e. the electric field vector E of this light does not have 
any fixed orientation. The reason is that the radiation from a source 
like a bulb is produced by millions of electrons in motion which do 
not emit radiations spontaneously. Hence the orientation of the E 
vector in the transverse plane changes in an irregular fashion with no 
definite phase relationship between the different components. Light of 
this kind is called unpolarized. When this light passes through a 
polaroid, the component parallel to the axis of the polaroid will be 
transmitted in all orientations of the polaroid because the incident 
unpolarized light has all the possible orientations in the transverse 
plane. The component E cos @ of each field oscillation will be trans- 
mitted, the perpendicular E sin ô of each is absorbed. Hence the light 
emerging from the polaroid is polarized along its axis. Such a light is 
called linearly polarized. Refer to supplement S.2 at the end of this 
chapter for circularly and elliptically polarized lights. 
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Polarization by Scattering 


Look at a clear blue portion of the sky through a polaroid. When the 
polaroid is rotated, we find that the intensity of light emerging from 
it shows a rise and fall. This implies that the light incident on the 
polaroid is polarized. The reason is that the sunlight is scattered (i.e. 
its direction is changed) when it encounters the molecules of the earth’s 
atmosphere. The scattered light is polarized. Polarization by scattering 
is explained as follows. 

Figure 10.32 shows that the incident light is unpolarized; it has an 
electric field oscillating in all possible directions in the y-z plane; the 
incident wave is travelling in the x-direction. This light is incident on one 
of the molecules of the earth’s atmosphere, situated at P, just over the 
observer O. Owing to the electric field of the incident wave, the posi- 
tive charges in the molecule experience a force in the direction of the 
field and the electrons experience a force in the opposite direction. 
This results in a charge separation ina molecule which therefore be- 
comes an electric dipole. Since the incident field is oscillatory, the 
dipole also oscillates. Now we know that an oscillating charge itself 
radiates electromagnetic waves which constitute the scattered light. 
The two polarizations; one along the y-direction (YY’) and the other 
along the z-direction (ZZ’) are shown in the figure. The observer is 
looking in the z direction. The ZZ’ polarization of the scattered light 
cannot generate an electromagnetic wave along the z-direction because 
electromagnetic waves are transverse (it could generate only a longi- 
tudinal wave in the z-direction). Hence only the YY’ polarization is 
possible in the z-direction. Thus the wave received by the observer is 
polarized in the y-direction. Similarly the light reaching the observer 


Oscillating 
z dipole 


incident 
unpolarized 


light 


Y 


Fig. 10.32 Polarization of scattered light by an 
oscillating molecular dipole 
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O' looking along the y-direction will be polarized in the z-direction. 
Thus we see that the light scattered in any direction in a plane trans- 
verse to the direction of the incident light is linearly polarized. In all 
other directions the scattered light will be only partially polarized. 


Polarization by Reflection: Brewster’s Angle 


In 1808, the French physicist Malus discovered that when a beam of 
ordinary light is incident at a particular angle on the surface of a 
transparent medium, the reflected light is polarized. 

Figure 10.33 shows an unpolarized light incident at an angle ip at 
the surface of glass. Brewster discovered that when ip = 57°, the reflect- 
ed and refracted rays are exactly 90° apart. The angle fp when this 
happens is called the polarizing or the Brewster angle. When light is 
incident at the Brewster angle, the reflected wave is linearly polarized. 
The value of this angle depends upon the refractive index of the medium 
(glass, in our example) with respect to the medium in which the inci- 
dent wave is travelling (air, in our example) which in turn depends 
upon the wavelength of light. If rp is the corresponding angle of 
refraction, then from the geometry of Fig. 10.33, 

Incident wave 


' Reflected 
j wave 


` (90°-ip) gr aes 


Refroct 
PA wove E 
Fig. 10.33 Polarization by reflection, iy 

is Brewster's angle 
ip + rp = 90° 
or rp = 90° — ip 


Now from Snell’s law, the refractive index of glass is 


sin ip Sin ip 
ae mo > s. 
sin rp sin (90° — ip) 
__ Sin ip 
COS ip 
= tan ip 


n= tan ip (10.26) 


—— ee 
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Equation (10.26) is called the Brewster law and the special angle satisfy- 
ing this equation is the Brewster angle. There is a simple explanation 
for polarization by reflection at the Brewster angle. 

The electric field vectors in the unpolarized incident wave can be 
resolved into two rectangular components, one perpendicular and 
other parallel to the plane of incidence (the plane of Fig. 10.33). These 
ate shown by dots and double arrows. When the wave reaches the 
glass surface, the electrons (electric dipoles to be precise) begin to 
oscillate along these two directions. At the polarizing angle ip, the 
reflected and refracted waves are at right angles to each other. It is 
clear that the oscillations in the plane of incidence are along the direc- 
tion of the reflected light. These oscillations cannot generate a trans- 
verse wave along this direction. Hence the reflected light has field vectors 
oscillating in a plane perpendicular to the plane of incidence, i.e. the 
reflected wave is linearly polarized. This is shown by dots. This can be 
checked by analysing the reflected wave with a polaroid. The refracted 
ray, however, is not completely polarized. 


EXAMPLE 10.13 Find the Brewster angle for air-water interface for 
yellow light. Given, refractive index of water for yellow light = 1.33. 


Solution: 
tan ip = n = 1.33 
p = tan“ (1.33) = 53° 


Rotation of Plane of Polarization 


When linearly polarized light travels through glass or water, the direc- 
tion of linear polarization remains fixed. However, many other sub- 
stances, such as sugar solution, show a remarkable property of rotating 
this direction. Thus when a linearly polarized light is passed through 
a tube containing sugar solution, the direction of polarization of the 
light gradually undergoes rotation as the beam penetrates deeper and 
deeper into the solution, as shown in Fig. 10.34. Finally it emerges 


Incident Transmitted 


Observer 


Sugar solution 


Fig. 10.34 Rotation of plane of polarization by 
sugar solution 
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with its direction of polarization inclined to that of the incident beam. 
This phenomenon is called rotatory polarization or optical activity. 

Figure 10.34 schematically illustrates this effect. An unpolarized 
light is linearly polarized by a polaroid Pı. The light from P1 is shown 
passing through a sugar solution in a tube. The direction of polariza- 
tion rotates as shown. The emergent light is analysed by another 
polaroid P2. Before the tube is placed between P; and Pz, the polaroids 
were crossed so that no light emerged from P2. But when the tube was 
placed between them, light emerged from Po, indicating that the 
direction of polarization of the beam has been rotated. The polaroid 
Pz has to be rotated through an angle @ to obtain extinction again. This 
angle measures the angle through which the direction of polarization 
has been rotated by the sugar solution. The angle @ is found to be 
proportional to the length of the solution traversed and the concen- 
tration of sugar; it also depends upon the wavelength of light used. 

If you notice the polarization vectors in Fig. 10.34 you will find 
that they rotate like a left-hand screw. The sample of sugar is called 
levo-rotatory or left-handed. Such a substance is not identical to its 
mirror image which is right-handed or dextro-rotatory. Chemists can 
prepare the right-handed sugar which is a mirror image of the naturally 
occurring left-handed sample. The right-handed rotation means that 
the plane of polarization rotates in the clockwise direction with 
respect to an observer looking towards the oncoming beam of light. A 
left-handed rotation is in the anticlockwise direction. An equal mix- 
ture of the two kinds of sugar solutions shows no optical activity. 
Optical activity is a molecular phenomenon. Only those molecules which 
are not identical to their mirror images produce this effect. 


EXAMPLE 10.14 Two polaroids Pi and P2 are placed at 90° to each 
other so that the transmitted intensity is zero. What happens when a 
third polaroid P3 is placed between them bisecting the angle between 
them? 

Solution: The axis of P3 is inclined at 45° to the axes of P; and Po. If 
Eo is the amplitude of the linearly polarized light emerging from P1, 
then the amplitude of light emerging from Ps, will be Eo cos 45° 
= Bol 2 » When this light passes through Pz; its amplitude decreases 
from Eo/V/ 2 to (Eol 2) cos 45° = Foly 2 -V 2) = Fo/2. Thus, 
if Jo( = Eô) is the intensity of light emerging from Pi, the intensity of 
light after passing through P3 and P> will be (Eo/2)? = Eĝ/4, i.e. 10/4; 
in other words,it decreases by a factor of 4. 


10. THE DOPPLER EFFECT FOR LIGHT 
You have already come across the Doppler effect for sound waves in 
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class XI. You have seen that if a source of sound is moving with a 
velocity u towards an observer at rest in a medium, the frequency of 
sound as measured by him is given by 


elt k] (10.27) 


where v is the speed of sound in the medium and y is the frequency if 
the source were at rest. 

On the other hand, If the source is at rest and the observer is mov- 
ing with a velocity u towards the source, the frequency of sound as 
measured by the approaching observer is given by 


v=v(1+4) (10.28) 


Notice that, although the relative speeds u of the source and the 
observer are the same in the two cases, the frequencies predicted by 
Eqs (10.27) and (10.28) are different. This is not surprising because 
(as you have seen in class XI) a source of sound moving through a 
medium in which the observer is at rest is physically a different situation 
from that of an observer moving through that medium with the source 
at rest. We say that the Doppler effect for sound is asymmetrical. 

What about the Doppler effect for light? The Doppler effect has 
been experimentally observed for light as well. We might be tempted to 
apply Eqs (10.27) and (10.28) to light, substituting c (the speed of 
light) for v (the speed of sound). But we know that the mechanism of 
production and propagation of light and sound waves are very 
different. In the case of light waves travelling in vacuum, a statement 
that the source or the observer is moving depends upon the frame of 
reference. In fact, no experiment to date has been able to identify a 
medium relative to which the source of light or observer are moving. 
This means that “source moving towards an observer” or “observer 
moving towards a source”’ are physically identical situations (as far as 
light waves are concerned) and must show the same Doppler effect. 
Thus, if applied to light, either Eq. (10.27) or Eq. (10.28) or both must 
be incorrect. It turns out that both are only approximately correct. 

A correct derivation of Doppler frequency in the case of light 
requires the knowledge of Einstein’s special theory of relativity which is 
outside the scope of this book. For completeness, we only quote (with- 
out a derivation) the correct relativistic formula for Doppler frequency: 


v= yt ae (10.29) 
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Note: Equations (10.27) to (10.29) have been written for the case 
where the source or observer moves away from the other. The appro- 
priate equations for the case where the source or observer moves 
towards the other are obtained if we replace u by —u. 

Notice that the Doppler effect for light is symmetrical, i.e. it does 
not matter whether the source or the observer or both move, the 
Doppler frequency remains the same. We will now show that Eqs (10.27) 
and (10.28) (with v replaced by c) are correct only if the ratio u/c is 
small enough. Let us expand Eqs (10.27) to (10.29) by the binomial 
theorem; we respectively get 


cari Atm Le jell ‘(ena 
v=v( x) a=v(i+ +5) 
tes vis 
YETA (1 H 4 
ta v(1 + “)(1 “iy w -1/2 
c c 
oR u 1 2 
=9(1+ uotis...) 
If u/c is small enough so that the terms of order (u/c)? can be neglected 
all the three equations reduce to one equation 


< 


and 


v= (1 AE £) (for u < c) (10.30) 


In nearly all situations the ratio u/c is small, even for light sources of 
atomic dimensions. The Doppler shift is 4v = (v —v) and is given by 
cased (10.31) 
y c 
for the source and observer moving towards each other in which case 
Ay is positive (increase in frequency). When they move away from 
each other Av is negative (decrease in frequency). 

The Doppler effect for light finds many applications in astronomy; 
where it is used to determine the speeds at which the luminous 
heavenly bodies (stars and galaxies) are moving towards us or away from 
us by measuring their Doppler shifts. A wavelength in the middle of 
the visible part of the spectrum will shift towards blue (called the blue 
shift) when the source and observer approach each other and towards 
red (called the red shift) when the source and observer move away Of 
recede from each other. All galaxies for which measurements have 
been made are observed to show the red shift indicating that they are 
receding away from us. These observations suggest that the universe 


——— A 
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is expanding. It must be understood that Doppler shifts measure only 
the radial component (i.e. the line-of-sight component) of the relative 
velocity u. 


EXxAMPLe 10.15 The spectral line (A = 6440 A) in the light received 
from a distant star is observed to be red-shifted by 0.322 A. Find the 
speed of the star in the line of sight. £ 


Solution 
Av u 
TOENA 
Since c = vA, we have 
AA t 
re 
or 
Benen 
u= 
0.322 
ag vgn eos aa 
3.0 108 x 6440 
= 1.5104 ms“! 
SUPPLEMENTS 


S.1 VISIBILITY OF INTERFERENCE FRINGES 


In Young’s double slit experiment (Fig. 10.12) we assumed that the 
light diverging from the source slit S was monochromatic. In fact. no 
light source is truly monochromatic. Light from every source has a 
certain wavelength spread AÀ about a dominant wavelength 4. For 
example, in the case of sodium light 4A ~ 6A andA = 590A, Smaller 
the value of 4A compared to A, the more monochromatic is the source. 
Nowadays we have lasers which have a very high degree of mono- 
chromaticity. Therefore, in an interference experiment, with, for 
example, sodium light, we get sets of fringes corresponding to the 
wavelengths present in the sources. These fringes overlap. If AX is such 
that bright fringes due to one wavelength superpose on the dark fringes 
dueto the other, the entire interference experiment will be washed out. 
If 4A < A, then in the region close to the central fringe (point Po), the 
bright fringes due to different wavelengths will nearly coincide so that 
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the interference pattern is distinctly visible over this small region. Far 
away this condition is not satisfied leading a poor visibility of fringes 
[see Fig. 10.35(a)]. It was for this reason that we assumed y < D. 
Intensity Intensity 


Position on screen Position on screen 


(a) (b) 
Fig. 10.35 Superposition of interference patterns due to: (a) different 


wavelengths, and (b) waves from different parts of an 
extended source 


Another reason for poor visibility of fringes is the finite size of the 
source slit. Let this size be 4s. Each part of the source produces a 
fringe pattern on the screen. Since these parts are incoherent, the 
intensities are simply added. If the maxima of one fall over the minima 
of the other, the total intensity everywhere on the screen will be the 
same and no fringes are visible [Fig. 10.35(b)]. Hence the source slit 
should be very narrow. 


8.2 CIRCULARLY AND ELLIPTICALLY POLARIZED LIGHTS 


Suppose we have linearly polarized light with electric field E oriented 
at angle 6 = 45° with the x-axis. The amplitude Eo of the field 
can be resolved along x and y axes. The x and y components are 
Eo cos 45° and Eo sin 45°, i.e. Eo/4/ 2 and they are phase. Suppose 
somehow we introduce a phase of 7/2 in one of these components. 
This can be done by using a thin calcite or quartz plate. If it has the 
right thickness for a light of a given wavelength, it can introduce the 
required phase difference between x and y components because it has 
different refractive indices along x-and y-directions. A plate which 
introduces a phase difference of 7/2 is called a quarter wave plate. 


Suppose the plate introduces a phase of 7/2 in the x-component only, 
then we can write 


Fo: 7 Eo 
Es = Fe sin (or + 3) = — cos wt 
SAY STAT 
and Ey = 
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Squaring and adding these equations, we get 
Ex + Es = 0/2 


which is the equation of a circle. This means that the tip of the electric 
field vector E describes a circle. Light having this property is referred 
to as circularly polarized, If Ex and Ey do not have equal amplitudes 
(i.e. if angle 0 is not 45°), the quarter wave plate will produce elliptically 
Polarized light in which the tip of the electric field vector describes an 
ellipse. 


EXAMPLE 10.16 A half wave plate is a device which introduces a 
phase difference of 7 between Ex and- Ey. What is its effect on: 
(a) linearly polarized light with E field at an angle @ to the x-axis, and 
(b) circularly polarized light? x 


Solution: (a) Ex and Ey are now given by 

Ex = Eo cos 9 sin (wt + 7) = — Eo'cos 4 sin wt 
and Ey = Eo sin ô sin wt 
These equations give 


Ey 
Ex 


ie: Ey 


—tan 6 


i] 


(—tan 6) Ex 


which is a straight line inclined at angle —@ with x-axis. 

Hence the linearly polarized light remains linearly polarized but its 
polarization vector is rotated by an angle 8 — (— 8) = 20. 

(b) Ex and E, of a circularly polarized light, after transmission 
through the half wave plate become 


Eo Eo 
E> St DS PE er a wt 
PR os (w 7) we cos 


and ' Ey = ae sin wt 


These equations give E+ ER = 4/2. Thus the light remains circu- 
larly polarized. The negative sign of the amplitude of Ex shows that 
the sense of rotation of the tip of the E vector is now reversed, i.e. it 
now rotates in the anticlockwise sense. 
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SUMMARY 


Light is an electromagnetic wave in which the electric and magnetic 
fields vary harmonically in space and time. What propagates is the 
energy associated with the electric and magnetic fields of the wave. 
In a vacuum, light travels with a speed of 3 x 108 ms™'. 

Like sound waves, light waves exhibit interference and diffraction. 
Interference effects can be observed only if the interfering light sources 
are coherent. Sources that have a constant phase relationship are 
called coherent sources. They must be derived from the same parent 
source. Laser, fabricated only recently, is a remarkable device that 
produces coherent, parallel and intense light having a small angular 
spread. The bending of light around the edges of an obstacle is called 
diffraction. Interference and diffraction of light can be explained by 
Huygens’ principle. 

In ordinary (unpolarized) light, the electric vector has all possible 
orientations perpendicular to the direction of propagation. In linearly 
(or plane) polarized light, the electric vector has just one orientation. 
The fact that light can be polarized suggests that light waves are 
transverse. 


EXERCISES 


A. Short-Answer Questions 


Define a wavefront. 

2. The frequency of a wave does not change due to reflection or refraction. 
Why? 

3. maar is the geometrical shape of the wavefront in each of the following 
cases 
(i) light diverging from a point source, (ii) light emerging out of a convex 
lens when a point source is placed at its focus, (iii) light emerging out of a 
concave lens when a parallel beam of light is incident on it, (iv) a parallel 
beam of light after reflection from a convex mirror, (v) light reflected from 
a concave mirror when a point source fis placed at its focus, and (vi) a 
portion of the wavefront of light from a distant star intercepted by the earth. 

4, The total energy is merely redistributed in the fringe system in any optical 
experiment. Comment. 

5. Why is the central fringe in Lloyd’s mirror experiment dark? 

6. What is the Brewster angle? 


m 


B. Long-Answer Questions 


1. State Huygens’ principle. Use the principle to show how a parallel beam of 
light is reflected from a plane mirror. Draw a sketch of the wavefronts and 
deduce the law of reflection. 
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2. A parallel beam of light is incident on an air-glass interface. Using 
Huygens’ principle and drawing the sketches of the wavefronts, show how 
the wave is refracted. Prove the law of refraction. y 

3. What do you understand by the term “interference” in the context of light? 
Describe an experimental arrangement to observe it. 

4. What are coherent light sources? Why is it not possible to observe inter- 
ference with noncoherent sources? 

5, Draw a diagram of Young's two-slit experiment and show how interference 
takes place, 

6. Deduce the expression for fringe width in Young’s two-slit experiment. How 
will you measure the wavelength of monochromatic light? 

7. Describe the production of interference fringes in Lloyd’s mirror. In what 
way do these fringes differ from those produced in Fresnel’s prism? 

8. Describe and explain how interference bands are produced in a narrow 
wedge-shaped film. Where are the bands located? 

9, Why do we need a broad source to observe interference in thin films? 

10. Why are interference effects not observed in thick films? 

11, What do you understand by the term “diffraction” in the context of light? 
Why are diffraction effects in light difficult to observe? Give an example 
of diffraction of light observed in everyday life, 

12, A narrow slit is illuminated by a parallel beam of monochromatic. light 
falling normally on it. Describe what you would observe on a screen placed 
at the focal plane of a convex lens. Give an elementary explanation of your 
observation. 

13. What do you understand by unpolarized and polarized light? Describe an 
experiment to illustrate the polarization of light. 

14. Describe and explain polarization of light by scattering. 

15, What is Brewster’s law? Explain polarization of light by reflection. Deduce 
Brewster’s law. 

16. Distinguish between circularly and elliptically polarized lights. How are 
they produced? 


C. Multiple-Choice Questions 
Choose the correct answer from the given alternatives. 
1. How is the interference pattern in Young’s double slit experiment affected 
if sodiym light is replaced by violet light of the same intensity? 


(a) The fringes will become brighter. 
(b) The fringes will become fainter. 
(c) The fringe-width will decrease. 
(d) The fringe-width will increase. 

2. Monochromatic light from a narrow slit illuminates two narrow parallel slits 
producing an interference pattern on a screen. The distance between the 
screen and the slits is now doubled and the distance between the slits is 
reduced to half. The fringe width 
(a) is doubled (b) becomes four times 
(c) is halved (d) remains unchanged 

3. What happens if the monochromatic light used in Young’s double-slit 
experiment is replaced by white light ? e 
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(a) All bright fringes become white. 

(b) All bright fringes have colours between violet and red. 

(c) Only the central fringe is white, all other fringes are coloured. 
(d) No fringes are observed 


. How is the interference pattern in Young’s double-slit experiment affected 


if one of slits, say S, is covered with black opaque paper? 

(a) The bright fringes become fainter. 

(b) The fringe width decreases. 

(c) There is uniform illumination all over the screen, 

(d) There is a bright slit but no interference pattern is obtained. 


. What happens if one of slits, say S,, in the experiment shown in Fig. 10,12 


is coyered with a glass plate which absorbs half the intensity of light 
from S,? 


(a) The bright fringes become less bright and the dark fringes have finite 
light intensity, 

(b) The bright fringes become brighter and dark fringes become darker, 

(c) The fringe width decreases. 

(d) No fringes will be observed. 


. What happens to the interference pattern if the two slits S, and S, in 


Young’s double-slit experiment are illuminated by two independent 
identical sources? 

(a) The intensity of the bright fringes is doubled. 

(b) The intensity of the bright fringes becomes four times. 

(c) Two sets of interference fringes overlap. 

(d) No interference pattern is observed. 


. What is the reason for your answer to Question 6? 


(a) The two sources do not emit light of the same wavelength. 

(b) The two sources emit waves which travel with different speeds. 

(c) The two sources emit light waves of different amplitude, 

(d) There is no constant phase difference between the waves emitted by the 
two sources, 


. A single-slit diffraction pattern is obtained using a beam of red light. What 


happens if the red light is replaced by blue light? 


(a) There is no change in the diffraction pattern. bd 
(b) Diffraction fringes become narrower and crowded together. 
(c) Diffraction fringes becomes broader and farther apart. 

(d) The diffraction pattern disappears. 


. Which one of the following waves cannot be polarized? 


(a) radio waves (b) x-rays 
(c) transverse waves ina string (d) longitudinal waves in a gas 
The sky looks blue because 


(a) sunlight turns blue after reflection from the planets and the moon 

(b) the sky is illuminated by light from the blue oceans 

(c) sunlight is diffracted by dust particles in the atmosphere 

(d) the light scattered by the dust particles and air molecules is predomi- 
nantly blue 
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| D. Numerical Problems 


1. The index of refraction for a sample of glass for violet light is 1.665 and for 
red light is 1.618. Calculate the difference in the velocity of light in glass 
for the two.colours. 

2. Wavelength of yellow light in air is 6000 A. Calculate its wavelength in 
water and glass, the. indices of refraction of water and glass being 4/3 and 
1.6 respectively. 

3. A glass slab of thickness 8 cm contains the same number of waves as 9 cm 

| of water when both are traversed by the same monochromatic light. If 
refractive index of water is 4/3, calculate the refractive index of glass. 

4. Determine the depth of water that contains the same number of waves as 
16 cm of glass when each is traversed by the same monochromatic light. 
The refractive indices of water and glass are 4/3 and 1.5 respectively. 

5. In Young’s two-slit experiment the separation between 10 fringes is found 
to be 5.5 mm ona screen placed at a distance of 2.0 m from the slits, If the 
separation between the slits is 2.00 mm, determine the wavelength of light, 

6. What is the distance between two consecutive bright fringes of Problem 5 
if the separation between the slits is reduced to 1.0 mm, and the distance 
of the screen from the slits is reduced to 1.0 m? 

| 7. Using the data of Problem 5, calculate the fringe width for: 


(a) violet light of A= 4.5x 1077 m 
! (b) yellow light of A = 6.0x 10-7" m 
| (c) red light of A= 7.5x107? m 


8. In Young’s double-slit experiment, the intensity of light at a point on the . 
screen, where the path difference is A, is K units, What is the intensity at a 

| point where the path difference is: (a) A/2 and (b) à/3? 

f 9. The wedge-shaped film of Fig. 10.18 is illuminated by a light of wavelength 

4000. À falling normally on it. Starting from the point P, 12 dark fringes 

| were counted, Calculate the thickness of the film at the twelfth dark fringe. 

10. How many dark fringes would be observed in the same region of the film 

| in Problem 9 if it were illuminated with a light of wavelength 6000 A. 

| 11, A parallel beam of light of wavelength 6X 1077 m is incident normally on 

| a slit of width 0.3 mm. The diffraction pattern is observed on a screen 
which is placed at the focal plane ofa convex lens of focal length 25 cm, 
Assuming that the lens is placed close to the slit, determine the width of the 

1 central maximum of the diffraction pattern. 

| 12, A laser beam of wavelength 7000 44 has an aperture of 1cm. The beam is 

j 


focussed on a surface placed at the focal plane of a lens of focal length 
| 5 cm. Compute the areal spread of the beam. Calculate the intensity in watts 
| per square metre if the power of beam is 0.01 W. 


11 


RAY OPTICS AND OPTICAL 
INSTRUMENTS 


11.1 INTRODUCTION 


In the previous chapter we have seen that the concept of rays of light 
is valid in most common situations in everyday life. The straight-line 
path of light when it travels from one point to another is called a ray 
of light. Ray optics, therefore, uses the geometry of straight lines to 
discuss the reflection of light from spherical mirrors and the refrac- 
tion of light through prisms and spherical surfaces such as lenses. 
These simple devices form important components of optical instru- 
ments such as cameras, telescopes and microscopes. These aspects of 
the behaviour of light constitute the subject matter of this chapter. 


11.2 PHOTOMETRY 


Photometry is a branch of physics that deals with the measurement of 
light emitted by or reflected from objects. The common sources of 
light are the sun, electric bulbs, electric arcs and fluorescent tubes. In 
a narrower sense, photometry is devoted to the measurement of the 
effect of visible light on the human eye. This effect is characterized by 
the following photometric quantities: (i) the luminous intensity of the 
source, (ii) the luminous flux from the source and (iii) the illuminance 
of a surface that receives light. 

When a source emits electromagnetic radiation, the energy is 
distributed among several wavelengths, visible and invisible to the 
human eye. In the visible region, the energy is distributed over the 
wavelength range 390 nm to 760 nm (3900 A to 7600 A), The effect 
of the visible light on the eye depends on the spectral sensitivity of 
the eye (Vs) which is defined as the ratio of the luminous flux of the 
given monochromatic radiation to the energy flux of this radiation 
(these quantities will be defined a little later). The quantity 
Va 


iN (Va) max 
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is called the relative spectral sensitivity of the eye. Kx = 1 at 
À = 555 nm. The dependence of Ky on A is shown in Fig. 11.1 which 
is called the standard luminosity curve. 


rca lea hel Sg oa 


0 
400 500 555 600 700 


An nm) —> 
Fig. 11.1 Standard luminosity curve 


Luminous Intensity (1) 


A light source is arbitrarily chosen as a standard (or a reference) and 
the luminous intensity of any other source is compared with the 
chosen standard. In the early days, light from a certain type of a 
candle was used as a standard, and the unit of luminous intensity was 
called the candle power. But now better standards are available. The 
unit used in the SI system is called candela (symbol cd). The candela 
is the luminous intensity, in a given direction, of a source that emits 
monochromatic radiation of frequency 5.40 10 Hz and has a radiant 
intensity af 1/683 watt per steradian in that direction. (The steradian, 
symbol sr, is a unit of solid angle and is obtained as follows. Take a 
sphere of any radius z. On the surface of the sphere, cut off an area 
equal to 7?. The solid angle subtended by this area at the centre of the 
sphere is equal to one steradian.) The steradian is dimensionless, so 
that the candela has the dimensions of power (watt) or energy per unit 
time. 


Luminous Flux (®) 

As stated earlier, a source gives out radiations in a wide range of 
wavelengths out of which only a narrow band of radiation with wave- 
lengths between 390 and 760 nm is visible to the human eye. The 
luminous flux (®) is defined as the energy of the visible part of the radi- 
ation emitted, transmitted or received per second. 


Lumen The unit of luminous flux is called lumen (symbol lm) The 
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lumen is the luminous flux emitted within a unit solid angle (steradian) 
by a uniform point source having luminous intensity of 1 candela. 

We often talk of the efficiency ofelectric light sources. The efficiency 
of an electric light source is the ratio of the output power (in the 
visible region) to the input electrical power. Therefore, efficiency is 
expressed in lumen per watt (Im W-). Table 11.1 gives the efficiencies 
of a few common light sources. 


Table 11.1 Efficiencies of some common light sources 


Light Source Flux Efficiency 
(Im) (ImW~*) 
40-W tungsten bulb 465 12 
60-W tungsten-bulb 835 14 
500-W tungsten lamp 9950 20 
30-W fluorescent tube 1500 50 


Notice that fluorescent tubes have a fairly high efficiency. 


Illuminance (E) 


The illuminance of a surface is defined as the ratio of the luminous 
flux incident on a unit area of the surface. Thus, if A is the area of the 
surface, 


© 
ao 
Lux The unit of illuminance is called lux, A lux is the illuminance 
of 1 Im/m?. 
Illuminance obeys the inverse square law of distance. The illumi- 
nance on a surface at a distance ~ from a point source of light falls off 
as I/r?, i.e. E oc 1/r?. 


11.3 VELOCITY OF LIGHT 


The speed at which light travels in space is one of the most important 
quantities in physics. The speed of light in free space is the basic 
foundation on which Albert Einstein developed the special theory of 
relativity. For many centuries it was believed that the speed of light 
was infinitely large. Galileo was the first to suggest that the speed of 
light was large but finite. In 1660 he made an attempt to measure the 
speed of light. He took a lamp and asked a friend of his to stand at a 
distance of a kilometer or so in an open field at night. By covering 
and uncovering the lamp at regular intervals he tried to find how long 
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the light took to reach his friend (at night). Owing to the enormous 
speed of light, this time was too short to be measured and. his 


experiment failed. 


Romer’s Astronomical Method 


The first successful attempt to measure the speed of light was made by 
Römer, a Danish astronomer, in the year 1676. He was studying the 
motion of one of the moons of the planet Jupiter. This moon had a 
period of 1.77 days round Jupiter. The period of this satellite (ie. 
moon) is very small compared to the period at which the earth goes 
round the sun (which is 1 year). Consequently the satellite was eclips- 
ed very frequently while the earth moves only a small distance on its 


orbit round the sun. Thus the eclipses may be regarded as signals sent 
out from Jupiter and observed on 


Jupiters orbit the earth just like the covering 
and uncovering of the lamp in 
Galileo’s experiment except that 
the distance involved now is 
astronomical in scale. 

Figure 11.2 shows the positions 
of the earth E; and Jupiter Ji 
when they are in line with the sun 
S and closest together. At this 
position, Römer noted the date 
and time of the eclipse of one of 
Jupiter’s satellites, After about 
6} months the earth Ez and 
Jupiter J2 are again in line with 


Fig. 11.2 Romer’s method of esti- 
mating the speed of light the sun but farthest apart. Romer 


noted the time of the eclipse and 
found that it was 164 minutes later than the expected time. From this 
he concluded. that this must be the time taken for light to travel a 
distance equal to the diameter of the earth’s orbit round the sun. 
This distance is about, 3X 10'! m. So the speed of light should be 


— 3X10 mL 35. 108 ms 
EE A or 


After another 64 months, when the earth is at Es and Jupiter at J3, 
the eclipse occurred about 16.5 minutes earlier than expected, which 
is due to the time taken by light to travel the distance = diameter of 


its orbit round the sun. 
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Fizeau’s Method 


In 1849, Fizeau devised the first laboratory method for measuring the 
speed of light. Figure 11.3 illustrates the principle of his method. 
Arc lamp 


M 
A ~| 
eA me t 
silvered Toothed men 
mirror wheel 


Fig. 11.3 Fizeau’s method 


A beam of light from a carbon arc is reflected from a semi-silvered 
plate P. The reflected beam passes through the space between the teeth 
of a toothed-wheel and reflected from a distant mirror M. The light 
reflected from M again passes through the space between the teeth of 
the wheel and enters the eye. When the wheel is spinning, the light is 
cut off if a tooth comes in the way of the reflected beam. Fizeau 
measured the speed of rotation of the wheel at which the reflected 
light is cut off. Knowing this speed, the number of teeth on the wheel 
and the distance of the mirror M from the eye, he could calculate the 
speed of light. 


Michelson’s Method 


An American physicist AA Michelson spent many yeary of his life in 
measuring the speed of light. During 1926-29 he devised an accurate 
method. Figure 11.4 shows a simplified version of his experiment, 
illustrating the essential principle involved. 

Mi is an equiangular octagonal steel mirror which is mounted on 
a shaft and can be rotated about a vertical axis through its centre with 
the help of motor of a variable speed. The faces of the mirror are 
highly polished. Light from a bright source S passes through a slit and 
falls at an angle of 45° on a face (say 1) which reflects it to a distant 
concave mirror M2. The beam is parallel to the axis of mirror M2 
and strikes it at point A from where it is reflected at a mirror M 
placed at the focus of M2. The mirror M reflects the light to B where 
it is reflected parallel to the axis of the mirror M2 as shown. If the 
mirror Mı is at rest this light will fall on face 3 and will be reflected 
towards the observer who can see the image of the source through a 


telescope T, 
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Octagonal 3 
mirror =| —slit 


Fig. 11.4 Michelson’s rotating mirror method 


The mirror M1 is set into rotation starting with a low speed. When 
the mirror is rotating, the light returning to it from mirror M2 will 
not, in general, be incident at an angle of 45° and, therefore, will not 
enter the telescope. Hence the image disappears. When the speed of 
rotation of Mı is gradually increased and suitably adjusted, the image 
reappears and is seen in the same position as when the mirror Mı is 
at rest. This would happen when the speed of rotation is such that the 
adjacent face 2 of the mirror Mr is in position formerly occupied by 
face 1, during which time light travels from M1 to Mzand back to Mi. 

Suppose d is the distance between mirrors Mı and M2. Then the 
time taken is 2d/c, where c is the speed of light. But this is the time 
taken by mirror Mı to make 1 /8th ofa revolution which is 1/87 where 
n is the number of revolutions per second. Therefore 


ad 
8n iC 
or c= l6nd 


The value of is measured with a stroboscope. Michelson performed 
this experiment in 1926 and again in 1931 in which the path of light 
was within an evacuated tube 1.6 km long. Multiple reflections were 
used to increase the effective path of light and a mirror with 32 faces 
was also used. His result for the speed of light in vacuum was 
2.99774 x 108 ms~!, Michelson died in 1931 while he was working on 
another more accurate experiment for measuring the speed of light. 

Modern methods of measuring the speed of light use highly coherent 
and unidirectional laser beams which are capable of measuring the 
speed of light to a very high degree of accuracy. The accepted value 
of the speed of light in free space is 

c = 2.99792458 x 108 ms“! 
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11.4 REFLECTION OF LIGHT FROM SPHERICAL 
MIRRORS 


The laws of reflection that hold good for a plane mirror, are also 
applicable in the case of a spherical mirror. The reason is that a 
spherical mirror can be regarded as an arrangement of a large number 
of extremely small plane mirrors, all equally inclined to each other so 
as to form a spherical mirror. Thus, when a ray of light falls on any 
point, it is reflected from a small plane mirror at that point, in accor- 
dance with the usual laws of reflection. 


Focal Length and Radius of Curvature 


If a parallel beam of paraxial rays is incident on a spherical mirror, 
the reflected rays converge to a point F (in the case of a concave 
mirror) or appear to diverge from a point F (in the case of a convex 
mirror). This point F is called the focus (or focal point) of the spheri- 
cal mirror (see Fig. 11.5). Paraxial rays are those that subtend a 
small angle with the normal to the surface at the point where they 
strike. The rays are paraxial if they are close to the principal axis of 
the mirror or if the mirror has a small aperture. The distance OF 
(=f) is called the focal length of the mirror. The distance of the centre 
of curvature of the mirror from any point on its surface, is the radius 
of curvature (R) of the mirror. 


a fe 
(a). Concave (b) Convex mirror 
mirror 
Fig. 11.5 Reflection from concave and convex mirrors 


Relation Between R and f If we restrict ourselves only to the paraxial 
rays, the relation between R and f is very simple. To obtain this rela- 
tion, consider a ray of light SP parallel to the principal axis, incident 
on a spherical mirror (concave or convex) at the point P. The normal 
to the surface at the point P is CP and CO = CP = R is the radius 
of curvature. After reflection from the mirror, the ray converges to 
the point F [in the case of a concave mirror, Fig. 11.6(a)] or appears 
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to diverge from the point F [in the case of a convex mirror, 
Fig. 11.6(b)] obeying the law of reflection, namely, 


<{§—> <_f— 
. e R ——> <= R— 
| (a) Concave mirror (b) Convex mirror 


Fig. 11.6 Relation between R and f 


Now since SP is parallel to OC 


“=i 
| In 4CPF, o=r 
| Hence PF = FC Cre 
| For paraxial rays, i.e. P very close to O 
| . PF=OF 
| or FC = OF 
| or OC = FC + OF = OF + OF = 2(0F) 
or R= or f= R/2 


Thus the focat length of a spherical mirror is half its radius of curva- 
ture. Remember that this result is true only for paraxial rays. 


The Spherical Mirror Formula 
We shall now derive a mathematical relation between the object and 
image distances and the focal length of a spherical mirror. This rela- 
tion is called the spherical mirror formula. We shall see that a single 
formula is applicable to both types of images (real and virtual) and 
for both types of spherical mirrors (concave and convex). 

The symbols used are: 


u = the object distance 
v = the image distance 
f= the focal length 
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R = the radius of curvature 
hı = the height of the object 
the height of the image 
m = the linear magnification 


> 
I 


Linear magnification is defined as the ratio of the height of the 
image and the height of the object, i.e. 
àh 
Tr 
If we wish to obtain a single formula which holds for concave as well 
as convex mirrors and for real as well as virtual images, we must first 
find a means of distinguishing’a concave mirror from a convex mirror 
and a real image from a virtual image. This is done by fixing the sign 
(positive or negative) of u, v, f, R, hy and hz. 


m 


The Sign Convention Different writers use different sign conventions, 
but each convention serves the purpose as well as the other. In this 
Chapter and the next we shall use the so-called “New Cartesian Con- 
vention?” which is based upon the conventions of coordinate geometry 
as shown in Fig. 11.7, The pole O of the mirror is taken to be at the 
origin of the rectangular coordinate system. Accordingly, we shall use 
the following convention regarding the signs of various quantities, 


1. Distances are measured from the pole O of the mirror. 

2. Distances measured in the direction of the incident ray are 
Positive. 

3. Distances measured in a direction opposite to the incident ray 
are negative. 


4. Heights measured upwards and Perpendicular to the x-axis are 
Positive. 


+ve distance 
ae 


Æ 
2r 
o 
£ 
v 
> 


y! ; 


Fig. 11.7 The Cartesian Sign convention 
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5. Heights measured downwards and perpendicular to the x-axis 


are negative. 


According to our sign convention, the focal length and the radius 


Fig. 11.8 Relation between u, v, and 
f for a concave mirror 
forming a real image 


of curvature are negative for a 
concave mirror and positive for a 
convex mirror. The magnification 
is negative for a real image and 
positive for a virtual image. 

Consider the ray diagram shown 
in Fig. 11.8. A’B’ is the image of 
an object AB formed by reflection 
from a concave mirror. Since 
triangles ABC and A'CB’ are simi- 
lar, we have 


AB _ BC 
A’B’ BIC 
Also from similar triangles PFQ and B’FA’, we have 
PQ _ OF 
A'B’ FB' 
Since PQ = AB, 
BC _ QF 
B'C FB’ 


For paraxial rays, i.e. P very close to O (valid for small apertures), Q 
will be very close to O so that QF ~ OF. Thus we have 


‘BC OF 
B'C FB’ 
or 
OB- OC _ OF 
OC — OB’ OB’ — OF 
or 
OB — 20F | OF We py 
20F = OB! TOR OF | © OC = 208) 
Now, from our sign convention, OB = —u, OB’ = —v, and OF 
= — f. Therefore, we have 
zu- (2f) _ = 
f=) T wE) 
which gives 
1 1 1 
mar Wares a (11.1) 
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Linear Magnification Referring to Fig. (11.8), we have, since triangles 
AOB and A’OB’ are similar, 


A'B _ OB’ 
AB OB 
From our sign convention, A'B’ = —h2 and AB = +-/y, Therefore 
Sy 0) 
+h =u 
h v 
or man a (11.2) 


We have obtained the mirror formula (11.1) and linear magnifica- 
tion (11.2) for a concave mirror forming a real image. It is easy to see 
that these formulae are applicable to a concave mirror forming a 
Virtual image and to a convex mirror which forms only virtual images. 


An Important Note Students often experience difficulties in the use of 
the sign convention while solving numerical problems. To solve any 
problem on a spherical mirror, remember the following procedure: 


1, Use the mirror formula + F + ea ls for concave as well as 


og 
convex mirrors. 

2. Substitute the numerical values of the given quantities with the 
proper positive or negative sign. 

3. Do not give any sign to the quantity to be determined. The un- 
known quantity will be obtained with its proper sign. 

4. Remember that linear magnification m = həlhı is negative for a 
real image and positive for a virtual image. This follows from the fact 
that a real image is inverted and a virtual image erect. 

It is always useful to draw a rough figure when you start solving a 
numerical problem. The following solved examples illustrate the use 
of the sign convention. 


EXAMPLE 11.1 A concave mirror forms a Teal image four times as 
tall as the object placed 10 cm in front of the mirror. Find the posi- 
tion of the image and the radius of curvature of the mirror. 


Solution: Since the image is teal, the magnification is negative i.e. 


m=—4 
u= —10 cm 
Now m = —vju. Substituting for m and u, we have 


gay Mae cl 


—10 
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or v= —40 cm 


The —ve sign here is expected since the image is real. Substituti: 


apd 1 1 
for u and v in —- F yt Foe 


Fn Sap ewOr N 
or f=-8cm | 
The radius of curvature = 2f = —2x 8 = —16 cm 


The —ve sign here also is expected since the mirror is concav 
Thus the image is formed at a distance of 40 cm from the mirror, ¢ 
the same side as the object and the radius of curvature of the mirr. 
is 16 cm. 


Exampte 11.2 A convex mirror of radius of curvature 20 cm forn 
an image which is half the size of the object. Locate the position « 
the object and its image. 


Solution: Since the convex mirror can form only virtual image, i 
magnification must be positive, 


m 


ll 
ah 


il 
| 
nja sje nj- 


but m 


~ 
Il 
| 


Substituting this value of 2 in ni l at ghee we have 
ùi u j: 


or u= —10 cm 


Thus the object must be placed at a distance of 10 cm in front o 
the mirror and its image is formed 5 cm behind the mirror. 


EXAMPLE 11.3 A square wire of side 3.0 cm is placed 25 cm away 
from a concave mirror of focal length 10 cm. What is the area enclos: 
ed by the image of the wire? The centre of the square is on the axis of 
the mirror, with its two sides normal to the axis. 
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Solution: u = —25 cm, f = —10 cm. The distance of the image is 
given by 
gs ST a | ty We 
cana ti A u —10 —25 
v= — vom 
or Suit 


Area of the object wire = 3.03.0 = 9.0 cm?. The area magnifica- 
tion is given by 


Area of image 3 y ; v2 
E AUNE ap (linear magnification)? = RA. 


Area of object 
-(% (oe 
ASSIS]. 5.9 


Area enclosed by image = $x 9 cm? = 4 cm? 


EXAMPLE 11.4 A boy 1.50 m tall with his eye level at 1.38 m stands 
before a mirror fixed on a wall. Indicate by means of a ray diagram 
how the mirror should be positioned so that he can view himself 
fully. What should be the minimum length of the mirror? Does the 
answer depend on the eye level? 


Solution: The ray diagram is shown in Fig. 11.9 where AB represents 
the boy with A as his head and B as his feet (AB = 1.5 m). E repre- 
Head , Sents the position of his eyes so 
that PB = 1.38 m. He will see his 
full-length image in the mirror MN 
if the rays which start from A and B 
teach his eyes after reflection from 
the mirror. Let P and Q be the 


peek mid-points of AE and EB respec- 
- tively. PM and QN are perpendi- 

B Ground 8' cular to the mirror. The rays AM 

Fig. 11.9 and BN will be reflected along 


i ME and NE respectively. These 
rays enter his eyes, thus enabling him to see his full image A'B’. Thus 
MN is the shortest length of the mirror. Now 


MN = PQ = PE + EQ | 


aul 1 
be) AE + EB 
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=- (AE + EB) 
1 

= AB 
465: ay 

Tepe = 0.75 m 


This is the minimum length of the mirror he should use and this does 
not depend on the eye level, but the way the mirror must be position- 
ed on the wall will depend his eye level. 

For the foot to be seen the bottom edge N of the mirror should not 
be higher that a height h from the ground (see figure) where h is 
given by 

h = QB = EB — EQ 
1 1 1 
= EB — z7 EB = z EB = 7 %138 = 0.69 m 

For the head to be seen by the eyes, the top edge M of the mirror 
should not be lower than MN + h = 0.75 + 0.69 = 1.44 m from 
the ground. 


EXAMPLE 11.5 A small strip of plane mirror A is set with its plane 
normal to the principal axis of a convex mirror B and placed 15 cm 
in front of B which it partly covers. An object is placed 30 cm from 
A and the two virtual images formed by reflection in A and B coincide 
without parallax. Find the radius of curvature of B. 


Solution: 


Fig. 11.10 


P'Q'and P”Q' are the virtual images of object PQ due to reflections 
in A and B respectively. Since the image P’Q’ is as far behind mirror 
A as the object PQ is in front of it, the image distance for the convex 
mirror B is (see Fig. 11.10). 

v= +0Q’ = +15 cm 
Object distance u = —OQ= —45 cm 
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Using these values’ in 1 # i + gives f = 22.5 cm. 
Hence R=2f = 45 cm 


Spherical Aberration 

In deducing the spherical mirror formula, we assumed that the incident 
and reflected rays subtend very small angles with the principal axis of 
the mirror. This assumption is not justified if the mirror has a large 
aperture. 


(a) (b) 


Fig. 11.11 (a) Spherical aberration in a spherical mirror (B)N o aberration 
in a parabolic mirror 


Figure 11.11(a) shows a parallel beam of light reflected from.a.con- 
cave mirror of a large aperture. Each reflected Tay is drawn by using 
the law of reflection at each point of incidence on the surface of the 
mirror. We find that only the paraxial rays such as 1 and 2, which 
are close to the principal axis are focussed at F. The marginal rays, 
Such as 3 and 4, which are near the periphery (or margin) of the 
mirror are not focussed at F; they strike the principal axis at points 
closer to the pole O, as shown. Thus the image is in the shape of a 
curve CC’, The rays below the principal axis (not shown in the figure) 
form a similar curve CC’. Thus the image is in the form of a cusp 
CCC" with apex at C, Each ray after reflection iS seen to converge 
and, intersect its neighbouring reflected ray ata point which lies on 
the cusp, Hence the image of the object becomes fuzzy in a large 
aperture mirror. This defect of the image, which is due to the. spheri- 
cal nature of the reflecting surface is called Spherical aberration, 

This failure of rays to converge to or diverge from a single point after 
reflection from a spherical ‘mirror is called: spherical aberration. This 
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defect destroys the sharpness of the image. Spherical aberration is 
considerably reduced by having a mirror of a small aperture or by 
putting a stop in front of marginal rays. Since this defect is due to 
the spherical nature of the reflecting surface, it should be possible to 
suitably adjust the curvature of the surface in such a way that both 
paraxial and marginal rays are focussed at a single point. A parabolic 
mirror shown in Fig. 11.11(b) has a surface that satisfies this require- 
ment. In a parabolic mirror, the surface is that of a paraboloid; a three- 
dimensional surface obtained by rotating a parabola about its major 
axis. Parabolic mirrors do not show spherical aberration. It.is for this 
reason that mirrors used in searchlights or headlights in automobiles 


are parabolic. 


11.5 REFRACTION OF LIGHT 


In the previous chapter we deduced the law of refraction which states 
as follows; when a ray of light travels from one medium to another, 
then for all angles of incidence, the ratio of the sine of the angle of 
incidence and the sine of the angle of refraction is a constant for the 
given pair of media; the constant is called the refractive index of the 
second medium with respect to the first, i.e. 


sini 
g= Snr (11.3) 


This exact relationship between the angles of incidence and refraction 
was discovered in 1621 by a Dutch scientist, Willibord Snell and is 


called the Snell’s law (Fig. 11.12). 


Incident ray 


Refracted 


Hee 


Fig. 11.12 Refraction of light Fig. 11.13 Refraction through a 
parallel sided slab 
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When a ray of light travels from one medium to a second medium 
and then to a third medium, refraction occurs at both the interfaces. 
Figure 11.13 shows a ray AB incident on a parallel-sided glass slab 
and suffering refractions at B and C. It is easy to see that the emer- 
gent ray CD is parallel to the incident ray AB. Since the medium on 
both sides of the glass slab is the same, we have 

Be Us n and ainz Bite 
sin r1 sin r2 n 


But i2 = ri. Therefore, 


sini _ sin r2 


sin rı sin rı 
or sin i = sin r2 
or =r 


i.e. the emergent ray is parallel to the incident ray. Notice that the 
emergent ray is displaced with respect to the incident ray. The displace- 
ment x depends upon the angle of incident i, refractive index n and 
the thickness z of thé slab (see Example 11.6). 


Some Effects of Refraction 


1, The apparent depth of objects is less in denser media than the 
real depth. Figure 11.14 shows an 
object O lying at the bottom of 
a beaker containing water. Two 
rays OA and OB from O are 
refracted along AD and BC res- 
pectively. These divergent rays 
appear to come from I which is 
the virtual image of O which is at 
a smaller depth than O. 

Fig. 11.14 Apparent depth From Snell’s law, we have 


ving = Sini _ sin ZOBM _ sin ZAOB 
ae: sin ZOBM _ 


sinr sin ZCBN sin Z AIB 
— AB/BO _ BI 
AB/BI BO 


Now, if we are looking almost vertically downwards, the ray BC will 
not enter our eye because of the small size of the pupil. Hence, in 
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order to see the image, point B should be close to A, in which case, 
BI = Al and BO = AO, so that 


dea AO real depth 
~ AI ~ apparent depth 


This explains why a swimming pool appears shallower than it really is. 
2. The sun is visible before actual sunrise and after actual sunset 
because of atmospheric refraction. 


3st 


LAS 


Layers of air 
with decreasing 
density 


Fig. 11.15 Refraction effects at sunrise and sunset 


As we go higher up, the density and refractive index of the layers 
of the atmosphere decrease. The rays starting from the sun pass from 
the rarer to the denser medium and keep bending towards the normal 
until they reach the eye of the observer on earth. 

Imagine an observer at O with HH’ as the horizon. When the sun 
Sis below the horizon, it actually appears at S’ due to refraction in 
different layers of the atmosphere (see Fig. 11.15), Thus the sun 
appears to rise early and (for the same reason) to set’ late by about 2 
minutes. The day thus becomes longer by about 4 minutes due to, 
refraction of light. 


Exampie 11.6. A ray of light is incident at an angle i on a parallel- 
sided glass slab of thickness ¢ and refractive index n. Show that the 
lateral displacement of the emergent ray is given by 


Ega cos i 
x= tsin fi Ces siya] 


Can x exceed t? 
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Solution; Figure 11.16 shows the path of the rays through the slab. 
In triangle BCD, 


oe = sin (i — r) 

f or x = BC sin (i — r) 
| In triangle BCE, we have 
BEms Vet 


cos r cosr 


BC = 


Fig. 11.16 Hence, 


EI 
x = ——:sin (i — r) 
cos r 


ne) COS E Sit mh ` 
or x = t(sini — sisin) (i) 
cos r 

sin į s sin i oi 

w n= or sinr =—— (ii) 
se sinr n 

in? j\t/2 
i sin? i PH 
and cos r = (1 — sin? pt? = (1 ae ) (iii) 


Using (ii) and (iii) in (i) and simplifying, we get 


i eve ginal lier kero 

z (n? — sin? i)"2 
It is clear that the displacement x tends to a maximum value equal to 
t if i-> 90°, so that sin i> 1 and cos i > 0. Hence x cannot exceed t. 


Exampte 11.7 The bottom of a container is a 4,0 cm thick glass 
(n = 1.5) slab. The container contains two immiscible liquids A and 
B of depths 6.0cm and 8.0 cm respectively. What is the apparent 
position of a scratch on the outer surface of the bottom of the glass 
slab when viewed through the container? Refractive indices of A and 
B are 1.4 and 1.3 respectively. 


Solution: Referring to Fig. 11.17, the apparent depth of the scratch is 


C ad 
A jS CET 
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Liquid B | 


Lng) t, 


Liquid A 
tna) 


lemoa St 


| 
| 
| 
| Fig. 11.17 
w 


Real depth (OA) = ti + t2 + t3 = 4.0 + 6.0 + 8:0 = 18.0 cm 
Apparent shift = AO — AI = 18.0 — 13.1 = 4.9 cm 


11.6 TOTAL INTERNAL REFLECTION: CRITICAL ANGLE 


When a ray of light passes from an optically rarer medium into an 
optically denser medium, the refracted ray is bent towards the normal 
so that even when the angle of incidence has a maximum value of 90°, 
a refracted ray is possible (since the corresponding angle of refraction 
is less than 90°). 

On the other hand, when a ray of light passes from an optically 
denser medium (such as glass) into an optically rarer medium (such as 
| air), the refracted ray is bent away. from the normal, so that the angle 
| ofrefraction is now greater than the angle of incidence [see Fig. 11.18(a)] 


(a)! <le (b) '="e 


4 Fig. 11.18 Total internal reflection and critical angle 
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Therefore, if the angle of incidence (i) is gradually increased, the 
corresponding angle of refraction (r) will also increase, until a limit is 
reached when the angle of refraction becomes equal to 90° and the 
refracted ray travels parallel to the surface of separation between the 
two media [see Fig. 11.18(b)]. 

If the angle of incidence is increased still further, there will be no 
refracted ray (since the angle of refraction cannot exceed 90°) and the 
ray is reflected back into the denser medium, in accordance with the 
ordinary laws of reflection. This is known as total internal reflection, 
and is shown in Fig. 11.18(c). The angle of incidence (ie) at which 
total internal reflection just occurs (i.e. for which the angle of refrac- 
tion is 90°) is called the critical angle, for the two given media. 

Thus we conclude that when a ray of light travelling from an optically 
denser medium into an optically rarer medium, is incident at an angle 
greater than the critical angle for the two media, the ray is totally 
reflected back into the same medium. 


Relation between Refractive Index and Critical Angle 


According to Snell’s law, the refractive index of glass with respect to 
air is given by 
1 sini 


ang sin r 
where i = angle of incidence in the denser medium (glass) and r = 
angle of refraction: in the rarer medium (air), When r = OT Ug i Fa 
so that i 


A sinic 
ang sin 90° 


= sin ic 


or 
1 
sin ie 


a E 


Ng 


(11.4) 


Since refractive index depends upon the wavelength of light used, the 
critical angle also depends upon wavelength and will be different 
for different colours of light even for the same pair of media. Table 
11.2 shows critical angles of some substances in relation to air for 
A = 590 nm. 


Substance Refractive index Critical angle 
Water 1.33 48.8° 
Crown glass 1.52 41.1° 
Dense flint glass 1.65 37.3° 


Diamond 2.42 24.4° 
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Some Effects and Applications of Total Internal Reflection 


1, Mirages Mirages are an optical illusion and are usually associated 
with hot deserts. Travellers in a hot desert often see what appears to 
be a sheet of water some distance ahead of them. They are never able to 
reach the water because it is nothing but hot sand. The same pheno- 
menon is observed on a straight tar road on a hot summer afternoon. 
The surface of the road, some distance ahead, appears wet and shiny 
as if it has rained. These optical illusions are called mirages. 


Explanation of a mirage: On a hot summer day, the layers of air 
in contact with the tar road (tar being black absorbs heat very quickly) 
become very hot; hence the densities and refractive indices of the 
layers immediately above the road are lower than those of the cooler 
layers higher up. The rays of light from a distant object (such as a 
tree) bend more and more as they pass through these layers, until 
they fall on a layer at an angle greater than the critical angle for it 
and get totally reflected. These reflected rays then travel up and 
undergo a series of refractions, but in a direction opposite to those in 
the first case, because they now pass from layers of increasing refrac- 
tive indices, These rays finally reach the observer’s eyes, who sees an 
inverted image of the object, as though reflected from a pool of water 
(Fig. 11.19). 


Fig. 11.19 Formation of a mirage 


Note: Some scientists believe that mirages are not due to total 
internal reflection. They are of the opinion that mirages are due to 
the progressive bending of light as it passes through the warmer layers 
of gradually decreasing refractive index until it becomes parallel to the 
ground. After this it bends upwards as it passes through cooler layers 
of gradually increasing refractive index. Thus continuous and progres- 
sive refraction (rather than total internal reflection) is believed to be 
responsible for the formation of a mirage. ; 
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2. Total Reflecting Prisms Total reflecting prisms are usually made 
of crown glass of refractive index 1.5. They are right-angled prisms 
with angles 45°, 45° and 90°. These prisms are used to turn a beam of 
light through 90° or 180° without any loss of intensity and multiple 
Teflections as in the case of plane mirrors which can also perform this 
function. The critical angle for total internal reflection for crown glass 
(n = 1.5) is about 42°. Figure 11.20 shows how this prism turns a ray 
through 90° or 180°. Total reflecting prisms are used in binoculars and 
submarine periscopes. 


Fig. 11.20 Total reflecting prisms 


3. Optical Fibres Optical fibres are based on the principle of total 
internal reflection. The fibres are extremely thin (diameter ~ 0.0002 cm) 
and long strands of glass or quartz. They are coated with a thin layer 

: of a material of lower refractive index. They can transmit a light beam 
from one end to the other asa result of repeated total internal reflec- 
tions at the glass or quartz boundary, even if the fibre is bent or 
twisted [Fig. 11.21(a)]. 

A bundle of optical fibres is called a light pipe. In a single fibre, the 
complete image of an object cannot be seen. But, if the image is broken 
into a series of dots and each portion of the image is seen through a 
separate fibre, the composite image of an object can be constructed. 
Thus, a bundle of optical fibres can transmit an image [Fig, 11.21(b)]. 


(a) 


Fig. 11.21 (a) An Optical fibre + : {b) A light pipe 
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The advantage of such a pipe is that itis flexible and can be twisted 
in any desired manner. Therefore, it finds applications in medicine and 
optical experiments. With the help of this device it is possible to 
examine the inaccessible parts of an equipment or of the human body 
(like the interior of lungs and stomach). Optical fibres are also used for 
transmitting and receiving electrical signals which are converted to 
light by transducers. They are used in telephone and other transmitting 
cables. Each fibre can carry as many as 2000 telephone conversations 
with much less intensity loss. 


EXAMPLE 11.8 A small bulb is placed at the bottom of a tank con- 
taining water to a depth of 80 cm. What is the area of the surface of 
water through which light from the bulb can emerge out? Refractive 
index of water is 1.33. (Consider the bulb to be a point source.) 


Solution: It is clear from Fig. 11.22 that the light from the point source 
S can emerge out of a circular 
patch of diameter AB. Rays of light 
from S which are incident at an 
angle i > ic, i.e. beyond A and B, 
are totally reflected within water 
and cannot emerge out of the 
surface. The critical angle ic is 
given by 


Fig. 11.22 n 1,33 
giving ic = 48.75° 
In triangle OAS, we have 
aS, 
g 7 tan ic 
where r = radius of the circular patch = OA or OB and h = depth 
of water = 0.80 m 
r = h tanis 
= 0.80 tan 48.75° = 0,912 m 
Area of patch = 7r? = 3.142 x (0.912)? = 2.6 m? 


EXAMPLE 11.9 Figure 11.23 shows a cross-section of a thin and long 
light pipe made of a glass fibre of refractive index 1.70. The outer 
covering is made of a material of refractive index 1.45. Find the range 
of angles of incidence (i) for which total reflections can occur inside 


the pipe. 
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Fig. 11.23 


Solution: The critical angle iz is given by 


sin i, = +55 = 0.853 
which gives i, = 58.5° 


Total internal reflection will occur if the angle i’ > iy, kee if i’ > 58.5° 
which implies that angle r < rmax where rmax = 90° — 58.5° = 31.5°. 
Now, from Snell’s law 


sin imax =":70 


sin max 
J sin imax = 1,70 Xsin 31.5° = 0.89 
or imax = 62.6° 


i.e. angle i must lie in the range 0 to 62.6°. 


11.7 REFRACTION IN A PRISM 


We have already seen that when a ray of light is refracted through a 
transparent medium with parallel faces (a glass slab), the emergent ray 
is displaced parallel to the incident tay. We shall now examine what 
happens when the faces are not parallel but are inclined to each other 
at an angle. A portion of a transparent medium bounded by two plane 
faces, inclined to each other at an angle, is called a prism [Fig. 11.24(a)]. 
The angle between the two refracting faces DEBA and DACF is called 
the refracting angle (or simply the angle) of the prism. The line AD 
where the two refracting faces meet is called the refracting edge of the 
prism. Any section of the prism made by a plane at right angles to the 
refracting edge is called the Principal section of the prism. It is evident 
that the principal section of the Prism in the plane of the paper is 
ABC with A as the angle of the prism. 
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Refracting faces 
D 


Refracting 
| edge 
ys 
Refracting i 
angle 


(a) 


(b) 
Fig. 11.24 (a) A glass prism 
(b) Deviation produced by a prism 


Deviation Produced by a Prism 


A prism does not displace but deviates an incident ray. The angle of 
deviation is the angle between the incident and emergent rays. 
Figure 11.24(b) illustrates the action of a prism. ABC is the principal 
section of a triangular prism shown in Fig. 11,24(a) in the plane of 
the paper. PQ is a ray of monochromatic light (i.e. light of a single 
colour) incident on face AB of the prism. This ray enters a denser 
medium and therefore bends towards the normal and travels along QR 
in the prism. At face AC, the ray QR suffers another refraction, bend- 
ing away from the normal as it emerges along RS. The angle of devia- 
tion is the angle between the incident and the emergent rays produced 
as shown. 

The value of the angle of deviation depends upon four parameters: 
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(a) the angle of incidence, (b) the material of the prism, (c) the colour 
of light, and (d) the angle of the prism. 


Dependence of Angle of Deviation on Angle of Incidence Place the prism 
on a white sheet of paper and draw its outline ABC [Fig. 11.25(a)]. 
Fix two pins P; and Pz vertically as shown and view from the other 
side AC, The images Pj and P; of pins Pi and P2 will be seen. Fix two 
more pins Qı and Q2 such that they are in line with the images P; and 
P}. Remove the prism. Draw a straight line PQ joining Pı and P2, This 
is the incident ray. Draw a normal to the face AB at Q. The angle i is 
the angle of incidence. Now draw a straight line RS joining pins Qi 
and Q2. RS represents the emergent ray. Produce PQ and SR. They 
meet at O. The angle of deviation ô can now be measured. 

Repeat the experiment for various inclinations of the line PQ, i.e. 
for various angles of incidence 7 and measure the angle 5 in each case. It 
is found that as the angle of incidence increases, the angle of deviation 
decreases at first, becoming minimum for a certain value i of the 
angle of incidence. Beyond this angle of incidence, the angle of devia- 
tion increases with increase in the angle of incidence [see Fig. 11.25(b)]. 

A 


Angle of deviation 


i, Angle of incidence 


(b) Po 
Fig. 11.25 (a) Tracing the course of ra ys through a prism 


(b) Variation of angle of deviation with angle 
of incidence 


eae AS ae 
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Measurement of Refractive Index of the Prism Glass 


The fact that the angle of deviation becomes minimum at a certain 
angle of incidence provides an accurate method for measuring the 
refractive index of the material of the prism. 

Let us again refer to Fig. 11.24(b), From quadrilateral AQNR 


A +a = 180° 
From triangle QNR, 
r+r' +a = 180° 
Therefore A=r+r 
Now, from triangle MQR, we have 
=(-nN+@-7) 
sai 2) inane): 
=(i+i)— A (11.5) 


Now, when the deviation ô is minimum (= ôm), the experiment of 
Fig. 11.25(a) shows that i = 7’, i.e. the incident and the emergent rays 
are symmetrical with respect to the refracting faces AB and AC and 
the refracted ray QR in the prism is parallel to the base BC. When 
i = i',r = r' so that A = 2r or r = A/2. From Eq. (11.5) we have, 
at minimum deviation 


ôm = 2i-— A 
or i= (A + bm) 


From Snell’s law, the refractive index of the material of the prism is 
given by 
sin i 


i ip sin b (4+ ôn)] 


sin r sin(4) 


Knowing the values of A and 5m, the value of n is determined, 


(11.6) 


ExampLe 11.10 A prism produces a minimum deviation of 51° for 
a certain angle of incidence. The same prism produces a deviation of 
62° 48’ for two values of the angles of incidence, namely, 40° 6’ and 
82° 42’. Find (a) the refracting angle of the prism, (b) the angle of 
incidence at minimum deviation, and (c) the refractive index of the 
prism. 3 
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Solution: (a) The incident ray is deviated through ô = 62° 48’ when 
angle i = 40° 6’. It is clear from Fig. 11.24(b) that if the emergent 
ray is reversed, i.e. if the ray travels along SR, it will emerge from 
face AB along QP, the deviation ê remaining the same. Hence i’ = 82° 
42'. Now 


8=i+i'-A 
or 
A=i+i'—8 
= 40° 6’ + 82° 42’ — 62° 48’ 
= 60° 
(b) For minimum deviation, i = i’, Hence, 
ôm = 27 — A 
or 
i=+(4+38,) 
2 
= -L (60° + 519) 
2 
= §5° 30’ 
sin [> (4 + ôm) 
© meL? 


sin (4/2) 
sin [+ (60° + 519] 
~ ~~ sin 60/2 
= 1.65 


11.8 REFRACTION AT A SPHERICAL SURFACE 


Let us now consider refraction at a spherical surface. At each point on 
the surface, the refracted Tay obeys the Snell’s law of refraction. In 
Fig. 11.26 LMN represents a convex refracting surface of radius of 
curvature R of a medium of refractive index m. Consider a point object 
O on the principal axis situated in an optically less dense medium of 
refractive index m (m <m). A tay OA incident at an angle i is 
refracted along AI subtending an angle r with the normal AC at point 
A; Cis the centre of curvature of the surface, Angles 7 and r are 
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Fig. 11.26 Refraction at a convex refract- 
ing surface (n, > m) 


related by Snell’s law: 


m _ sini 
m sinr (11.7) 
Another ray OM falling normally on the surface goes through 
undeviated. The two refracted rays meet at point I which is the image 
of object O. ! 
We now obtain the relation between the object and image distances. 
In triangle AOC, i is the exterior angle so that 
i=a+y7 (11.8) 


Similarly for triangle AIC 
Y=r+e6 (11.9) 
We now make the simplifying assumption that the rays are paraxial, 
ie. A is close to M, so that angles i, r, «, B, and Y are small. For 
small angles (expressed in radians) sin i~iand sinr œr, so that 
Eq. (11.7) implifies to 
n2 i 
mF 
or mi = mr 
Using Egs (11.8) and (11.9), we have 
n(x + Y) = m(” — P) 
or mB + ma = (m — n) (11.10) 
From A draw AP perpendicular to the principal axis and let AP = A. 
Now in triangles AOP, AIP and ACP we have 
oe tan B= tan = (11.11) 
if A is close to M, OP œ OM, PI ~ MI and PC œ MC. Also, angles 
«, B and Y will be small so that tana œ « ('.' sina œ «, cosa œ 1 
for small «), tan 8 ~ 8 and tan Y œ Y. Therefore Eqs (11.11) become 
h h h 


om POM TMe 


tan & = 


c= 
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Using these values in Eq. (11.10), we have 


ato ath (11.11) 
Now, according to the Cartesian sign convention, 
Object distance OM = — xu 
Image distance MI = + v 
and Radius of curvature MC = + R 


Therefore, with the signs included, Eq. (11.11) becomes 


mm _ mm 


5 PR R (11.12) 


We have derived Eq. (11.12) for a convex refracting surface forming 
a real image (Fig. 11.26). This relation also holds for a convex surface 
forming a virtual image [Fig. 11.27(a)] and aconcave refracting surface 
[Fig. 11.27(b)]. This has been left as an exercise for the students. 


Fig. 11.27 (a) Convex refracting surface 
(b) Concave refracting surface 


Note; If the object is placed in medium of refractive index 72 so 
that the incident rays are in medium m and refracted rays are in 
medium 7, then in Eq. (11.12), m and m are interchanged and we 
have 


Te ed (11.13) 


EXAMPLE 11.11 Two concave glass refracting surfaces, each with 
radius of curvature R = 35 cm and refractive index 7 = 1.5 are placed 
facing each: other in air as shown in Fig. 11.28..A point object O is 
placed ata distance of R/2 from one of the surfaces as shown. Find the 
Separation between the images I; and Iz of O formed by each refracting 
surface, f 
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First surface Second surface 


+ 
LO 

<— 2 R 
Fig. 11.28 


Solution: For refraction at the first surface (incident rays from O are 
from right to left) 


u=0A= — 2 R= D om 


| 


R = — 35 cm 
The distance vı of image Ii from A is given by the relation 


m= 1.5 m = 


mom _ mam 
ii u R 
i EES 1 E N aln | 
v — 105/2 =35) 
which gives 
u = — 45cm or Ali = 45 cm 


For refraction at the second surface (incident rays from O are from 
left to right) 


Lop R Sees 
u = OB = 7 = z om 

The distance v2 of image I2 from B is given by 

mm mm 

02 it, TER 
or 

pias aaa seal eb eL 

v2 —35/2 55 
which gives vz = — 21 cm or Bk = 21 cm. Therefore Alz = AB — Bla 


= 70-21 = 49.cm. Hence the separation between Iı and Iz is 
lik = Al — Ali = 49-45 = 4.0 cm 


11.9 REFRACTION IN A THIN LENS 


A lens is a combination of two refracting surfaces. The image is formed 
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after two refractions, one at each surface as shown in Fig. 11.29 which 
shows a convex lens with spherical faces LMiN and LM2N. Ci 
is the centre of curvature of face LMiN and C2 that of face LM2N. 
Consider a point object O on the principal axis of the lens in a 
medium of refractive index nı; the refractive index of lens (m) being 
greater than nı. A ray OA incident on face LMIN is refracted along 
AB by this surface, bending towards the normal to this face at point 
A. If the second face LM2N were absent, the ray AB would have 
intersected the principal axis at I’ so that I’ in the image of O due to 
tefraction at face LMiN. But due to the second face LM2N, the ray 
AB incident on it will be refracted along BC, bending away from 
the normal to the face LM2N at point B. The emergent ray BC inter- 
sects the principal axis at point I which is the image of O formed by 
the lens. 


Normal at A 


- 


N 
i: f omol at B 


Fig. 11.29 Refraction through a convex lens 


The Thin Lens Formula 


Consider a lens of refractive index mz in a medium of refractive index 
nı as shown in Fig. 11.29. We assume that the lens is thin so that its 
thickness MıM2 can be neglected in comparison to the object and 
image distances and the radii of curvature of the two faces of the lens. 
We also assume that the rays are paraxial, i.e. they subtend very small 
angles with the normals to the faces and with the principal axis; this 
assumption is satisfied if the aperture LN of the lens is small. If these 
two assumptions are satisfied, a simple relationship is obtained 
between the object distance (u), the image distance (0) and the focal 
length (f) of the lens. We obtain this relation by considering refrac- 
tions at the two faces of the lens. 


Refraction at Face LMiN 
For refraction at this face, the incident OA is in medium mm and the 
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refracted ray AB is in medium m2 and I’ is the image of O due to 
refraction at this face, as explained above. Therefore, the object 
distance (u), image distance (v') and radius of curvature (R1) of face 
LMiN are related by Eq. (11.12) which now reads 


mom _ m—m (11.14) 


Refraction at Face LM2N 


For refraction at this face, the incident ray AB isin medium nz and 
the refracted ray BC is in medium nı. For this face I’ serves as the 
virtual object and I is the image of I’ due to refraction at this face, 
Therefore, for this face, the object distance = I'M2 = I'M1 — MiM2 
= v' — t, where t = M1M2z is the thickness of the lens and the image 
distance = IM2 = v, Let R2 be the radius of curvature of the face 
LM2N. The object distance (v’ — t), the image distance (v) and the 
radius of curvature (R2) are related by Eq. (11.13) which now 
reads 


ni Ma et SMT tana 


v v—t R2 


If the lens is thin, i.e. £ & v', then (v’ — t) =v’ and this relation 
becomes 


m M2 = ni — m 
Bo Petipa (11.15) 


Remember that the relations (11.14) and (11.15) already have the sign 
convention incorporated in them. Adding Eqs. (11.14) and (11.15), 
we get 


Loree = 
ae me mi( a Ri E 
EE pArA SEAS 
TAE ( m Nei Ro oe) 


Focal Length of a Thin Lens 


If the object is at infinity (u = 00), the image is formed at the focus, 
i.e. v = f. Putting u = œ% and v = fin Eq. (11.16) gives 


eo ee 


Thus we find that a focal length (f) of a lens depends upon its 
refractive index (m2), the refractive index (nı) of the medium in which 


or 
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itis placed and the radii of curvature (Ri and R2) of its curved faces. 
Relation (11.17) is called the lens maker’s formula. 
Combining Eqs (11.16) and (11.17), we have 


1 l e SRT Oy EG, x rae 
v aera m Nez Re pt) 


Note: The relation (11.18) holds for paraxial rays and thin lenses. 
This relation includes the cartesian sign conventions regarding the 
distances u, v, f, Ri and Ro. According this sign convention, u is 
negative, v is positive for real images, and negative for virtual images, 
J of a convex lens is positive and is negative for a concave lens, Ri 
= MiC1 is positive and R2 = M2C> is negative for a convex lens. For 
a concave lens Ri is negative and Ro is positive, Equation (11,18) has 
been derived for a convex lens forming a real image. The same rela- 
tion is applicable to a convex lens forming a virtual image and for a 
concave lens, which forms only virtual images. This has been left as 
an exercise for the students. 


Linear Magnification 


Figure 11.30 shows the ray diagram of a convex lens forming a real 
A n image A’B’ of an extended (small) 


N object AB. 
UNN B’ From similar triangles AOB 
B (8 SN] and A'OB’ we have 
A'B' _ OB’ 


Fig. 11.30 : ; r 
From our sign convention, A’B 


= —h, AB = +h, OB’ = +v and OB = —u, substituting these 
values in the above equation, we have 


She foe 
+h —u 
r hi v 
x hı u 
Thus, 
Linear magnification m(= A/h1) = = (11.19) 


This relation holds for both convex and concave lenses and for real 
as well as virtual images. 
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Power of a Lens 

The power (P) of a lens is a characteristic of the focal properties of a 
lens and is defined as the reciprocal of the focal length (expressed in 
metres), i.e. 


1 
P = Gn metres) (11.20) 


The unit of power is m=! which is called the dioptre (symbol D). Thus 
a convex lens of focal length 50 cm (f= +0.5 m) has a power of 
1/+0.5 m = +2.0 D, The power of a concave lens of focal length 
200 cm (f = —2.0 m) is 1/—2.0m = —0.5 D. 


EXAMPLE 11.12 A convex lens of crown glass (mg = 1.5) has a focal 
length of 15cm. The lens is placed in: (a) water (nw = 1.33) and 
(b) carbon bisulphide (7c = 1.65). Determine in each case, whether 
the lens behaves as a converging or diverging lens and determine its 
focal length. 


Solution: For lens in air 


pa-ra) O 

For lens in water, 

a - A E - a) (ii) 

f Rı Ra, 1.33\Rı Ra, 
For lens in carbon bisulphide, 

4 = a E A re E) G 
Dividing (i) by (ii), we get 

Sw = +58.7 cm 


The positive sign indicates that the lens is converging. Dividing (i) by 
(iii), we get 
Se = —82.5 cm 


The negative sign indicates that the lens behaves as a diverging lens 
when it is immersed in carbon bisulphide. 


EXAMPLE 11.13 A luminous object and a screen are mounted on an 
optical bench and a converging lens is placed between them so that a 
sharp image is received on the screen; the linear magnification of the 
image is found to be 2.5. The lens is now moved 30 cm nearer the 
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screen and a sharp image is again formed. Find the focal length of the 
lens, 
Solution: If O and I are the object and the screen respectively and 
Lı and Lz are the two conjugate positions of the lens (Fig. 11.31), 
then 

OL = IL: 


30 c me x —_» 
Fig. 11.31 


For lens at Li, we have u = —x and v = 30 + x 


Linear magnification m = = = —2.5 (because the image is inverted, 
being real) 
Thus Busi = —2.5 
==: 
or x = 20 cm 
Hence u = —20 cm and v = 30 + 20 = 50 cm 
ORG f: 1 1 

Substituting in io ae P we have 

Ab eel E N A 

50. +20 F 


which gives f = 14.3 cm. 


EXAMPLE 11.14 A convex lens forms a real image of an object on a 
screen; the magnification of the image being 3/2, The object and the 
screen are kept fixed and the lens is moved through a distance of 
16 cm when a sharp image is again formed on the screen; the magni- 
fication now being 2/3. Find the focal length of the lens, 


Solution: Refer again to Fig. 11.31, The separation LiLz now is 
16 cm. For lens at Li, we haye 


“= —x ¢=16+x m= 3 


Now Su Rees) 
m = 5 


Ray Optics and Optical Instruments 541 


[UG srt a 3 
or SRT PED 
or x = 32cm 
Therefore u = —32 cm and v = +48 cm. Substituting these values 
in the lens formula we get 
f= 19.2 cm 


11.10 COMBINATIONS OF THIN LENSES 


Two or more lenses are often combined in various optical instruments. 
The purpose is: (i) to increase the magnification of the image, (ii) to 
make the final image erect and (iii) to minimize certain defects (aberra- 
tions) of the image. The location, size and nature of the final image 
produced by a combination of lenses can be found by two methods; 
(i) by using the lens formula and (ii) by drawing the ray diagram. In 
both the methods, we first find the image formed by the first lens, 
treat this image as the object for the second lens and find the image 
due to the second lens, this image then serves as the object for the 
third lens and so on. This procedure is illustrated in Examples 11.15 and 
11.16 below. 

When lenses are used in combination, each lens magnifies the image 
formed by the preceding lens. Hence the total magnification (m) of the 
final image is given by the product of the magnifications due to indi- 
vidual lenses, i.e. 


m=mXmxXmX... (11.21) 


ExAmPLE 11.15 An object O is placed 15 cm from a convex lens A 
of focal length 10 cm and its image, I; is formed on a screen on the 
other side of the lens. A concave lens B is now placed midway 
between A and Iı and the screen is moved back 10cm to receive a 
clear image I2. Find: (a) the focal length of lens B, and (b) the linear 
magnification of the final image In. 

Solution: (a) For lens A, u = PO = —15 cm, f= +10 cm and 
v = PI? (see Fig. 11.32). 


which gives v = +30 cm = Ph 
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Fig. 11.32 


The image I; serves as the virtual object for lens B which is placed 
midway between P and Iı. Thus for lens B, 


ab Gis E (Ph) Eiis em 


v= Qh = Qh + hlz = 15+ 10 = 25cm 
The focal length f of lens B is obtained from the formula 


if v u 
Alon sell 
EDS wise 5. 
which gives f = —37.5 cm 


The negative sign is expected since lens B is concave. 
(b) Linear magnification of I2 = maX ms, where ma and mp are 
magnifications due to A and B respectively. 


For lens A, 
v 30 
MA A SRA 
For lens B, 
a ere ey 
iG 15 3 


Total magnification = —2x 5/3 = — 10/3 
The negative sign here indicates that the final image is inverted. 
EXAMPLE 11.16 Two convex lenses A and B of focal lengths 20 cm 
and 10cm are placed coaxially 10 cm apart, An object is placed on 


the common axis at a distance of 10 cm from lens A. Find the posi- 
tion and magnification of the final image. 


Solution: Referring to Fig. 11.33 we have, for lens A, 
fi = +20 cm = —10 cm 
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Fig. 11.33 


The image distance vı is given by 
1 


1 
fi + ui 
which gives vı = —20 cm. 


1 
vi 


lens A, if the lens B were absent. This image acts as a virtual object 
for lens B which forms the final image at Iz at a distance v2 from 
lens B. 

| For lens B we have, since x = 10 cm 


uz = —(20 + 10) = —30 cm 


| Thus a virtual image is formed at I; at a distance of 20cm from 


fz = +10 cm 
The image distance v2 is given by 
as Cans nies epee Garay cab 
me gO yao 
i which gives u = +15 cm 
| Thus a real image I2 is formed at a distance of 15 cm from lens B. 
| Magnification due to A(mı) = at at E2 
u —10 
ificati UES r UAA, 
Magnification due to B(m2) = ero ET 7 


Magnification of the final image is 

m = mx m = 2x(-4) ania 
This shows that the final image is inverted and is of the same size as 
the object. 


EXAMPLE 11.17 (a) Derive the relation 


1 1 1 


rE ee 
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where fi and f2 are the focal lengths of two (thin) lenses and f is the 
focal length of the combination of the two lenses in contact. 

(b) What is the focal length of a convex lens of focal length 30 cm 
in contact with a concave lens of focal length 20 cm? Is the system a 
converging or a diverging lens? Ignore thickness of the lenses. 


Solution: Let us assume that both the lenses are convex. Consider 
a point object A placed at a distance u on the common Principal axis 
[Fig. 11.34(a)]. In the absence of the second lens, let its image due to 
the first lens be formed at C. Let its distance from the first lens be v’, 
From the lens formula, we have 


(i) 


(o) 
Fig. 11.34 


If the second lens is also present, the final image is formed at B. 
For this lens, C may be regarded as the virtual object and B its image. 
Thus, for the second lens, the object distance is v’ and image distance 
is v, so that 

1 1 1 è iy 
EA A (ii) 


Adding (i) and (ii), we get 


re cer E A (iii) 
Now suppose we replace the combination of lenses by a single lens 


of a suitable focal length f such that it forms the image at B of an 
object at A [Fig. 11.34(b)]. This lens would then be the equivalent 
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lens because it has the same effect as the two lenses together have. 
The focal length f of the equivalent lens must obviously satisfy the 
relation [see Fig. 11.34(b)]. 


1 7 
ee o 
Comparing (iii) and (iv), we have 

1 1 1 


FOR BN © 
(b) fi = +30 cm (convex lens) 
J2 = —20 cm (concave lens) 


The focal length of the combination is determined as follows, 


Pe heh 
a es le 
30 20 
etfs 
60 
or = —60 cm 


The negative sign shows that the combination is a concave or diverg- 
ing lens of focal length 60 cm. 


11.11 DISPERSION OF LIGHT 


We have learnt that the refraction of light occurs because the velocity 
of light changes as it travels from one medium into another. The 
speed of light in any material medium is less than that in a vacuum. 
The ratio n = c/v is called the index of refraction (or refractive index) 
of the medium where c and v are respectively the speeds of light in 
vacuum and in the medium. When white light enters a prism, it is 
refracted, but the constituent colours of white light are refracted 
unequally as shown in Fig. 11.35. The red is refracted (or deviated) 
the least and the violet is refracted the most. From Snell’s law 
n = sin i/sin r, the refractive index for red is less than that for violet. 
In other words, the speed of red light is higher than that of violet light. 
Thus, a medium does not have one definite index of refraction; it has a 
range of indices corresponding to a range of colours of light. Since each 
colour has its own characteristic wavelength (or frequency), the refrac- 
tive index of a medium will be different for different wavelengths. The 
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<-G@<ow 


Prism 


Fig. 11.35 Dispersion of white light by a prism: 
Red, Orange, Yellow, Green, Blue, 
Indigo, Violet (ROYGBIV) 


variation of the refractive index of a medium (and hence of the velo- 
city of light in the medium) with the wavelength (or frequency) is 
referred to as dispersion. The prism disperses the colours of white light 
and we say that we have got the “spectrum” of the light. 

The index of refraction of a material can be determined for mono- 
chromatic light by taking a prism of that material and measuring its 
angle A and the minimum deviation angle ôm. This is accomplished 
with the help of an optical instrument called the spectrometer, 


The Spectrometer (or Spectroscope) 


In the experiment shown in Fig. 11.34, the different colours overlap 

and we get what is called an impure spectrum. To produce a pure 

spectrum, in which the colours are distinctly Separated, we use a 

Spectrometer. The essential parts of a Spectrometer, illustrated in 

Fig. 11.36 are: (i) a collimator, (ii) a prism table, and (iii) a telescope. 
Prism table 


soe = 
Light source £ 
Fig. 11.36 A spectrometer 
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vertical axis which passes through its centre. The horizontal axis of 
the collimator tube and the vertical axis of the prism table intersect 
each other. The telescope is capable of rotation about a central verti- 
cal axis with its horizontal axis passing through the vertical axis of 
the prism table. The position of the telescope is described by means 
of a graduated circular scale whose centre is the axis of rotation. The 
lenses O and E are the objective and the eyepiece of the telescope. 
The cross-wire is fixed in front of the eyepiece at the position marked 
X where the spectrum is produced. 

The slit is illuminated with the light from a source. The slit is made 
as narrow as possible and the distance SL is adjusted till S is at the 
focal plane of the lens L. A parallel beam of light emerging from the 
lens L is made to fall on the prism. The prism produces dispersion. 
The rays of a given colour emerging from the prism are parallel. They 
are received by a telescope which is already focussed at infinity. The 
coloured rays converge at the focal plane of the objective. A cross- 
wire is fixed at this position marked X where the spectrum is pro- 
duced. The spectrum is viewed through the eyepiece E. The spectrum 
consists of the coloured images of slit S. If the slit is narrow, these 
images do not overlap and a pure spectrum is obtained. The prism is 
placed in the minimum-deviation position and the vertical cross-wire 
is made to coincide with one of the coloured images. The position of 
the telescope is measured on the circular scale. The telescope is then 
rotated so as to receive direct light and its position is again noted. 
The difference between the two positions of the telescope gives the 
minimum deviation angle 5m for that colour. Knowing the angle A of 
the prism, its refractive index for that colour is determined by using 
the relation (11.6), 

Table 11.2 gives us an idea as to the variation of refractive index 
with the wavelength of light. 


Table 11.2 Indices of refraction for crown glass and flint 
glass at Five Typical Wavelengths 


Wavelength Crown glass Flint glass 
A 

6563 (ted) 1.515 1.644 

5890 (yellow) 1.517 1.650 

5461 (green) 1.519 1.655 

4861 (blue) 1.523 1.664 


4047 (violet) 1.532 1.685 
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Direct Vision Spectroscope 


Figure 11.37 shows a simple form of the direct-vision spectroscope in 
which three crown glass and two flint glass prisms of suitable angles 
are mounted alternately in a brass tube and held in position by cork 
pieces. They are arranged with their refracting angles in opposite 
directions so that the middle part of the spectrum suffers no deviation. 
The prisms are cemented together by canada balsam to avoid loss of 
intensity due to reflection at the faces. There is an adjustable slit S 
placed parallel to the refracting edges of the component prisms and 
an achromatic lens at one end of the tube and an eyepiece at the other. 


Fig. 11.37 Direct vision spectroscope 


A narrow beam of white light passing through the slit is rendered 
parallel by the lens Lı. It then traverses the combination of the prisms, 
where it is dispersed. The paths of the red and blue rays are shown 
in the figure and it may be noted that the rays cross one another in 
the second crown glass prism. They emerge out as a system of paral- 
lel beam which falling on another converging lens L2 is brought to 
focus in its second focal plane to form a spectrum VR. This spectrum 
is next examined by the eyepiece E which acts as a simple magnifying 
glass, 

The direct vision spectroscope is a pocket-sized instrument. By 


directing it towards a star or a flame, a quick qualitative study of the 
spectra can be made. 


Dispersive Power 


The ability of a prism to deviate the different colours of a composite 
light along different directions is characterized by the dispersive power 


of the material of which the prism is made. It is denoted by and is 
defined as 


tip — Tie 
oar aan rs (11.22) 


w 
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where mo, n: and my are the refractive indices of the material of the 
prism for blue, red and yellow lights respectively. 


Examrre 11.18 Using a spectrometer, the following data are obtain- 
ed for crown glass and flint glass prisms: 


Crown glass prism 
Angle of the prism, 


A=72.0° 
Minimum deviation angle i 
ôs = 54.6° 
8, = 53.0° 
8, = 54.0° 
Flint glass prism 
= 60.0° 


Sp = 52.8° iô, = 50.6" by = 51.9° 


b, rand y refer to particular wavelengths in the blue, red and yellow 
bands. Compare the dispersive powers of the two varieties of glass 
prisms. 


Solution: 
K sin E (A + èn) 
ET sin (5) 
2 


Crown glass Substitute the values of A and ôm (for each colour) 
(i) and calculate n for each colour. The results are 


ny = 1.520 ms = 1.509 ny = 1.516 


(i) 


The dispersive power of crown glass is 
eel: Nel 520i 509. 
oi Spe BIE Ee 
Flint glass The data for flint glass. gives: 
no = 1.666 m = 1.644 ny: = 1.657 


which give we = 0.0355 
Therefore 
w 0.0355 __ 1.57 


we 0.0213 
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Since flint glass has a higher dispersive power than crown glass, a 
flint glass prism gives a better spread out spectrum than a crown glass 
prism. 


11.12 TYPES OF SPECTRA 


Spectra may be divided into two principal classes known as emission 
Spectra and absorption spectra, When light emitted by a source is 
examined with a spectroscope, we obtain an emission spectrum, 
Absorption spectrum is obtained when the light emitted from a source 
is made to pass through an abSorbing material and then examined 
with a spectroscope. Every source has its characteristic emission 
Spectrum and every substance has its characteristic absorption spect- 
tum. The analysis of these spectra, therefore, gives a very valuable 
insight into the structure of the substances. 


Emission Spectra 
There are three types of emission spectra, namely, continuous, line 
and band spectra, 


Continuous Spectrum A continuous spectrum consists of a wide range 
of unseparated wavelengths. Solids at high temperature (and fairly 
dense luminous gases under very 
special conditions) give continu- 
ous spectra. Such spectra are not 
characteristic of the emitting sub- 
stance, but depend only on the 
temperature. In Fig. 11.38 three 
such spectra at temperatures of 
Fig. 11.38 tA a of fa) 4 1000, 2000 and 400°C are shown. 
5000 erana feat, Line Spectrum Unlike continu- 
4000 °C ous spectra which are emitted by 
the matter in bulk, the line spectra 
are emitted by the atoms in the gaseous state, The substances in the 
atomic state, such as in the sodium vapour lamp, mercury vapour 
lamp and in gases in vacuum discharge tubes, give line spectra, These 
are sharp lines of definite wavelength, with no light emitted at the 
intermediate wavelengths. Since free atoms emit their own characteris- 
tic light, the line spectrum, unlike the continuous spectrum, is a 
characteristic of the emitting substance. Therefore, the line spectrum 
of a gas can be used as a means of identifying the gas. The line 
spectra of mercury, helium, and neon are shown in Fig. 11.39. 


. 
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Hil Tl 
LUN WW 


Fig. 11.39 Line spectra of: (a) mercury in 
a glass enclosure, (b) helium in 
a glass discharge tube, and 
(c) neon In a glass discharge 
tube 


Band Spectrum Band spectra consist of a number of bright bands, 
each band having one sharp edge and the other edge fading gradually. 
On closer examination, using a good spectroscope, each band is found 
to consist of several fine lines which 
are very close to each other at the 
sharp edge of the band but are well 
separated near the diffuse end, 
Remember that the continuous 


Fig. 11,40 Band oore a spectra will not how th te 


at low pressure 


molecules which are combinations of two or more atoms, Calcium or 
or barium salts in a Bunsen burner flame or in an arc, and gases like 
carbon dioxide and nitrogen in the molecular state in a vacuum tube, 
give band spectra. Figure 11,40 shows the band spectrum of the air 
in a discharge tube at low pressure. 


Absorption Spectra 
If a substance is placed between a source emitting a continuous range 
of wavelengths and the slit of the spectroscope, we get dark regions 
in the spectrum. These dark regions are due to the absorption of 
certain wavelengths by the substance. We say that we have obtained 
the absorption spectrum of the substance. As in the case of emission 
spectra, we may classify absorption spectra as: (i) continuous, (ii) line, 
and (iii) band absorption spectra. 

A pure green glass, which absorbs everything except green, gives a 
continuous absorption spectrum when placed in the path of white 
light. If white light is passed through dilute solutions of blood or 
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(a) 


° o 
5890 5896 A 


Emission spectrum of Sodium 


=—5898A 


Absorption spectrum of Sodium 
Fig. 11.41 (a) Experimental arrangement to observe the absorption 
spectrum of a substance, temperature of source S > that of 
flame (b) Emission and absorption spectra of sodium (The 
background continuous spectrum is, for convenience, not 
shown in the absorption Spectrum) 


(b) 


through a molecular gas like iodine vapour, the continuous emission 
spectrum of white light will have some discrete bands absent, and 
these regions are dark bands. The position, number and width of these 
bands, in the band absorption spectrum, are characteristic of the 
absorbing substance. 3 

If white light is passed through an absorbing gas or vapour, the 
absorption spectrum consists of a number of dark lines across a con- 
tinuous background. The solar spectrum is an excellent example of a 
line absorption spectrum. The dark lines in the solar spectrum are 
called Fraunhofer lines. Certain wave-lengths of the continuous 
spectrum of light from the central core of the sun are absorbed by the 
sun’s atmosphere which contains gases and many elements, like sodium 
and iron, in the gaseous form. 

Figure 11.41(a) illustrates a simple experiment to obtain the line 
absorption spectrum of a substance (say sodium) in the vapour form. 
White light from a source S is passed through a sodium flame N and 
examined with a spectroscope, C being its collimator. The absorption 
spectrum shows a pair of dark lines across a continuous emission 
spectrum of S. When the source S is shut off we see the emission 
spectrum of sodium vapours. This Spectrum consists of two bright 
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yellow lines. A closer examination of the absorption and emission 
spectra of sodium (and this is true of all other substances) reveals a 
very important fact about light. The bright emission lines of sodium 
exactly coincide with the dark lines in its absorption spectrum as 
shown in Fig. 11.41(b). 

The absorption spectrum is characteristic of the substance, By com- 
paring the absorption spectra of various substances with the Fraun- 
hofer lines in the solar spectrum, the gases of the sun’s atmosphere 
have been identified. 


11.13 COLOUR OF THE SKY 


The colour of the sky as seen from the earth is due to the scattering 
of sunlight by the molecules of the earth’s atmosphere. The amount 
of scattering is inversely proportional to the fourth power of the 
wavelength. This is known as Rayleigh’s scattering law. Hence the 
shorter wavelengths are scattered much more than the longer wave- 
lengths. Now the predominant wavelength of the sunlight in the shorter 
wavelength region of the solar spectrum is that corresponding to the 
blue colour. This explains why the sky appears blue. 

Large particles like water droplets and dust present in the atmo- 
sphere do not obey Rayleigh’s scattering law. They scatter all colours 
almost equally. This explains why clouds appear white. 


he Sun Overhead 


Sun near 
horizon 


* 


Observer 


EARTH 


Fig. 11.42 Absorption of sunlight at sunset and sunrise 


At sunset or sunrise, the rays from the sun have to pass through a 
greater extent of the atmosphere than at noon. More of the blue 
colour is scattered away and does not reach the observer (Fig. 11.42), 
The sun looks almost reddish at sunset and sunrise. 
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Rainbow 


The rainbow is the most beautiful example of the dispersion of white 
light and production of solar spectrum in nature. When rays from the 
sun fall on raindrops during or after a shower, they disperse by refrac- 
tion through water droplets (which act as small prisms) and deviate 
component colours of the sunlight by internal reflection to the eye of 
an observer. Sometimes two rainbows are seen. The inner rainbow 
(which is brighter) is called the primary rainbow and the outer rain- 
bow is called the secondary rainbow. 

The primary rainbow is formed by the rays which have suffered one 
internal reflection before finally emerging from the water droplets. 
The red rays emerge from the droplets at an angle of about 43° and 
the violet rays emerge at an angle of 41° (Fig. 11.43). It exhibits all 
the colours of the solar spectrum, red being on the outside and violet 
on the inside, 


R Secondary 


— 


Sunlight 


Observer 


Fig. 11.43 Formation of primary and secondary 
rainbows 


The secondary rainbow is formed by the rays which have suffered 
two internal reflections before finally emerging from the water drop- 
lets, as shown in Fig. 11.43. It exhibits the same succession of colours 
as in the primary rainbow, but in the reverse order; red being on the 
inner edge and violet on the outer edge. The red rays emerge from 
the water droplets at an angle of 51° and the violet rays at an angle 
of 54°, 


ee 
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11.14 DEFECTS IN OPTICAL IMAGES 


The simple formulae of mirrors and lenses are based on the assump- 
tion that the aperture is small and that the object is very close to the 
principal axis so that the rays are paraxial. These assumptions do not 
hold good in the case of optical instruments such as telescopes and 
microscopes which are designed to produce bright and magnified images 
and for this purpose the objectives of large apertures are necessary. In 
such cases the behaviour of mirrors and lenses deviates from that 
given by the simple formulae. These deviations were first investigated 
by Seidel in 1855. 

The optical defects are of two kinds: (i) monochromatic aberrations 
(ie. defects of images produced by light of a single colour or wave- 
length) and chromatic aberration (i.e. defect of images formed by light 
of composite colours), 


1. Monochromatic Aberrations 


There are four common monochromatic aberrations. They are as 
follows. 


(i) Spherical Aberration In Sec. 11.4 we have discussed spherical 
aberration in spherical mirrors. Figure 11.44 shows spherical aberra- 
tion in a convex lens. Notice that 

the marginal rays come to a focus 

x Fm and paraxial rays to Fp. This 

fp failure of the paraxial and margi- 
nal rays to come to a focus at 

a single point after refraction 
through a lens is called the spheri- 

Fig, 11.44 Spherical aberration cal aberration of the lens. The 

in a lens distance FmFp is a measure of the 
axial spherical aberration and XY 
is a measure of the /ateral spherical aberration. 

In mirrors, this defect is reduced if aperature is small or if the 
mirror is parabolic (see Sec. 11.4). In lenses, this defect is reduced by 
decreasing the aperture by putting a stop in front of marginal rays or 
by using plano-convex lenses. 


Fm 


(ii) Coma The image of an object situated just off the axis of a lens 
has a comet-like appearance; hence the name coma. It is due to the 
fact that different circular zones of the lens are not symmetrical with 
respect to points off or away from the axis of the lens. 
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(iii) Astigmatism The horizontal and vertical sections are focussed 
in different planes giving rise to a defect called astigmatism. 


(iv) Distortion Distortion is a defect of the image which is due to 
non-uniform magnifications of the image at different points. 


2. Chromatic Aberration 


A lens can be regarded as a combination of prisms (see Fig. 11.45). 
Therefore, a lens splits (disperses) a composite light into different 
colour components just as a prism does. We have seen that the devia- 
tion of blue light is greater than that of the red light; the deviations 
being towards the base of the prism. Thus if a parallel beam of light 
falls on a lens, the blue and the red components, for example, will be 
focussed at different points, as shown in Figs 11.45(a) and (b). Thus a 
lens will produce coloured images of objects. This defect is called 
chromatic aberration. The difference 8f = f- — fo between the focal 
lengths of red and blue colours (or any two colours) is a measure of 
the chromatic aberration in a lens. 


eae 
BA five 


(b) 


(a) 
Fig. 11.45 Chromatic aberration in: (a) convex lens, and 
(b) concave lens 


Chromatic Aberration in a Lens 


We know that the refractive index of a transparent material depends 
upon wavelength. Since the focal length of a lens (placed in air) is 
given by 


$= 1) (4 — a (11.23) 


it is clear that the focal length will also be different for different 
wavelengths (or colours). Suppose the light consists of two wavelengths. 
Let ôn represent the change in the refractive index of the lens for the 
two wavelengths and let ôf be. the corresponding change in the focal 
length of the lens. The magnitude | ôf | is called the chromatic aber- 
ration of the lens. The change ôf is easily calculated if we use 
differential calculus. 
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Differentiating Eq. (11.23), we get 


where f is the mean focal length corresponding to the mean refractive 
index n. Thus 


But from Eq. (11.23) 


Therefore - += (11.24) 


y a~ i 
Now, we know from Eq. (11.22) that the dispersive power of the 
material of the lens is given by 


ae change in n 
(mean n) — 1 
ôn 
or w = 
n= 


Using this definition of w in Eq. (11.24), the magnitude of the 
chromatic aberration is given by 
Sfi 
(11.25) 
or LF] = of 


Achromatic Doublet 


Notice from Figs 11.45(a) and (b) that the sign of ôf is opposite in the 
case of a convex and a concave lens. Hence, a convex lens can be 
combined with a concave lens such that their chromatic aberrations 
cancel each other; then the combination will be achromatic, i.e. free 
from chromatic aberration. Such a combination is called an achromatic 
doublet (Fig. 11.46). 


Condition for Achromatism Let f and f' be the focal lengths of the 
convex and concave lenses and let w and w' be the dispersive powers 
of their materials respectively. Then the focal length F of their 
combination is given by 


E 


1 
tiy 


“l= 
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Fig. 11.48 An achromatic doublet 


Differentiating, we get 


np OM REE a Of 
PE Ga f 
From Eq. (11.25), we have 
7 =-—w and A = —o' 
so that 
ôF w w 
TAT A EA 


~ Now, if the combination is to be free from chromatic aberration, the 
focal length F of the combination must not change with colour of 
light, i.e. ôF = 0 for achromatism. Hence the condition for achro- 
matism is 


va 
or 4 = ree (11.26) 


The negative sign in Eq. (11.26) is due to our sign convention accord- 
ing to which f is positive (convex) and f’ is negative (concave), The 
values of f and f’ are related as (without sign convention), 

ca 

aD 


pha 
ft 


Example 11.19 A flint glass convex Jens of focal length 20cm is 
Placed in contact with a crown glass lens. Crown glass has 


; m = 1,523 and m = 1.515 
and flint glass has 
ns = 1.664 and nt = 1.644. 
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(a) Find the nature and focal length of the crown glass lens which 
will form an achromatic combination with the flint glass lens. 
(b) What is the focal length of the combination? 


Solution: For crown glass, mean refractive index is 
fie F -+ mr) = 1.519 


w =o _ 0.0154 
Ba 


For flint glass, mean refractive index is 


ane 4 (nh + ni) = 1.654 


Nasal 
(a) Let f” be the focal length of the flint glass convex lens and f be 
the focal length of the crown glass lens, For achromatism, 


f w 
T E 
where f’ = +20 cm (convex lens) 
Si ayia as 2 he) Dorsa ad 
=—f aie 20% 9 0306 = —10.1cm 


The negative sign indicates that the crown glass lens must be concave. 
(b) The focal length of the combination is given by 


EXAMPLE 11.20 Two glasses have dispersive powers in the ratio of 
2:3. These glasses are used in the manufacture of an achromatic 


* objective of focal length 20 cm. What are the focal lengths of the two 


lenses of the objective? 
Solution: For an achromatic combination, 


w 
er 


af 
F 


A gk 
fi i 
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where w/w’ = 2/3. Therefore, 


He Siete! 
PPT af a 
The focal length of the combination is 
1 1 1 
Bf ar 
where F = +20 cm. Therefore, 
TAS ASA s 
27 F ag F (ii) 
From Eqs (i) and (ii), we get 
f= 6.67 cm and f= —2=—-10em 


11.15 CAMERA 


A photographic camera essentially consists of a converging lens 
system at one end of a light-proof box and a sensitive photographic 
film at the other end (Fig. 11.47). The lens system forms a real, invert- 
ed and usually diminished image on the film. The lenses are mounted 
on a slide so that the distance from the film can be altered in order 
to bring into sharp focus the images of the objects at varying distances. 
This is called “focussing”. An adjustable stop (called aperture) is 
used to control the amount of light entering the camera. A shut- 
ter is placed between the lens system and the film. When a photograph 
is taken, the shutter opens for a very short time and closes quickly. 


Object 


Lens system 


Fig. 11.47 A Photographic camera 


; To obtain a good picture, a photographer must control the following 
actors. 
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(i) Exposure Time An important parameter is the time for which the 
film should be exposed so as to obtain a clear image. If the object to 
be photographed is in broad daylight, the exposure time should be 
small. Under cloudy conditions, in the shade or indoors, the exposure 
time has to be increased. Some normal exposure times are 


1 1 1 1 1 

500 ® 250 > 125 © 60 30 © ®*S- 
(ii) The f-number The amount of light entering the camera is con- 
trolled by means of the aperture which has circular opening whose 
diameter is adjustable. The size of the circular opening is expressed in 
terms of the so-called f-number which is defined as follows: 


focal length of the lens 
diameter of the aperture 


f-number = 


Camera lenses are usually specified by two numbers: the focal length 
and the fnumber. Thus the term “8 cm, //16 lens” means that the 
focal length of the lens is 8cm and its f-number = //16 = 8/16 
= 0.5cm, i.e. the -diameter of the- aperture is 5 mm. Some typical 
apertures used in a camera are: 


ive Bis Sh fg Liss etc. 


PARTY xj 16 


2; 28 14/56 8 
(iii) Film Speed Films can be “‘fast” or “slow”. A fast film requires 
a relatively short time to be exposed, and is therefore used in poor- 
light conditions. Slow films require a longer time and are thus suitable 
for still photography. 
(iv) Depth of Focus Under poor lighting conditions, the aperture 
has to be made large. With a large aperture, the image is not focussed 
at the focal plane but gets spread out owing to aberrations. The depth 
of focus indicates the range of object distances over which good 
focussing is achieved. 


11.16 MICROSCOPE 


In the simplest form, a simple microscope or the magnifying glass is 
just a thin convex lens. The object to be examined is placed between 
the centre and the focus of the lens and the eye is placed just behind 
the lens. An enlarged, erect, virtual image of the object is formed by 
the lens (Fig. 11.48). A convex lens used in this way is called a magni- 
fying glass or a simple microscope. Because of the fact that a normal . 
eye is able to see the details of an object most distinctly when it is at 
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a distance of D = 25cm approximately, (the distance of distinct 
vision) from the eye, the position of the lens is usually adjusted so 
that the virtual image is formed at this distance from the eye. 


Fig. 11.48 The simple microscope 


The magnifying power of an optical instrument is defined as 


Angle subtended by the image formed at the 
M= a a distance of distinct vision 
0 Angle subtended by the object when placed 
at the distance of distinct vision 

_ ZA‘OB' 

= ZA"OB 
Since the eye is held very close to the lens, the angles subtended at 
the eye may be taken to be the same as the angles subtended at the 
lens. The object AB to be examined by a microscope is extremely tiny. 
So is the image (the sizes of the object and the image are shown 
exaggerated in the diagram). Therefore, angles ô and 8’ are extremely 
small. For small angles (expressed in radians) 


sinf œð cos0~]1 tan 0 œ 0 


nta _ _AB/OB_ OB’ 


= tan@ ~ A"B/OB’ ~ OB 


or ie =P LD 
-x x 


. fel 1 i 
Now putting » = —D,u = —x in r ere + gives 


Therefore M=1+ (11.27) 


Thus, the shorter the focal length, the larger is the magnifying power. 
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The Compound Microscope 


With a simple microscope, a magnification of about 20 can be achieved. 
When higher magnifications are desired, a compound microscope is 
used. It was invented by Galileo in 1610. It consists of two converging 
lenses, called the objective and the eyepiece. The objective is a convex 
lens of very short focal length and is placed close to the object. The 
eyepiece is also a convex lens of slightly longer focal length and is 
placed close to the eye. 
Eyepiece 


bid Objective 


Final Image 
(virtual ) 


Fig. 11.49 The compound microscope 


The object AB to be examined is placed just beyond the principal 
focus Fo of the objective as shown in Fig. 11,49, forming a slightly 
enlarged real inverted image A'B’. This image is merely formed in 
space, the light going on to meet the eyepiece which examines this 
image acting like a simple magnifying glass. The eye piece is moved 
up until A'B’ lies just within its focus Fé. Consequently, a highly 
enlarged virtual image A” B” is produced, the real image A'B’ acting 
as the object for the eyepiece. This final image is seen by the eye. 

The magnifying power of the microscope is equal to the product of 
the magnifying powers of the objective and the eyepiece, i.e. 

M = MoXMe 


-talz 


where D = 25 cm and v = distance of the final image from the objec- 
tive. The magnifying power of the objective is approximately equal 
to L/fo where L = length of the microscope tube (= distance between 
the objective and the eyepiece) and that of the eyepiece is approximately 
equal to D/f. so that 
LD 

M~ Ke he (11.28) 
The objective and eyepiece are not single lenses but combinations of 
lenses so that the defects in the final image are minimized. 
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11.17 TELESCOPE 


A telescope is an optical instrument that is used to examine distant 
objects. Two types of telescopes are in use—refracting and reflecting 
telescopes. 


Refracting Telescope 


It consists of two convergent lenses called the objective and the eye- 
piece. The objective has a much longer focal length than the eyepiece. 
The objective forms an image A'B’ of a distant object AB. The image 
A'B' serves as the object for the eyepiece which forms the final magni- 
fied image A’’B” (Fig. 11.50). 


Objective 


Eyepiece 


Fig. 11.50 A refracting telescope 


: Tf u is large and the eye is held close to the eyepiece, the magnify- 
ing power of the telescope is given by 
is. angle subtended by the image at the eye 
angle subtended by the object at the eye 
LB _ ABI _ EJI 
& AB] m 
A weed 1 1 1 
Now E IT pai Pe RS ra where fo and f, are the 
focal lengths of the objective and the eyepiece Tespectively. Hence 
= uf (@+f) 
OE EETA (11.29) 
where ui = distance of the object from the objective 
and vz = distance of the final image from the eyepiece 
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Special Cases: (i) If the final image is formed at the distance of-dis- 
tinct vision, 722 = D, then 
— uf (fe + D) 
(m+ fo) fD 
(ii) If the final image is formed at infinity, v2 > 00, then Eq. (11.29) 
reduces to 
SUL) 
(u + fo) fe 
(iii) If the object is at infinity (w1 > ©) and v2 = D, then 
_ fh DOI 
M= F BEA SE 
- (iv) If both the object and the final image are at infinity (ui -> %0; 
ùz —> ©) the telescope is said to be in normal adjustment, in which 
case Eq. (11.29) becomes 


M= 


=f 
fe 


From this expression, it is clear that for high magnification, fo > fe, 
i.e. the objective must have a long focal length and the eyepiece a very 
short focal length. The telescope at Yerke’s observatory has fo ~ 19.3 m 
and fe = 0.51 cm, giving a magnification of about 4000. 

If the telescope is to be used for heavenly bodies, it does not matter 
if the final image is inverted. But if it is to be used to see distant 
objects on earth, the final image must be erect. For this purpose an 
additional lens, called the erecting lens is used between the objective 
and the eyepiece which are achromatic combinations. 


Reflecting Telescope 

Most of the large astronomical telescopes of the world today employ a 
concave parabolic mirror in place of the achromatic objective. The 
main advantage is that a parabolic mirror is free from chromatic and 
spherical aberrations, thus permitting a large aperture and hence 
giving a high resolving power (see Sec. 11.18). These are of great 
importance in the study of stars which are close together. 

Figure 11.51 shows the optical features of the great 200-inch aper- 
ture reflecting telescope. It is of the Cassegrainian type. With the 
large concave mirror C parallel rays entering the telescope would have 
been brought into focus at F. But before reaching F the converging 
bundle of rays is reflected by a convex mirror m down the axis and 
passing through a hole in the objective, comes to focus at S, a point 
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Convex mirror 


Eyepiece 


Concave reflector 
Fig. 11.51 Reflecting telescope, Cassegrain type 


just outside the hole so that F and S are conjugate foci for the convex 
mirror m. For visual observations the image S falls in the first focal 
plane of the eyepiece, so that the final image is at infinity. This image 
is inverted since the second image at S is erect with respect to the 
first image at F and this first image is inverted with respect to the 
object. 


11.18 RESOLVING POWER 


So far we have not considered what effect the wave nature of light 
will have on the images formed in optical instruments. In the previous 
chapter we have seen that if a narrow slit is illuminated, it produces 
a diffraction pattern consisting of alternate bright and dark straight 
fringes. If the slit is replaced by a circular aperture (a small hole), the 
diffraction pattern consists of alternate bright and dark circular 
fringes. Now suppose a lens is used to form an image of an object. 
The lens itself can be regarded as a circular aperture which forms a 
diffraction pattern. The image of each point is a set of circular fringes 
with a bright patch at the centre. The size of this patch depends upon 
the aperture of the lens and the wavelength of light. 

Suppose we have two pin-holes on a piece of paper and illuminate 
them and look at their images formed by alens. If the holes are far 
apart, their diffraction patterns will not overlap and the two images 
are clearly visible. If the holes are very close together, their diffrac- 
tion patterns will overlap. Consequently, their images can no longer 
be identified. The resolving power of a lens is the ability to resolve the 
two images so that they are distinctly identified. 


Resolving Power of Human Eye 
The human eye has an aperture (called pupil). The diameter of the 
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aperture is about 2 mm in normal light. Two illuminated pin-holes 
close together can be seen distinctly (as separate pin-holes) if they 
subtend at the eye an angle of about one minute of arc. The recipro- 
cal of this angle gives the resolving power of the eye. 


Resolving Power of a Microscope 


The resolving power of a microscope is determined by the smallest 
distance between two point objects (such as pin-holes) which can be 
distinguished by it. This distance d is given by 
à 
d= nsinð 

where A = the wavelength of light used to illuminate the objects, 
6 = half the angle of the cone of light from each point object and 
n = refractive index of the transparent medium between the objects 
and the objective of the microscope. Normally the medium is air 
(n = 1). The resolving power of the microscope is the reciprocal of 
the distance d. The smaller the value of d, the greater will be the 
resolving power. An increase in n will produce a greater resolving 
power. It is for this reason that the objective is immersed in an oil 
(called the oil-immersion objective) and the object to be examined 
placed in oil. 


Resolving Power of a Telescope 


The resolving power of a telescope is defined as the reciprocal of the 
smallest angular separation between two distant objects whose images 
are distinctly separated by the telescope. This angle is given by 


59 = 122A 
a 


where A is the wavelength of light and a is the diameter of the teles- 
cope objective (i.e. its aperture). The higher the aperture, the smaller 
will be the value of 8@ and, consequently, the greater will be the 
resolving power. It is for this reason that the aperture of the objective 
is made very large (~100 cm or more). Such a telescope will clearly 
resolve two stars very close together, called binary stars. 


SUMMARY 


The light from a source, and received on a surface, is measured in 
terms of luminous intensity, luminous flux and illuminance. The speed 


of light in free space is 3.0 x 108 ms“?. 
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Spherical mirrors and lenses form images of illuminated or lumi- 
nous objects. They are employed in optical instruments such as came- 
ras, microscopes and telescopes. These images suffer from optical 
defects such as spherical aberration, coma, distortion, astigmation and 
chromatic aberration. Combinations of lenses are used to minimize 


some of these defects. 
The resolying power of an optical instrument is its ability to 
distinguish two nearby point objects. 


EXERCISES 


A. Short-Answer Questions 
1. State with reason whether the following statements are true or false. 


(i) Iluminance obeys the inverse square law of distance. 

(ii) A concave mirror forms only real images. 

(iii) A convex mirror forms only virtual diminished images. 

(iv) A camera will not work if its convex lens is replaced by a concave 
lens. 

(v) The focal length of a spherical mirror is always half its radius of 
curvature. 

(vi) For paraxial rays, the focal length of an equi-convex lens placed in 
air is equal to the radius of Curvature of either face, provided the 
the aperture is small and the lens is thin. 

(vii) The critical angle for total internal reflection for glass of refractive 
index 4/2 is 45°. 
(iii) At minimum deviation, the refracted Tay in the prism subtends equal 
angles with the refracting faces of the prism. 

(ix) The refractive index of the material of a prism depends upon the 
angle of the prism and the angle of minimum deviation, 

(x) A crown glass prism has a higher dispersive power than a flint glass 
prism. 


B. Long-Answer Questions 


1, Define the following terms and state and define their SI units: luminous 
intensity, luminous flux and illuminance, 

2. The efficiency of a source is 50 ImW-?, What is the meaning of this 
statement? 

3. Describe: (a) Fizeau’s method and (b) Michelson’s method, for the measure- 
ment of the speed of light. 

4. Stating the sign convention and the principle of image formation, deduce 
the relation between the focal length and the object and image distances in 
the case of: (a) a concave mirror and (b) a convex mirror. 

5. What do you understand by the term “linear magnification?” Stating the 
sign convention, obtain the expression for the linear magnification of the 
image in terms of the object and image distances in the case of: (a) a concave 
mirror and (b) a convex mirror. 


14, 
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Stating the sign convention and the principle of image formation, deduce 
the relation between the focal length and the object and image distances in 
the case of: (a) a convex lens and (b) a concave lens. 

What is meant by the linear magnification” of the image? Stating the sign 
conyention, obtain the expression for the linear magnification in terms 
of the object and image distances for: (a) a convex lens and (b) a concave 
lens, 

Discuss, by drawing ray diagrams or by using the lens formula, the nature, 
position and size of the image formed by a convex lens of focal length f 
when the object is placed: (a) at infinity, (b) beyond 2f, (c) between f and 
2f, (d) at f and (e) between the focus and the optical centre. 

Describe an optical experiment to distinguish between a convex lens, a con- 
cave lens and a thin plane glass plate. 

(a) What is total internal reflection? State the conditions necessary for this 


phenomenon, 
(b) What is the critical angle? How it is related to refractive index? 


. What is a mirage? How is it explained? 
. What are optical fibres? How do they transmit light? State two applications 


of optical fibres. 
Show that the refractive index of the material of a prism is given by 


„tl ata] (A+ | 


aoe 


where the symbols have their usual meanings. 
Deduce the relation between the object distance, image distance and the 
radius of curvature of: (a) a convex refracting surface and (b) a concave 


refracting surface, 
Deduce the lens makers’s formula. Clearly state the limitations of the 


formula. 


. Two lenses of focal lengths fı and f, are placed in contact coaxially. Obtain 


the focal length of the combination. 

What is dispersion of light? How will you demonstrate it experimentally?, 
Describe and explain the formation of a rainbow. 

Describe the function of the essential parts of a spectroscope. How is it 
used to determine the dispersive power of a transparent substance such as 


glass? 


. What is a direct vision spectroscope? How is it a useful device. 
. What is an emission spectrum? Distinguish between continuous, line and 


band spectra, giving one example of each. 
What do you understand by the absorption spectrum of a substance? 


Describe an experiment to observe the absorption spectrum of sodium. 


. What are Fraunhofer lines in the solar spectrum? What are they due to? 


Give a brief account of the various monochromatic defects of images. 


. What is chromatic aberration? Deduce the condition of the achromatism of 


a combination of two lenses. 


. Name the essential parts of a camera. What are the factors that must be 


borne in mind while using a camera? 
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27. 


28. 


29, 


30. 


Draw a ray diagram to illustrate action of a compound microscope. On 
what factors does its magnifying power depend? 

Describe the action of a refracting telescope and deduce the expression for 
its magnifying power when used in normal adjustment. 

What is a reflecting telescope? What is its main merit over a refracting 
telescope? 

What do you understand by resolving power. Define the resolving power of: 


(a) the human eye, (b) a microscope and (c) a telescope. 


C. Multiple-Choice Questions 


- 


Choose the correct answer from the given alternatives. 


. Which of the following parameters does not change when light travels from 


air into a glass slab? 


(a) Velocity (b) Wavelength 
(c) Frequency (d) Amplitude 


. The refractive index of a glass prism depends upon 


(a) the angle of the prism 

(b) the angle through which it deviates an incident beam of light 
(c) the colour of the incident light 

(d) the intensity of the incident light 


. A prism of refractive index of 1/2 has a refracting angle of 60°. At what 


angle must a ray be incident on it so that it suffers a minimum deviation? 
(a) 30° (b) 45° 
(c) 60° (d) 75° 


- Two transparent media A and B are separated by a plane boundary. The 


Speed of light in medium A is 2.0 10° ms~* and.in medium B 2.5 x 10° ms-. 
The critical angle for which a ray of light going from A to B is totally 
internally reflected is 


(a) sin“ (1/2) (b) sin-(2/5) 
(©) sin (4/5) (d) sin-4(4/7) 


. A convex glass lens (ng = 1.5) has a focal length of 8 cm when placed in 


air. What is the focal length of the lens when it is immersed in water 
(ny, = 4/3)? 


(a) 4 cm (b) 8 cm 
(c) 16 cm i (d) 32cm 


. A plano-concave lens is made of glass of refractive index 1.5 and the radius 


of curvature of the curved face is 50 cm. The power of the lens is 
(a) -1.0D (b) —0.5 D 
(c) +1.0 D : (d +05 D 


. A person can see clearly only up to a distance of 30cm. He wants to read 


a book placed at a distance of 50 cm from his eyes. What is the power of 
the lens he requires for his spectacles? 

(a) -1.0D (b) —1.33 D 

(© —1.67D (d) -2.0 D 


10. 


NES: 


12. 
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. A person with defective eyesight is unable to see objects clearly nearer than 


1,5 m. He wants to read a book placed at a distance of 30 cm from his eyes. 
Find the power of the lens he requires, 

(a) +2.67D (b) —2.67 D 

(©) +2.5D (d) -2.5D 

The principal section of a glass prism (z = 1.5) is an equilateral triangle. 
A ray is incident normally on one of the faces. The angle between this ray 
and the ray that leaves the prism is 

(a) 60° (b) 90° 

(c) 120° (d) 180° 

A plano-convex lens is made of glass of refractive index 1.5. The focal 
length f of the lens and radius of curvature R of its curved face are 
related as 

(a) f= R/2 W) f= R 

()f=2R (d) f = 3R/2 

A thin convergent glass lens (ng = 1,5) has a power of +5.0 D. When this 
lens is immersed in a liquid of refractive index 7 it acts as a divergent lens 
of focal length 100 cm. The value of n) must be 


(a) 4/3 (b) 5/3 
(c) 5/4 (d) 6/5 
The dispersion of light in a medium implies that 


(a) lights of different wavelengths travel with different speeds in the medium 

(b) lights of different frequencies travel with different speeds in the medium 

(c) the refractive index of the medium is different for different wavelengths 
of light 

(d) all of the above 


. When a telescope is in normal adjustment, the distance of the objective 


from the eyepiece is found to be 100 cm. If the magnifying power of the 
telescope, at normal adjustment, is 24, the focal lengths of the lenses are 


(a) 96 cm, 4 cm (b) 90 cm, 10 cm 
(c) 80 cm, 20 cm (d) 50 cm, 50 cm 


. Monochromatic light is refracted from air into glass of refractive index n. 


The ratio of the wavelengths of the incident and refracted waves is 
(a) 1:1 (b) lin 
(c) nil (d) n? :1 


Numerical Problems 


. Two plane mirrors are inclined to each other at an angle 9. A ray incident 


on one mirror at 50° after reflection from it falls on the second mirror where 
it is reflected parallel to the first. Determine the value of 8. 


. A narrow beam of light after reflection from a plane mirror falls on a scale 


100 cm from the mirror. When the mirror is rotated a little, the spot moves 
through 20 cm. Determine the angle through which the mirror is rotated. 

A lamp is 4 m from a wall. Find the focal length of a concave mirror which 
will form a five times magnified image of the lamp on the wall. How far 
from the wall must the mirror be placed? 
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A dentist’s concave mirror has a radius of curvature of 30 cm. How far 


must it be placed from a small cavity in order to give a virtual image J 


magnified five times? 
When an object is moved 12 cm towards a concave mirror, the real image 


moves out from 25 to 75 cm. Find the radius of curvature of the mirror, il 


An object is placed 25 cm from a convex mirror and a plane mirror is 
Placed at a distance of 20 cm from the object so that the images formed in 
the two mirrors coincide without parallax, Determine the focal length of 
the convex mirror. 

When an object is kept at a distance of 30 cm from a convex mirror, the 
image is formed at a distance of 10cm from the mirror. If the object is 
moved with a speed of 9 ms“, find the speed of the image. 


- A coin 2.54 cm in diameter held 254 cm from the eye just covers the full 


disc of the moon, What is the angular diameter of the image of the moon 
formed by a concave mriror of radius of curvature 1.27 m? 


. A convex mirror produces a magnification of 1/2 when the object is at a 


Position A and a magnification of 1/3 when the object is at a position B. If 
Positions A and B are 60 cm apart, find the focal length of the mirror. 

A rectangular block of glass is placed on a Printed page lying on a horizon- 
tal surface, Find the minimum value of the refractive index of glass for 
which the letters on the page are not visible from any of the vertical sides of 
the block. 


. A prism of refracting angle 60° produces a deviation of 40° for two angles 


of incidence which differ by 11°. Determine the refractive index of the mate- 
rial of the prism. 
The refracting angle of a prism is A and it produces a minimum deviation 
of (180° — 2A). Show that the refractive index of the Prism is given by 

py AH 

tan (A/2) 
A ray of light falls at grazing incidence on one ofthe faces ofa prism of 
refractive index n and refracting angle A. Show that the angle of emergence 
is given by 
sin e = (nê — 1)'/2 sin A — cos A 

The two surfaces of a concave lens are of radii of curvature 10 cm and 30 cm. 
If the refractive index of the lens is 1.5, find its focal length when it is 
immersed in water (ny = 4/3). 
An object and a screen are set up 80 cm apart. There are two Positions at 
which a convex lens forms a real image on the screen, the magnifications in 
the two cases being 2/3 and 3/2. Find the focal length of the lens, 
A plano-convex lens of focal length 15 cm, is fixed on the side of a box with 
the convex surface outside, An object 5 cm high is placed at 25 cm, from 
the lens. Find the position and size of the image when the box is (a) empty 
and (b) filled with water. Refractive index of lens = 1,5 and that of water 
= 4/3. 
A thin equi-convex lens of glass of refractive index 1.5 and radius of curva- 
ture of surfaces 24 cm is Placed ona horizontal Plane mirror. When the 
space between the Jens and the mirror is filled with a liquid, a pin held 
40 cm vertically above the lens is found to coincide with its own image. 
Calculate the refractive index of the liquid. 


18. 


19, 


20, 
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The dispersive powers of crown and flint glasses are 0.015 and 0,030 respec- 
tively, Calculate the focal lengths of the lenses (made of crown and flint 
glass) which form an achromatic doublet of focal length 60 cm when placed 
in contact. 

A compound microscope has an objective of focal length 5cm and an 
eyepiece of focal length 10 cm separated by a distance of 16 cm, Find the 
magnification of the image formed at a distance of 25 cm from the eyepiece. 
An astronomical telescope has an objective of focal length 100 cm and an 
eyepiece of focal length 20 cm. The diameter of the objective is 5 cm. Find 
the magnifying power in normal adjustment, the separation between the 
lenses and the diameter of the image. 


12 
ELECTRONS AND PHOTONS 


12.1 INTRODUCTION 


The word “atom” is derived from a Greek word which literally means 
indivisible. Democritus, the Greek philosopher, considered that all 
matter consists of indivisible particles called atoms. We now know 
that this is a misnomer, for any atom can be subdivided. The discovery 
of electricity motivated research that has led to the present-day concept 
of an atom. Michael Faraday studied the passage of electricity 
through liquid solutions. His laws of electrolysis conclusively estab- 
lished that matter is electrical in nature, i.e. matter is composed of 
Positive and negative charges. The next step in the study of the electri- 
cal nature of matter was made by J.J. Thomson in 1897. Whereas 
Faraday studied the passage of electricity through liquids, Thomson 
focussed his attention on the passage of electricity through gases. The 
studies of Thomson on the electrical discharge through gases at low 
Pressure established that the atom has a Structure, i.e. an atom is 
composed of charged particles, e.g. electrons. Historically, the study 
of electrical discharges through gases and the discovery of cathode 
Tays, i.e. electrons, marked the beginning of a new branch of physics 
called atomic physics. 


12.2 ELECTRICAL DISCHARGE THROUGH A GAS 


The conduction of electricity through gases has been studied in a 
variety of experiments and has resulted in several important discover- 
ies. The apparatus consists of a long glass tube about 4 cm in dia- 
meter and 100 cm in length, having a side tube that is connected to 
a vacuum pump and a manometer (Fig. 12.1). Two electrodes, a 
cathode and an anode, are enclosed in the tube. A high voltage of 
10,000 to 15,000 V is applied between the electrodes. 

The tube is gradually evacuated. The first discharge appears when 
the pressure of air drops to about 100 mm of Hg [Fig. 12.2(a)]. This 


High 
Tension 


(+) 
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pre manometer 


To Vacuum pump 


| 


Fig. 12.1 Experimental set-up to study electrical discharge 


through air at low pressure 


discharge consists of long, thin lines of irregular form, which are 
bluish in colour, These lines are called blue streamers. 


Cathode (blue streamers ) cae 


+ 


(a) 
Ni ` 
Geissler discharge (pink ) 


tb) 
Positive 
pas: glow column 
(pink) 
+ 


Crookes dark 
space 


Striations 
Ad) 


Fig. 12.2 The general appearance of 
a high voltage electrical 
discharge through a gas at 
various stages of evacua- 
tion 


When the gas pressure is 
reduced to about 5mm of Hg, the 
discharge (called Geissler discharge) 
changes to pink and widens to 
fill the whole tube [Fig. 12.2(b)]. 
As the pressure is reduced further 
to about 2 mm of Hg, the bright 
discharge divides into two parts: a 
long positive column (pink) anda 
short blue section (called the nega-. 
tive glow) separated by a dark 
region called the Faraday dark space 
[Fig. 12.2(c)]. At still lower pres- 
sures (1 mm of Hg) the Faraday 
dark space becomes bigger and the 
negative glow moves away from the 
cathode and another dark space 
(called Crooke’s dark space) [Fig. 
12.2 (d)] appears between the 
cathode and the negative glow. The 
positive column is divided into 
equally spaced layers called stria- 
tions. When the tube is evacuated 
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still further to a pressure of about 0.01 mm of Hg, the Crooke’s dark 
space widens and fills the whole tube. The striations and negative glow 
become very faint and the tube itself begins to glow with a faint 
greenish light. The position of the anode has very little effect on the 


discharge, 


12,3 CATHODE RAYS 


When the pressure in the discharge tube of Fig. 12.1 is reduced to 
10~* mm of Hg, the tube becomes dark, except for a greenish glow on 
the walls of the tube near the anode. This glow was found to be due 
to fluorescence of glass produced by invisible rays emitted from the 
cathode. These new rays are called cathode rays. A cathode ray is the 
path traversed by a charge which produces fluorescence when it 
impinges on the walls of the tube (Fig. 12.3). Ifa small hole is made 
in the anode, a green spot is seen on the glass behind the anode. Since 
the cathode rays travel towards the positive anode, they must carry a 
negative charge. These rays are the path of tiny particles called elec- 
trons. In a highly evacuated tube, these particles, having been detach- 
ed from the atoms of the cathode, travel freely down the length of the 
tube. Because of extremely low pressure, collisions with gas molecules 
are very rare. 


Green glow 
ur. 


Fig. 12.3. Cathode rays 


The first important fact regarding the nature of cathode rays, 
namely, that they travel in straight lines, was demonstrated by Hittorf 
in 1869, In his experiment, illustrated in Fig. 12.4, he placed an object 
in the path of the rays inside the discharge tube and observed that 
they cast its shadow. The fact that cathode rays have momentum and 
energy can be demonstrated by allowing the rays to strike the mica 
vanes (Fig. 12.5) of a wheel. The rays exert force on the vanes, making 
them rotate and roll along a double track towards the anode. Thus 
we conclude that the cathode particles have momentum and energy 
and therefore, a mass and velocity like material particles. 

The fact that cathode rays are negatively charged particles can be 
demonstrated by studying the deflection of the rays by electric and 
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Cathode Object 


Mica vanes 


Fig. 12.4 Cathode rays travel Fig. 12.5 Cathode rays have energy 
in straight lines and momentum 


magnetic fields. As illustrated in Fig. 12.6, a beam of cathode 
rays is narrowed down to a thin pencil by making a fine hole in the 
anode. An electric field is established between the parallel plates. The 
beam is observed to deflect towards the positive plate, establishing 
thereby that the cathode rays consist of negatively charged particles. 
On the other hand, such a beam should also be deflected by a magne- 
tic field directed perpendicular to its track. By placing a horseshoe 
magnet, as shown in Fig. 12.7, the cathode rays are made to bend 
down. If the polarity of the magnet is reversed, they are bent upwards, 
The bending shows that the particles are charged and that the direc- 
tion of bending determines their charge. Streaming charged particles 
constitute a current. Applying the left-hand rule and knowing the 
direction of the magnetic field and that of the current, we infer from 
the direction of the deflection of the beam that the charge is negative. 
From these experiments we conclude that a cathode ray is a particle 
having a finite mass m and charge e. This particle is known as the 


electron, 


Magnetic 


Anode with 
hole 


Cathode 


A Electric 
field Magnet 
Fig. 12.6 Effect of electric field on Fig. 12.7 Effect of magnetic field on 
cathode rays cathode rays 


The various stages of the coloured discharge in the experiment of 
Fig. 12.1 can now be explained in terms of the collisions between the 
electrons emitted from the cathode and the atoms of the gas in the 


578 Physics for Class XI! 


tube. Owing to collisions with fast electrons, the atoms of the gas are 
excited to higher energy states. The excited atoms emit electromagne- 
tic radiations some of which are in the visible region (we will learn 
about this in the next chapter). The colour of the visible light depends 
upon the structure of the excited atoms. As the pressure of the gas is 
lowered, its density decreases to such a low value that the emitted 
electrons (cathode rays) are able to travel from one end of the tube 
to the other without undergoing collisions with the atoms of the gas. 
Therefore, the atoms remain in the unexcited state and hence cannot 
emit electromagnetic radiation. At this Stage the tube appears dark, 


12.4 CHARGE TO MASS RATIO OF ELECTRONS 


By combining the two experiments shown in Figs 12.6 and 12.7, 
J.J. Thomson was able to determine the charge to mass ratio (e/m) of 
an electron. In chapter 5, we have learnt how he modified the dis- 
charge tube for this purpose (see Fig. 5.27). We have learnt how he 
measured the value of e/m. Here we describe the basic physics of his 
ingeneous experiment. 

He applied electric and magnetic fields at right angles to each other, 
each at right angles to the beam of electrons and adjusted the strengths 
of the two fields so that the upward deflection of the beam by the 
electric field was completely cancelled by the downward deflection by 
the magnetic field. The beam of electrons continued straight without 
any deflection, The deflection of a charged particle depends on how 
much force it experiences in a field. An electric field of strength E, by 
definition, exerts a force of E newtons on a charge of 1 coulomb. 
Therefore, the force experienced by an electron of charge e coulomb 
is eE newton. But a magnetic field has no effect on a charge at rest; it 
can exert a force on a current, i.e. a moving charge. Ifvis the velocity 
of the electron, the force experienced by it in a magnetic field of 
strength B is Bev, 

Setting these two forces equal, we get 


or = 4 (12.1) 


Equation (12.1) determines the velocity of the electrons if they travel 
undeflected by the electric and magnetic fields. Since the electron 
motion is unaffected by the fields, the velocity in Eq. (12.1) must be the 
velocity imparted to the electrons by the voltage V volts applied 
between the cathode and the anode, By definition, if the potential 
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difference is 1 volt, then the work done on a charge of 1 coulomb is 
1 joule. Thus, the energy gained by an electron of charge e coulomb 
is eV joules. This energy is gained by the electron which must equal 
the kinetic energy 4mv? acquired by it by virtue of its motion. 

Hence, 


eV = =m (12.2) 


In Eq. (12.2), V is in volts, e in coulombs, m in kilograms and v in 
metres per second. Combining Eqs (12.1) and (12.2) we get 


So (12.3) 


Thus, we can determine the charge-mass ratio of an electron, if we 
know E, V and B for the condition of zero deflection of the beam. 
Thomson’s experiments (done somewhat differently from the method 
described here) gave a value of e/m = 1.76x10!! Ckg7!. In this 
experiment, only the ratio e/m could be measured. 


Note: It is not possible to measure the absolute value of e, the 
electronic charge, by this method. Only the ratio e/m could be deter- 
mined. The value of e was measured by an American physicist 
R.A. Millikan by his famous oil-drop experiment described in the 
next section. For his experiment, he was awarded the Nobel Physics 
prize in 1923. Knowing the value of e from this experiment and the 
value of e/m from Thomson’s experiment, the mass (m) of the electron 
was known. 


EXAMPLE 12.1 Calculate the velocity of electrons accelerated by a 
potential of 10,000 V. The electronic charge = 1.6 X 107! Cand mass 
= 9.11 1073! kg. 


Solution: 
e= 1.6XxX10 C 
SO TIXI kg 


V = 10,000 V 
Using Eq. (12.2), we have 
2eV 
= |— 
m 


= 5.93 x 107 ms“! 
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EXAMPLE 12.2 A monoenergetic electron beam with electron speed of 
5.20 x 106 ms™! is subjected to a magnetic field of 1.30 x 1074 T normal 
to the beam velocity. What is the radius of the circle traced by the 
beam, given e/m for electron equals 1.76 10!! C kg™!. 


Solution: The radius of the circle is given by [see Eq. (5.50)] 


i ig i 5.20x 106 
Belm ~ 1,30X10-*x1.76x10-" 


= 0.227 m = 22.7 cm 


r 


EXAMPLE 12.3 The deflecting plates in a Thomson’s setup are 5.0 cm 
long, and 1.5 cm apart. The plates are maintained at a potential 
difference of 240 V. Electrons accelerated to an energy of 2.0 keV 
enter from one edge of the plates midway in a direction parallel to the 
plates. 


(a) What is the deflection at the other edge of the plates? 

(b) At what distance from the undeflected position on the screen 
does the beam strike ifthe screen is 30 cm away from the other edge 
of the plates? 


Solution: 


Screen 


Fig. 12.8 


(a) Let x = L be the length of the plates and d their separation 
(Fig. 12.8). Let K be the kinetic energy of the electron beam entering 
the region between the plates at point A. The beam leaves the other 
edge of the plates at B suffering a deflection y. From Eq. (5.59), the 
deflection y is given by 


»= (ser) @ 
/ 
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where v is the speed of electrons. The kinetic energy is 


K= mv 


In terms of K, Eq. (i) reads 
eEx? S 
= 4K ci) 


The electric field E = V/d = 240 V/1.5x 107? m = 1.6X 104 Vm". 
Also K = 2000 eV = 2000x e joule and x = L = 5.0x10> m. 
Substituting these values in Eq. (ii) gives y = 0.5 cm. 

(b) Let 8 be the angle subtended with the axis of the plates by the 
tangent to the trajectory at point B. Then 


=(% 
i (Se, 


Differentiating Eq. (ii) w.r.t. x we have 


dy E eEL 
rt (LSA GET (2223 Ver aa 
Pe ( ARNOR] Mae aK 
EL? eEx? | x y 
D e e R EENE eae a Te, 
ai An 7 AKE]2 Gi AK | 2 > aaja 


This means that the tangent meets the axis at x/2, i.e. at x = L/2. 
When produced in the opposite direction, the tangent meets the screen 
at point C. It is clear from the diagram that 


2 Paak 
tanl = sp Y 
or ie eee SED See = 6.0 cm * 
x 5.0 


Total deflection from centre O = OD + DC 
=y+ Y=0.5 + 6.0 = 65cm 


12.5 MILLIKAN’S OIL DROP EXPERIMENT FOR 
MEASURING ELECTRONIC CHARGE 


Millikan’s ingeneous experiment for the measurement of the funda- 
mental charge is based on the study of the motion of charged oil drops 
under free fall due to gravity in a uniform electric field. His apparatus 
consisted of two horizontal circular metal plates A and B, about 
22 cm in diameter and separated by a distance of about 16 mm, thus 
forming a parallel-plate capacitor (Fig. 12.9). The upper plate A had 
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a small hole H in the middle. The plates were surrounded by a cons- 
tant temperature bath D and the chamber C containing dry air. The 
plates were connected to a high-tension source so that potential 
differences of the order of 10,000 V could be established between the 
plates. 


Reversible 
Switch 


HEJH 


Fig. 12.9 Millikan’s oil drop experiment 


By means of an atomizer, a spray of fine droplets of a non-volatile 
liquid (such as glycerine) is produced near the hole H in the upper 
plate. The droplets move down slowly and occasionally a tiny drop 
makes its way through the hole H. The Space F between the plates is 
strongly illuminated by an arc lamp. The oil droplets appear as specks 
of light against a dark background, The droplets are observed through 


a microscope whose eyepiece is provided with a micrometer scale 
(Fig. 12.10). 


Fo=neE = qE 
C9) O 
Air Air 
9 Fg = mg 
a (b) (c) 


Fig. 12.10 (a) Microscopic field of view 
(b) Drop in free fall 
(c) Drop in electric field 
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The droplets get charged by friction in the spray. Additional charge 
can also be given by ionizing the air between the plates by means of 
x-rays. 

An electric field was established between the plates with the upper 
plate connected to the positive terminal of a high-tension source. The 
magnitude of the field was adjusted so that a chosen oil drop moves 
slowly upward by the attraction of the upper plate. The uniform velo- 
city ve attained by the drop was determined by finding the time te 
taken by the drop to cover a known distance between the cross-hairs 
in the field of view of the microscope. The field was then switched off 
and the drop was allowed to fall freely under gravity. The uniform 
terminal velocity of the drop (vg) was measured by finding the time (tg) 
it took to travel a known distance between the cross hairs. By switch- 
ing the field on and off, a particular oil drop could be kept in the field 
of view for a sufficiently long time, 

You have learnt in Class XI that when a small sphere falls under 
gravity in a viscous fluid, it experiences an opposite force due to visco- 
sity which increases with the increase in velocity of the sphere, Soon 
a stage is reached when the force due to viscosity becomes equal to 
the weight of the body and hence, the body moves with a uniform 
velocity called the terminal velocity. 


Motion Under Gravity Let a be the radius of the oil drop and P the 
density of oil. The effective weight of oil in air is given by 


mg = Eae — o)g 


where o = density of air. 

When the drop falls under gravity with a terminal yelocity vg, its 
weight balances with the force due to viscosity, and from Stokes’ law 
we have 


mg = Tae — o)g = 6TNavg (12.4) 


where 7 is the coefficient of viscosity of air. Therefore, the radius of 
the drop is given by 
9 Me i2 
a= [> | (12.5) 
Motion under Electric Field Let q be the magnitude of the negative 
charge on the drop and E the strength of the electric field. The upward 
force on the drop is gE. When the drop moves with a terminal velo- 
city ve, we have from Stokes’ law 
qE = mg + 6rnave (12.6) 
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because, in this case, the force due to viscosity acts downward oppo- 
site to the direction of motion of the drop. Equations (12.4) and (12.6) 
give 
ge Crag Ve) (12.7) 
E 
where the radius of the drop (a) is given by Eq. (12.5). Using this 
equation in Eq. (12.7) then gives 


_ _1877(vg +ve) [ Weg Y 
E T w? 


All quantities on the right hand side being known, the value of q can 
be calculated. 

From his numerous observations of various droplets of different 
sizes having different charges Millikan discovered a remarkable fact. 
He found that each time the charge was an integral multiple (ne) of a 
certain minimum quantity e that is the fundamental charge or the 
charge on an electron. He found that the value of this elementary 
charge is e = 1.6 x10719 C. 

Millikan also found that occasionally the velocity of an oil drop 
changed. He reasoned that this change was the result of the gain or 
loss of charge by the drop during its passage through the ionized air, 
Finding the charge in velocity he determined the charge gained or lost. 
The change in the charge was never found to be smaller than the 
smallest fundamental value e; it was always equal to an integral multi- 
ple of e. Thus Millikan’s experiment established that charge in nature 
is quantized. 

Knowing the value of e/m from Thomson’s experiment and the 
value of e from Millikan’s experiment, the mass (m) of the electron 
can be found to be 


_e@ _ 1610-9 Kees 
elm 176x101 Ckgst ~ 911X104 kg 


m= 


ExamPLe 12.4 Ina Millikan’s oil drop experiment, a charged oil 
drop of mass density 880 kg m-3 is held Stationary between two paral- 
lel plates 6.0 mm apart held at a potential difference of 103 V. When 
the electric field is switched off, the drop is observed to fall a distance 
of 2.0 mm in 35.7 s, 


(a) What is the radius of the drop? 

(b) Estimate the charge of the drop. How many excess electrons 
does it carry? (The upper plate in the experiment is at a higher 
potential.) 


Electrons and Photons 585 


(Viscosity of air = 1.80 X 10-5 Nsm™?; g = 9.81 ms~%; density of air 
= 1,29 kgm73) 


Solution: 
103 V 
ne -3 step LO Worl gen 4 Vm- 
P = 880 kgm E = oasis = 172x104 Vm 
3 
eS of im = 5.60% 10-5 ms! 


y = 1.80 x 10-5 Ns m~? 
g = 9.81 ms~? and o = 1.29 kg m3 


(a) Substituting these values in Eq. (12.5), we find that the radius 
of the oi] drop is 


a = 7.26% 1077 m 
(b) Since the charged drop is held stationary in the electric field, 
ve = 0 so that Eq. (12.7) becomes 
— Stave 
E 

Substituting the values of the quantities involved gives 

q = 8.05x 10-19 C 
Number of excess electrons is 

q 805x10 _ 


= = = a aD 


e 1.6 x 10719 


Thus the drop carries five excess electrons. 


12.6 PHOTOELECTRIC EFFECT 


We know that metals, when heated, emit electrons, Can electrons be 
released from metals by light? It has been observed that metals, when 
exposed to electromagnetic radiations such as x-rays, Y-rays, ultra- 
violet, visible, and infrared light, emit electrons. This phenomenon is 
called photoelectric effect and the 
emitted electrons are called photo- 
electrons because they are liber- 
ated by means of light. The 
photoelectric effect can be demon- 
strated by a very simple experi- 
Demonstration of Ment as illustrated in Fig. 12.11. 
photoelectric effect Light from a source is made to 


Fig. 12.11 
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strike an insulated metal plate A that is connected to an electroscope. 
Let us suppose that the electroscope is negatively charged, 
When the light is turned on, its leaves are seen to collapse. How- 


ever, if the electroscope were positively charged, its leaves would | © 


remain divergent. This can happen only if plate A acquires a positive 
charge when exposed to light, implying that electrons must have been 
ejected from it by the interaction of light with the matter of the plate. 
Further studies revealed that different substances emit photoelectrons 

only when exposed to different kinds of radiations. For example, 
alkali metals like potassium and cesium will eject photoelectrons when 
visible light falls on them. Heavier metals Tequire shorter wavelengths 
of ultraviolet light for photoelectric emission, X rays will eject photo- 
electrons from the inner (K and L) shells of heavy elements. Cesium 
is sensitive even upto the infrared region. Ultraviolet light will eject 
photoelectrons from any metal. 


Laws of Photoelectric Emission 


The important features of photoelectric effect can be studied by a 
ETR simple experimental arrangement 

B light sketched in Fig. 12.12. Two zinc 

plates P and Q, enclosed in an 

evacuated quartz bulb B, are con- 


© nected to a battery and a microam- 
meter as shown in the figure. When 
Mh the plate P is connected to the 


Fig. 12.12 Experimental arrange- negative pnma ue p terg 
ment to study photo- and ultraviolet light falls on it, the 
electric effect microammeter indicates a current 

in the circuit. But when the light 
is incident on the positive plate Q there is no flow of current. Hence, 
it is the negatively charged plate that loses its charge when ultraviolet 
light falls on it. The observed current in the circuit can be explained 
by the fact that the electrons emitted by the negatively charged plate 
P are attracted by the positive plate Q. The flow of electrons from P 
to Q constitutes a current. When the source of light is switched off, 
no current flows in the circuit establishing the existence of photo- 
electric effect. This effect occurs when the bulb B is highly evacuated, 
indicating that the air molecules in B are not responsible for the 
observed effect. The charge to mass ratio of the emitted Particles is 
subsequently measured. The ratio is found to be 1.76X 1011 kg C"! in 
agreement with that for electrons. This confirms that the emitted - 
particles are indeed electrons. į 
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Dependence of Photoelectric Current on Intensity of 
Incident Light 


Further investigations by Lenard revealed that as long as the spectral 
quality of the light remains the same, the photoelectric current is 
directly proportional to the intensity of the incident light. If J is the 
photoelectric current, the number of photoelectrons emitted per second 
is J/e, where e is the electronic charge. Since e is a constant, it follows 
that the number of photoelectrons emitted per second is directly 
proportional to the intensity of the incident light. 


Kinetic Energy of Photoelectrons 


Richardson and Compton measured photoelectric current at various 
potentials V on Q relative to P, giving small positive and negative 
I values to V but using light of the 
same spectral quality, i.e. wave- 
length. They repeated the experi- 
ment for various intensities of the 
incident light. Their results are 
depicted in Fig, 11.13. A study 
of these curves reveals that: (i) the 
Fig. 11.13 Photoelectric current at photoelectric current reaches a 
various voltages between saturation value above a certain 

the electrodes; the three j 
aate onnaa value of Y, the saturation current 
intensity of the incident being proportional to the intensity 
light of the incident light, and (ii) the 
photoelectric current decreases as 
negative voltage Vis increased until it becomes zero at a negative vol- 
tage Vo. Below Vo no current is observed no matter what the intensity 
of light is. Vo is the same for the three curves which represent increas- 

ing intensity of the incident light. 

The cut-off potential Vo depends on the nature of the emitter, i.e, 
the metal, and the frequency v or wavelength A of the incident light, 
For a given emitter illuminated by a monochromatic (same v or A) 
light, the photoelectrons are emitted with velocities ranging from zero 
up to a certain maximum value vmax. Since there is no photoelectric 
current at potentials less than Vo, the maximum velocity vmax acquired 
by the photoelectrons is given by 

PES 


Kmax = = M max = eVo (12.9) 


“Vo o] +V 


where Kmax (= $ mv2,,,) is the maximum kinetic energy. When V is 
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between Vo and zero, only those photoelectrons whose velocity satisfies 
4 m? > eV, can reach the anode. The electrons with smaller velocity 
than v are repelled back by the negative potential of the anode. When 
V = 0, the photoelectrons with velocity greater than zero can reach 
the anode, 


Relationship Between the Cut-off Potential and 
Frequency of Light 


The maximum energy of emission Kmax (= eVo) was measured using 

lights of various frequencies v. 

Figure 12.14 shows how eV 

varies with v. It was observed that 

for a given metal, there is a 

certain frequency vo, called the 

threshold frequency of the incident 

° ° light, below which no photo- 

Fig. 12.14 Threshold frequency electric effect is observed. The 

frequency vo is a characteristic of 

the photo-emitting metal. The slope of the straight line is found to 
be =h, the Planck’s constant, and is the same for all metals, 

To summarize, the laws of photoelectric emission are: 

1, For a given emitter illuminated by light of a given frequency, 
the number of photoelectrons is directly proportional to the intensity 
of the incident light. 

2, For every emitter there is a definite threshold frequency vo 
below which no photoelectrons are emitted, no matter what the 
intensity of light is. 

3. Above the threshold frequency, the maximum kinetic energy of 
the photoelectrons is proportional to the frequency of the incident 
light. 


max sao 


Einstein’s Photoelectric Equation 


The classical electromagnetic waye theory of light, which success- 
fully explained interference, diffraction, and polarization of light, 
could not account for the observations related to photoelectric effect. 
In 1900 Planck postulated that light waves consist of tiny bundles of 
energy called photons or quanta. The energy of a light wave of 
frequency vis given by E = hy, where h is the Planck’s constant. 
Photon is simply a light wave of energy £E. 

Following Planck’s idea, Einstein proposed a theory for photo- 
electric effect. According to him, when a photon of light falls on a 
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metal, it is absorbed, resulting in the emission of a photoelectron. 
The kinetic energy K = $ mv? of the emitted electron is given by 


mv? = hy — Wo (12,10) 


This is the famous Einstein’s photoelectric equation. The term hy 
represents the total energy of the 
photon incident on the metal 
surface, as shown in Fig. 12.15. 
The photon penetrates a distance 
of about 10-78 m before it is com- 
pletely absorbed. In disappearing, 
the photon imparts all its energy 
to a single electron. Part of this 
energy is used up by the electron in freeing itself from the atoms of 
the metal. This energy designated by Wo in Eq. (12.10) is called the 
work-function of the metal and is a characteristic of it. The rest of the 
energy is used up in giving the electron kinetic energy $ mv”. The 
emitted electron acquires a velocity v. 

The work function Wo, i.e. the energy required to pull an electron 
away from the surface of the metal, is large for heavier elements like 
platinum whereas for other elements like alkali metals, Wo is quite 
small. The minimum, or threshold, energy which a photon must have 
to free the electron from the surface of the metal should be equal to 
its work function. If the threshold frequency is vo the threshold 
energy =/vo. Thus 


Fig. 12.15 Explanation of emission 
of photoelectrons 


Wo = hyo 


Einstein’s photoelectric equation, therefore, becomes 


+ mot = h(v — vo) (12.11) 
It is evident that when y < vo, no electron is emitted for any intensity 
of light. When y > vo, the energy of the electron increases linearly 
with the frequency v of light, which explains the experimental obser- 
vations of Fig. 12.11. Since intensity of light is a measure of the number 
of photons and since each photon emits a photoelectron on absorp- 
tion, the intensity of photoelectrons is proportional to the intensity of 
light, which explains the first law of photoelectric emission. Thus 
Einstein’s theory accounts for the experimental observations on 
photoelectric effect. 
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EXAMPLE 12.5 A metal, whose work, function is 3.0 eV, is illumi- 
nated by light of wavelength 3 10-7 m. Calculate 


(a) the threshold frequency 
(b) the maximum energy of photoelectrons 
(c) the stopping or retarding potential 


Solution: 
Wo = hv 
= 3.01.6 10-29 J 
(a) Threshold frequency, 
Wo 3.0 1.6 x 10719 


v = — = 


h 6.63 10-34 
= 0.72 10!5 Hz 
(b) Maximum energy 
Emax = mo? = hiv — wo) 


Since A = 310-7 m, 
3x108 
3x 1077 
Emax = h(v — vo) 
= 6.63 x 10734x (1.0 — 0.72) x 1015 
= 1.861079 J 
= 1.16 eV 
(c) Emax = eVo 
Vo = stopping potential 
tas 
e 


1.86 x 10-19 
Tox 107) 116-V 


v= £= 
oS T 


= 1.0 x 10'5 Hz 


EXAMPLE 12.6 (a) An x-ray tube produces a continuous spectrum 
of radiation with its short-wavelength end at 0.45 A. What is the 
maximum energy of a photon in the radiation? 

(b) From your answer to (a); guess what order of accelerating 
voltage (for electrons) is required in such a tube? 


| 
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Solution: 
(a) Amin = 0.45 X 10710 m 


Emax = hYmax = a 


_ 6.63 x.107%4 x 3,0 x 108 
0.45 X 10710 
= 442 X10715, 
= 27.6 X103 eV = 27.6 keV 
(b) The minimum accelerating voltage for electrons 
__ 27.6 keV 
e 


= 27.6 kV 
i.e. of the order of 30 kV. 


12.7 THE PHOTO-CELL 
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A photo-cell is an arrangement which converts light energy into 
electrical energy. It measures the intensity of light by measuring the 
photoelectric current when light falls on a photo-sensitive metal, It 
consists of a thin glass or quartz bulb which is highly evacuated and 
contains a parabolic metal surface C coated with photo-sensitive metal 
such as molybdenum, caesium, rubidium, etc. This serves as the 
cathode. At the centre of the curved surface is fixed a metal rod A 
which serves as the anode and also as the collector of photoelectrons 


(Fig. 12.16). 


Glass 
enclosure 


Fig. 12.16 A photo-cell 
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The anode is connected to the positive terminal of a battery and 
the cathode to the negative terminal. When light of frequency greater 
than the threshold frequency is made to fall on the photo-sensitive 
surface C (emitter), photoelectrons are emitted. These electrons are 
attracted to the positive anode A (collector), The current is measured 
by a sensitive galvanometer (or microammeter) included in the circuit. 
Since the number of electrons emitted depends upon the intensity of 
incident light, the photoelectric current registered by the galvanometer 
gives a measure of the intensity of light. 

In the vacuum type cell described above the photoelectric current 
is very small, of the order of a microampere. To increase the current 
the cell is filled with a suitable inert gas, e.g. helmin, neon, etc. at a 
pressure of 0.1 mm to 1 mm of mercury. In the gas filled type cell, the 
current is enhanced due to the ionization of the gas by collisions of 
the gas molecules (atoms) with the ejected photoelectrons. In industry, 
gas-filled cells containing caesium oxide are very widely used, on 
account of their better response. They consist of a parabolic silver 
cathode, the surface of which is coated with a thin layer of caesium 
(about one molecule thick) in an atmosphere of oxygen and the anode 
is a metal rod mounted at the centre of the curved cathode surface. 


Uses of Photo-cells 


The basic function of a photo-cell is to convert a change in the 
intensity of illumination into a corresponding change in electric current. 
This change in electrical current is put to many uses described below. 


1, to operate controls in electronic devices such as televisions, 
computers, etc. 

2. to operate burglar alarms. Suppose a photo-cell is fixed on one 
side of a door and a source of light on the other side. If a person 
walks in, he interrupts the light beam and the change in current in the 
photo-cell may be used to start a motor which rings an alarm. 


3. to switch on and off the automatic switches of street lights. 

4. to record daylight in meteorology. 

5. to count objects in photoelectric counters and to sort out different 
objects in photoelectric sorters. 


EXAMPLE 12.6 The work functions of sodium and nickel are 1.92 eV 
and 5.0 eV respectively. Which of these metals will not give photo- 
electric current from a photo-cell for a radiation of wavelength 3300 A 
from a source 1m away? What happens if the source is brought 
nearer the cell at a distance of 50 cm? 
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Solution: Frequency of incident radiation is 


GEF T BATO ale 4 
Y= T= ooko = 91X10" Hz 


Threshold frequency of sodium is 
1.92 1.6 x 10-19 


vo(Na) = CARIO NOT 4.6 x 1014 Hz 
and of nickel is 
-19 
Ni) = 2B ESATO = 12x101 Hz 


Since v is greater than vo(Na) but less than yo(Ni), nickel will not 
show photoelectric emission. When the source is brought closer to the 
cell, the photoelectric current from sodium increases due to an increase 
in intensity of the incident radiation but nickel will not give any 
photoelectric emission, howsoever high the intensity, since vo(Ni) is 
greater than vi 


12.8 COMPTON SCATTERING 


Einstein was awarded the Nobel Prize in Physics in the year 1921 for 
his quantum theory of the photoelectric effect. A confirmation of the 
concept of photon (i.e. particle-like behaviour of light) was provided 
in 1923 by A.H. Compton who was awarded the Nobel Prize for his 
work in 1927. 

Compton allowed a beam of monochromatic x-rays to fall on a 
graphite scatterer (block) as shown in Fig. 12.17, and measured the 
intensity of the scattered x-rays for various angles of scattering (4), 
He observed that the scattered x-rays had a longer wavelength A’ than 


X-Ray source 


Scattered 
X-rays 


Fe / 
oaen aT A 
x rays 
ETA DS $ 
Detector 
> S 
N 


Fig, 12.17 Schematics of Compton scattering experiment 
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wavelength A of the incident x-rays. The Compton shift AÀ = (\' — A) 
varies with the angle ¢ at which the Scattered x rays are observed. 

The observed scattered wave of wavelength 4’ cannot be understood 
if the incident x-rays are regarded as an electromagnetic wave. The 
incident wave of frequency v (wavelength A) would cause the electrons 
in the scattering block to oscillate at the same frequency, The oscil- 
lating electrons radiate electromagnetic waves again of the same 
frequency v and hence the same wavelength À. Thus, on the wave 
picture, the scattered x-rays should have the same wavelength as the 
incident x-rays, 

Compton explained his experimental results by postulating that the 
incident x-ray beam was not a wave but a group of photons of energy 
E = hy. As a result of collisions with the free electrons in the scat- 
tering block, the “recoil” photons emerging from the block form the 
Scattered radiation. Since the incident photon transfers a part of its 
energy to the electron with which it collides, the scattered photon 
must have a lower energy E’. Hence it must have a lower frequency 
v'(= E'lh) which implies a larger wavelength A’(= c/v’) (see Fig. 12.18). 
This point of view accounts for the Compton shift 4A qualitatively. 
The quantitative expression for AA is obtained by using the principles 
of conservation of energy and momentum with Telativistic corrections, 
Here we simply quote the final result which Teads: 


h 
AX Tae — cos ¢) 


where ¢ is the angle of scattering of the X-ray photon and mo is the 
rest-mass of the electron, 


12.9 WAVE NATURE OF MATTER 


We have seen above that electromagnetic radiation has a dual nature. 
The experimental observations of interference, diffraction and polariza- 
tion of light Suggest that light is a wave. On the other hand, the 
experimental observations of photoelectric effect and Compton scat- 
tering experiments can be interpreted only in terms of the photon 
(quantum) theory. According to the wave theory, the radiant energy 
spreads out continuously in the form of waves and, according to the 
quantum theory, the radiant energy spreads out in discrete packets (or 


Incident Photon 


INE ag 


at rest 


(a) Before collision 


Scattered photo. 


<— Recoil electron 


(b) After collision 


Fig. 12.18 (a) A photon of wavelength À 
incident on an electron at rest 
(b) After collision, the photon is 
Scattered at an angle $ (with 
a higher wavelength X’) while 
the electron moves along 
another direction 
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In 1924, Louis de Broglie, a French theoretical physicist, derived 
an equation which predicted that all atomic particles have associated 
with them waves of a definite wavelength. Under certain circum- 
stances, a beam of electrons or atoms will behave like a group of 
waves. On the basis of theoretical considerations, de Broglie predicted 
that the wavelength A of these waves is given by 


h 


P 


(12.12) 
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where h is Planck’s constant and p is the momentum of the particles. 

. This equation is known as de Broglie’s wave equation. For an electron 
moving at a high speed, the momentum is large and the wavelength A 
is small. The faster the electron, the shorter is the wavelength. Notice 
that the particle need not have a charge to have an associated wave. 
This is why de Broglie waves are sometimes referred to as matter 
waves, 


Experimental Verification of de Broglie Waves 


Immediately after de Broglie’s prediction about matter waves, experi- 
mental physicists, notably Davisson, Germer and Thomson reasoned 
that a beam of electrons should show diffraction effects as ordinary 
light or x-rays, Since the wavelength associated with a typical electron 
beam is very short (A ~ 1 A), it was clear that, like x-rays (A ~ 1 A), 
matter waves, if they exist, could not be diffracted at conventional 
obstacles. Like x-rays, matter waves could be diffracted by crystals in 
which the spacings between the atoms is comparable with their 
wavelength. 


Davisson and Germer Experiment 


In 1927, Davisson and Germer designed an experiment to demonstrate 
diffraction of a beam of electrons. A beam of electrons, of known 
energy (and hence speed) was 
made to fall obliquely on the face 
of a nickel crystal (Fig. 12.19) 
and the intensity of the reflected 
beam was measured in’ various 


‘Crystal sith 
5 P 5 directions. It was observed that 
Fig. 12.19 Diffraction of (i) f i ked one 
electrons or electrons of fixed energy 


(velocity), the intensity of the 
reflected beam is maximum in the direction OQ and the angle sub- 
tended by OQ with the normal ON is the same as the angle subtended 
by the incident beam PO with the normal, and (ii) if the velocity of 
the incident electrons is changed gradually, the intensity of the 
reflected beam along OQ changes, becoming maximum and minimum 
depending on the speed of the electrons. In other words, in the same 
direction, the electrons of some speed are strongly reflected and those 
of a different speed are feebly reflected. To account for these observa- 
tions, Davisson and Germer assumed that electrons behave like waves 
and that they were diffracted by the atoms of the crystal. The intensity 
of the reflected beam was found to be maximum for values of @ 
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given by 
2d sin 8 = nà (12.13) 


where 0 = Z POQ and d is the spacing between atoms. Since the A of 
the de Broglie waves depends on the velocity of the particle, the 
intensity will change along a particular direction with velocity. The 
experimentally measured wavelength was found to be in conformity 
with Eq. (12.12) proving the existence of de Broglie waves, 


Thomson’s Experiment 


Figure 12,20 illustrates Thomson’s experiment to demonstrate the 
existence of de Broglie waves. 
Following the experiment of Laue 


-e of the diffraction of x-rays, 
Electron Thomson sent a beam of electrons 
beam on a platinum foil F and received 


Fig. 12.20 Thomson's experiment the emergent electrons on a 

photographic plate P, The electron 
beam is diffracted at the spacings between the randomly oriented 
crystals of the foil. We see a bright spot at the centre of the plate 
(undiffracted direction) and concentric circles around it, indicating 
diffraction effects. A comparison of this experiment with the one 
performed by Laue suggests that like X-rays, electrons are also 
diffracted. The diffraction of uncharged particles, e.g. helium atoms, 
has also been experimentally observed. Thus, matter is endowed with 
dual nature. 


EXAMPLE 12.7 Calculate the wavelength of de Broglie waves asso- 
ciated with electrons accelerated through a potential difference of 
200 V. 


Solution: The energy gained by an electron 
E=e 
= 1.6 X 107! x 200 
= 3.2.x 10719 J 
This energy is in the form of kinetic energy $ mv? 


Fme = ev 


2eV 
m 
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2x 3.2 x 10719 


TEIPIN 8.4 106 ms™! 


L 663x10- 
9.11 1073x 8,4 x 108 


= 0.86 X 10-10 m = 0.86 A 


EXAMPLE 12.8 Calculate the wavelength of de Broglie waves asso- 
ciated with thermal neutrons at room temperature of 27°C. Mass of a 
neutron = 1.675 x 107% kg. 


Solution: Kinetic energy of neutrons is E = (3/2)kT where k is the 
Boltzmann constant = 1.38%10-3JK-! and T is the absolute 
temperature of neutrons = 273 + 27 = 300K. But E =(1/2) mv. 
Therefore 


Koy ERUS. 
7m = z AT 
or p = m = V3mkT 
Ln LEN 
D /3mkT 


Substituting the values of h, m, k and T gives 


A= 1.45XxX10710 m = 1.45 À 


SUMMARY 


The phenomenon of the emission of electrons, when metals are 
exposed to light, is known as photoelectric effect. This effect can be 
explained only on the basis of the quantum theory, according to which 
light waves consist of tiny packets of energy called photons. Einstein 
gave the theory of the effect. 

The dual nature of matter was predicted by de Broglie in 1924, 
According to him, a moving particle, under certain conditions, behaves 
like a wave. The experiments of Davisson, Germer, and Thomson 
verified the existence of de Broglie waves. 
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EXERCISES 


Short-Answer Questions 
What is the nature of cathode rays? 


. What is the magnitude of the fundamental charge? 


What is charge to mass ratio of an electron? 
What are photo-electrons? 
What is de Broglie wavelength? 


Long-Answer Questions 


Describe the general appearance of the discharge in a tube when the 
pressure is gradually lowered. 
What is the negative glow? What is the positive column? 


. What is Faraday’s dark space and Crooke’s dark space? 


What are cathode rays? 
How can you show that cathode rays travel in straight lines? 


. How can you show that cathode rays have momentum and energy? 


How can it be shown that cathode rays are charged particles and that the 
charge is negative? 
Describe how the charge of the electron can be experimentally determined. 


. Describe Thomson’s experiment for the measurement of e/m of the electron. 
. What is photoelectric effect? How do photoelectrons differ from cathode 


rays? 


. What are the laws of photoelectric emission? 

. What is Planck’s constant? Give its value with unit. 

. What are light quanta? What is a photon? 

. Give Einstein’s explanation of photoelectric effect. Discuss the meaning of 


each term in his photoelectric equation. 


. What is the work function of a metal? 
. Describe an experiment to show that a moving electron has an associated 


wavelength. What determines its wavelength? 


Multiple-Choice Questions 


Choose the correct answer from the given alternatives, 


. Cathode rays of velocity 10° m/s describe an approximate circular path of 


radius 1 m in an electric field of 300 V/cm. If the velocity of cathode rays is 
doubled, the value of the electric field needed so that the rays describe the 
same circular path is 

(a) 1200 V/cm (b) 200 V/m 

(c) 600 V/cm (d) 2400 V/cm 


. An electron is not deflected on passing through a certain region, because 


(a) there is no magnetic field in that region 

(b) there is a magnetic field but velocity of the electron is parallel to the 
direction of magnetic field 

(c) the electron is a chargeless particle 

(d) none of the above 
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3. 


10. 


The frequency of the charge criculating at right angles to a uniform 
magnetic field does not depend upon 


(a) the speed of the charge (b) the mass of the charge 
(c) the charge of the particle (d) the magnetic field 


. The mass of a proton is 1847 times that of an electron. An electron and a 


proton are projected into a uniform electric field in a direction at right 
angles to the direction of the field with the same initial kinetic energy. 
Then 


(a) the electron trajectory will be less curved than the proton trajectory. 
(b) the proton trajectory will be less curved than the electron trajectory. 
(c). both the trajectories will be equally curved 

(d) none of the above. 


. Two electron beams having velocities in the ratio of 1 : 2 are subjected 
separately to identical magnetic fields. The ratio of deflections produced is 
(a) 4:1 (b) 1:2 
(©) 1:4 (d) 2:1 


. You are sitting in a room in which a uniform magnetic field is present in the 


vertically downward direction. When an electron is projected in horizontal 
direction, it will be moving in a circular path with constant speed 


(a) clockwise in the vertical plane 

(b) clockwise in the horizontal plane 

(c) anti-clockwise in the horizontal plane 
(d) anti-clockwise in the vertical plane 


The work function for aluminium surface is 4.2 eV. The cut-off wavelength 
for the photoelectric effect for the surface is 


(a) 2955 A (b) 3100 Å 
() 4200 A (d) 1500 A 


The work function for an aluminium surface is 4.2 eV and that for a 
sodium surface is 2.0 eV. The two metals were illuminated with appropriate 
radiations so as to cause photo emission. Then 


(a) both aluminium and sodium will have same threshold frequency 

(b) the threshold frequency of aluminium will be more than that of sodium 
(c) the threshold frequency of aluminium will be less than that of sodium 
(d) none of the above 


A caesium photo-cell with a steady potential difference of 60 V. across it, is 
illuminated by a small bright light placed 50 cm away. When the same light 
is placed one meter away the electrons crossing the photo cell 


(a) each carry one quarter of their Previous energy 
(b) each carry one quarter of their Previous momentum 
(c) are half as numerous 


' (d) are one quarter as numerous 


An image of the sun is formed by a lens of focal length 30 cm on the metal 
surface of a photoelectric cell and it Produces a current Z. The lens formni- 
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the image is then replaced by another lens of the same diameter but of 
focal length 15 cm. The photoelectric current in this case will be 


(a) 1/2 (b) 27 
(c) I (a) 47 


D. Numerical Problems 


ii 


n 


A narrow beam of electrons, accelerated by a potential difference of 250 V, 
passes between two parallel metal plates 0.030 m long and 0.005 m apart in 
an evacuated tube, and then strikes a fluorescent screen 0,175 m from the 
centre of the plates. A potential difference of 10 V is established between 
the plates. What is the deflection produced on the screen? 


. In a cathode ray tube a potential difference of 3000 V is maintained 


between the electrodes 2 cm apart. A magnetic field of 2.5x10-* Wb/m? at 
right angles to the electric field gives no deflection of the electron beam 
which received an initial acceleration by a potential difference of 10000 V. 
Calculate the value of e/m. 


. A charged oil drop is held stationary between two horizontal plates of a 


capacitor when a field of 576 kV/m is applied between them. When the field 
is removed the drop falls freely with a steady velocity of 0.120x10-* m/s. 
Calculate the radius and charge on the drop. Given that 7 = 0.109 x 10-* 
kg m~t s-t and the difference between the densities of oil and air may be 


taken as 800 kg m~’. 


. The most energetic electrons emitted from a surface by 3500 A photons are 


found to be bent in a 0.18 m circle by a magnetic field of 1.5x10-* Wb/m’. 
Calculate the work function for the material. 

Photoelectrons, of charge e and constant mass m are liberated in a vacuum 
and with negligible velocities from the negative plate of a parallel plate 
capacitor. A magnetic field B is applied parallel to the plates. The separa- 
tion between the plates is x. Show that a potential difference 


= eB? 2 
V= Zm )x 


when applied across the capacitor will enable the electrons to just reach 
the positive plate. 

Light of wavelength 4500 A is incident on two photoelectric tubes. The 
emitter in the first tube has a threshold wavelength of 6000 and the 
emitter in the second tube has a work function twice as large as in the first 
tube, Find the stopping potential in each of the tubes. 

The kinetic energies of photoelectrons range from zero to 4.0x 107!" J, when 
light of wavelength 3000 A falls on a surface. What is the stopping potential 
for this light? 

Compare the energies of photons of wavelength 1071° m and 6x 107? m. 

No photoelectrons are emitted from a metal if the wavelength of light 
exceeds 6000 A. Calculate the work function of the metal. 


. Calculate wavelength of a photon of energy 10-¥ J. 


A metal of work function 5 eV is illuminated by monochromatic light of 
wavelength 1,2 10-7 m, Calculate 
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(a) the threshold frequency 
(b) the threshold wavelength 


(c) the maximum energy of photoelectrons 
(d) the cut-off potential 


12, The maximum energy of photoelectrons is 10x10 when a photo- 
emitting metal is illuminated by a monochromatic light of wavelength 
1.0 10°? m, Calculate the work function of the metal. 


13. A phototube has a cut-off potential of 1,0 V. Calculate the maximum 
velocity of the Photoelectrons, What is the work function of the metal if it is 
illuminated by monochromatic light of wavelength 6x 10-7 m? 


13 
ATOMS, NUCLEI AND MOLECULES 


13.1 INTRODUCTION 


J.J. Thomson’s experiments with electric and magnetic fields revealed 
that the atom must consist of negatively charged particles (electrons) 
which break away from the 
cathode. Since the atom as a whole 
is electrically neutral, those atoms 
of the cathode that have lost 
electrons must have a residual 
H ne positive charge. The total positive 
‘Positive charge and negative charges in an atom 
must be exactly equal. How are 


Electron Cane A 
3 these charges distributed in the 
Fig. 13.1 Thomson’s model atom? In an attempt to answer 
of the atom this question, J.J. Thomson pro- 


posed a model for the internal 
structure of the atom. According to him an atom consisted of a 
positively charged substance having electrons that are, more or less, 
uniformly distributed over the body of the substance like seeds in a 
watermelon (Fig. 13.1). This model was applied to predict the fre- 
quencies emitted by an incandescent solid (line spectrum). The theoreti- 
cal predictions did not agree with experimentally observed frequencies, 
and it became clear that Thomson’s picture of the atom was wrong. 


13.2 RUTHERFORD’S MODEL OF ATOM 


The first correct description of the distribution of positive and negative 
charges within the atom was given by Ernest Rutherford (1871-1937), 
His atomic model was based on the epoch-making experiments of the 
scattering of «-particles from thin metal foils, performed by his students, 
Geiger and Marsden. An «-particle is a helium ion, i.e. a helium atom 
from which both its electrons are removed. It has a charge 2e and a 
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mass that is nearly four times the mass of a proton. The mass of a 
proton is 1.67 x 10-27 kg. Fast moving «-particles are emitted (among 
other particles) in radioactive disintegrations. The basic idea of 
Rutherford’s experiment is very simple (Fig. 13.2). S is a speck of a 
radioactive material, emitting energetic %-particles, that are collimated 
to a fine beam by a slit A. The beam is made to fall on a thin metal 
foil B( ~ 10-4 cm). The scattered (or deflected) particles are received 
on a fluorescent screen C. The tiny flashes of light, or scintillations, 
that are produced when an «-particle hits the screen are viewed with a 
microscope. The whole apparatus is enclosed in an evacuated chamber 
to prevent scattering of «-particles by gas molecules. 


ex 


“lau 
Ae 


Fig, 13.2 Scattering of «-particles by a thin 
metal foil 


Rutherford observed that most of the %-particles passed through the 
foil without any appreciable deflection. In Fig. 13.2 such particles are 
labelled 1, 1’. In other words, the foil behaved as if it were a wide 
mesh screen through which the particles pass. Now, a 10-4 cm thick- 
ness of the metal foil has several thousand atoms and such a compact 
pile of atoms cannot have wide gaps through which the -particles 
can shoot. Rutherford reasoned that the atoms of the metal themselves 
must have gaps in them, Of the particles that were deflected in passing 
through the foil, many particles (such as 2, 2’, 3, 3’) suffered fairly 
large deflections 0. Some like 4, 4’ were deflected through more than 
90°. Some particles even rebounded from the foil, suffering a deflection 
of nearly 180°. The screen placed at C’ or C” detected such deflections. 
Thomson’s model could predict only small deflections, Such large 
deflections require Strong forces to be acting on the «particles, Ruther- 
ford argued that this would be possible if all the Positive charge and 
the mass of the atom were concentrated in a very small central region 
which he called the nucleus of the atom, as shown in Fig. 13.3. 
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Fig. 13.3 Deflection of «-particles by a small, massive 
positive nucleus 


An g-particle like 1 or 1’, penetrating the atom near its edge (i.e. 
away from the nucleus), would suffer only a small deflection. Those 
like (2, 2’), (3, 3’), (4, 4’) passing closer to the nucleus would be repelled 
with a greater force and hence deflected through a larger angle. The 
particle travelling head-on towards the nucleus is slowed down by it 
until it comes to rest at a distance d from it, and is then repelled back. 
The distance d of the closest approach of the fast #-particle, gives us 
a rough estimate of the radius of the nucleus. To compute d let us 
consider an «-particle of energy E = 4mv*, where v is the velocity of 
the particle. Due to Coulomb repulsion from the nucleus, the particle 
is slowed, thus losing its kinetic energy, which must change into its 
electrical potential energy. When the particle has reached the distance 
d of the closest approach, it is momentarily at rest. At this position 
the entire kinetic energy (mv?) has been converted into potential 
energy which is due to Coulomb repulsion of charge q1 of the particle 
by the charge g2 of the nucleus. Therefore, we have 


SLR edol- giga 
7 mo Rrra (13.1) 


where 1/47eo is a constant and its value = 9x 10° N-m?C~?. The 
charge q2 of the nucleus of the atom of atomic number Z = Ze and the 
charge qı of the particle is 2e. Therefore, 


q= he (13.2) 
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In Rutherford’s experiment the speed of the particle was about 
2.0 107 ms“. He used a gold foil (Z = 79). The radius d of the gold 
nucleus was computed as follows. 


L = 9x 109 Nem? C2 
Areo 


Z=79 
e = 1.60x 10-9 C 
m = 6.65X 10-27 kg (mass of %particle) 
v = 2x 107 ms-! 
Using these values in Eq. (13.2) gives 
d = 1.74x 10-4 m 


Thus, he concluded that the radius of the nucleus is shorter than 
1.7x 10-14 m. Because the mass of an electron is only about 1/7000 of 
the mass of an particle, the effect of the Presence of electrons in the 
atom; on the deflection of a-particles is negligible, 

Rutherford’s experiments suggest that the mass of the atom is not 
distributed uniformly throughout the atom, Most of the mass is located 
in a very small volume of radius ~ 10-14 m, called the nucleus. The 
electrons are Supposed to reside outside the nucleus. 


13.3 ENERGY QUANTIZATION: BOHR’S MODEL OF 
HYDROGEN ATOM 


In 1913, Niels Bohr Proposed a theory of the hydrogen atom which 

not only gave a satisfactory explanation of the spectral lines of 

ra hydrogen but also a model for the 

Y structure of all other atoms. His 

starting point was the nuclear 

model of the atom, suggested by 

Rutherford. He assumed that a 

hydrogen atom (Z = 1), the sim- 

Fig. 13.4 Bohr’s model of hydro- plest of all atoms, consists of a 

gen atom nucleus with one positive charge, 

+e, and a single electron of 

charge, —e, Tevolving around it in a circular orbit of radius r 
(Fig. 13.4). 

If the electron was at Test it would fall into the nucleus due to 

electrostatic attraction between the two oppositely charged particles. 

To keep the electron in a stable orbit, Bohr assumed that the inward 
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centripetal force mv?/r must be due to the inward electrostatic 


2 
force EEH For a stable orbit. they must be equal, i.e. 
Areo r 


m? As ee 

sauia Gal (13.3) 
where m is the mass of the electron. But now two difficulties arose: 
(i) an accelerated charge should radiate and, therefore, lose energy. 
The electron orbit should shrink as a result of loss of energy (see 
Eq. 13.3) until the electron spirals into the nucleus. (ii) As in planetary 
motion, any radius of the orbit is possible. How can such an atom 
emit a line spectrum of well-defined spectral lines (see Chapter 6)? 


Bohr’s Postulates 


To overcome these difficulties, Bohr postulated new revolutionary 
ideas. His postulates are: 


1. The conventional classical theory does not hold in the case of 
such tiny particles. 

2. The electron in a stable orbit does not radiate energy as in the 
classical theory. 

3. The electron cannot move in all the possible orbits allowed by 
the classical theory but only in certain definite and discrete orbits in 
accordance with the prescribed rules called quantum conditions. 

4. The atom can absorb or radiate energy if the electron jumps 
from a lower to a higher orbit or falls from a higher to a lower orbit, 
respectively. 


Bohr’s third postulate is of far-reaching consequences. The existence 
of definite orbits implies discretization (or quantization) of energy of 
the hydrogen atom. Thus he laid the foundation of quantum physics. 

The concept of quantization of physical quantities is not new; it 
also exists in classical physics. In Class XI you have learnt of the pro- 
pagation of transverse waves on a string. You have seen that a wave of 
any wave-length (and frequency) will travel on a long string. But what 
happens if the string is not very long and if its ends are fixed asin a 
sonometer or a violin? Two important changes occur due to the 
boundary conditions: (a) the displacement of the string is now repre- 
sented by standing waves rather than travelling waves and (b) only certain 
discrete wayelengths (or frequencies) can now exist. We have seen in 
Class XI that the allowed wavelengths are given by 


ay = 2% aa (13.4) 
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where L is the length of the string. This discretization or quantization 
of the wavelength is a direct consequence of putting boundaries 
or limitations on the wave. Sound waves in pipes exhibit a similar 
behaviour. 

We now postulate that, just like a vibrating string, for a free parti- 
cle of mass m confined to move on line l, the linear momentum p of 
the particle can have only those values that correspond to its de 
Broglie wavelength À having only discrete values An (Eq. (13.4)]. This 
condition gives 


or ee n=1,2,3,... (13.5) 


where A is the Planck’s constant. Equation (13.5) implies that the 
linear momentum of a particle confined to move on a line is quantized. 
In terms of momentum p, the energy of the particle is given by 


init olm p 
x ze 2 > m 2m 
Substituting for p from Eq. (13.5) we have 
242 
e RE Ac (13.6) 


where Æp is the value of E for a particular value of n = 1, 2,3,... 
i.e, 


_ k _ 4k 

Bam gape Bam ge 
9h? 

E = gmh’ 


Thus, a free particle confined to a line can have only discrete values 
of energy corresponding to integral values n = 1,2,3, ... These values 
of n label the stationary energy states in ascending order of energy. 


Bohr’s Quantization Condition 


Let us now consider the motion of an electron in a circular orbit of 
radius r round the nucleus of the atom. The motion of the electron is 
confined to acircular path of length 277. By analogy with the linear 
motion ofa particle confined to a line, Bohr’s reasoned that, in circu- 
lar motion, the angular momentum (and hence energy) of the electron 
will become quantized, i.e. they can have only certain discrete values. 


ed 
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De Broglie succeeded in obtaining the quantization condition of 
the postulate (3) of Bohr by applying the appropriate boundary con- 
ditions to matter waves in the 
hydrogen atom. Figure 13.5 shows 
how an electron wave can be 
adjusted in wavelength to fit an 
integral number of times around 
„the circumference of a Bohr orbit 
of radius r. The de Broglie wave- 
Fig. 13.5 /nstantaneous “snapshot” see im PT ye 


of a standing matter wave 4 3 f 
associated with an electron the orbit of radius r contains an 


orbit of radius r integral number n of matter 
waves, or 
2er _ » 
A 


But A = h/p, where h is the Planck’s constant and p is the linear 
momentum (mass X velocity). Thus 

Zar ss 

hlp 
or 

Ue or ee n Wicd) Ole ie a (13.7) 
on » 2, 3, 

where L is the angular momentum of the electron. Equation (13.7) is 
called Bohr’s quantization condition for angular momentum. Bohr 
introduced this condition as an ad hoc postulate. It was a revolution- 
ary concept as it violates the known ideas of classical physics. It 
restricts the stationary states of the electron to those circular orbits in 
which its angular momentum is an integral multiple of h27. 

Bohr’s next postulate (4) was equally revolutionary as it violates 
classical electrodynamics. He postulated that the accelerated motion 
of an electron in an orbit is not accompanied by the emission of elec- 
tromagnetic radiation. By this postulate, Bohr provided stability to 


the hydrogen atom. 


Radii of Bohr Orbits of Hydrogen 
The radius of the electron orbit is goyerned not only by Eq. (13.3) 
but also by Bohr’s quantization condition (13.7) which reads 


nh 
pr = mur = ia (13.8) 


‘ 
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Eliminating v from Eqs (13.3) and (13.8) we have 
_ on?h? 
~~ ame? 


(13.9) 
Substituting in this equation, the known values of eo, $, m and e we 
obtain the radius rn of the nth orbit: 
“tm = (0.529 X 10-19)n2 m 
= 0.5297? A (13.10) 
The innermost orbit with n = 1 has a radius 
rı = 0,529 A 


The second orbit (n = 2) is four times larger and the third (n = 3) 
nine times larger, and so on. 


Using Eqs (13.8).and (13.9), the speed of the electron in the n-th 
orbit is given by 


ae ZIPO ns“! (13.11) 


Va = 


Since the circumference of the nth circular orbit is 27, the frequency 
with which the electron goes around the orbit is given by 


y= (13,12) 


It should be noted that a hydrogen atom has only one electron and 
that it can occupy only one orbit at any one time. The radius of the 
lowest orbit (n = 1) is 0.53 A, The Permitted orbits are given by the 


Positive integral values of n, which is called the Principal quantum 
number. 


Energy of the Hydrogen Atom in nth State 


Let us now compute the energy of the hydrogen system fora given n. 
The energy consists of the electron’s kinetic energy and the electrostatic 
Potential energy of the two charges. The kinetic energy of the 
electron in the nth orbit is given by [from Eq. 13.3] 


eae le ienes 
ES S 8760 rn 


and its electrostatic energy is PE = —e?/(4meorn) so that the total 
energy is given by (using Eq. 13.9) 


es ele det Met 
KE + PE win T ree (13.13) 
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Thus, each Bohr Orbit has a definite energy En. Each orbit is regarded 
as a possible state of the system. The state with n = 1 has the lowest 
possible (most negative) energy. 

Bohr’s postulate (4) states that system can change from one energy 
state to another, the change in energy being compensated for by the 
emission or absorption of energy. 
Suppose the atom changes from 
a state with n= m to a state with 

= m, m being a smaller number 
than m. The decrease in energy is 
= Em — Em. Bohr assumed that 
this energy difference is emitted as 
light of frequency Y, governed by 
(see Fig. 13.6), 


hy = En — Em (13.14) 


Using Eq. (13.13), the frequency of emission, for any m and m is 
given by 


— 
Photon 


Fig. 13.6 Schematic diagram of 
radiation of light from 
Bohr’s hydrogen atom 


En = Em me (1 1 
= =-= 13.1 
h Begh? \n3 m erag 
Notice that the frequency v of the light emitted is not the same as the 
frequency vr [Eq. 13.12)] with which the electron revolves in an orbit. 
From Eq. (13.15), we have 


= 


yh = IS Or 
2 
geah? \n? ni 


This is the Rydberg formula for the spectrum of the hydrogen atom. 


The Origin of Spectrum 


If the electron is in the smallest possible orbit n = 1, the atom is said 
to bein its normal or ground state. It will remain in this state for ever 
and will not emit light unless it is raised or “excited” to a higher 
state by the addition of energy from outside. The atom is then said 
to be in an excited state. The first excited state is n=2. The 
excitation energy required to lift the electron from the state n = 1 to 
the state n = 2, can be computed from the equation, 


4 
Eom oe a Po ar (13.17) 


by setting nz = land ni = 2. 


L Orme (_ 1 
Er — Ez (iroh? (- a 1) 
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where 1/479 = 9x 10° Nm? C=, m= 9.11X 103!kg, e = 1.6 10-19 
and h = 6.63 x 10-% Js. Substituting these values, we get 

Ez — Eı = 16.29x 10-9 J = 10.21 eV 


From this excited state (n = 2), the electron can go back to the 
ground state (n = 1) by emitting a radiation of frequency v given by 


s 19 
BrE L MPX = 246x10! Hz 


Wavelength of emitted radiation is 


y= 


PEE AE EAA 
v 246x105 


= 1,22x 10-7 m: = 1220 À 


This wavelength lies in the ultraviolet region. The emitted radiation is 
seen as a line in the spectrum of hydrogen. The transitions from 
higher to lower orbits will give rise to other lines of the spectrum. To 
get a hydrogen ion, the electron must be completely removed from the 
atom, i.e. the electron must be lifted from m = 1 state to nz = 0 
State. From Eq. (13,17) the energy required to ionize a hydrogen atom 
is found to be 13.6 eV, which is called the ionization energy. 

The origin of the various possible lines of the spectrum of hydrogen 
atom can be shown. graphically by marking by energies En of the 
various possible orbits. This is shown in Fig. 13.7 where the energy 
scale runs vertically and is graduated in electron Volts, with zero energy 
at the top. The transitions from one state to another are indicated by 
arrows. The transitions from orbits higher than n = 5 have been 
omitted, for simplicity. 
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(a) The energy level diagram for the hydrogen atom: B—Balmer 
series, L—Lyman series, P—Paschen series 
(6) Graphical representation of Spectral series of hydrogen atom 
using circular electron orbits (diagram not to scale) 
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The Spectrum of Hydrogen Atom 


The spectrum of atomic hydrogen was observed much before Bohr 
proposed a theory for it. Figure 13.8 shows the line spectrum of 
hydrogen. The lines fall into three distinct groups or series, each named 
after its discoverer, 


Pashen Balmer Lyman 
series Series series 
Infra- red-+ Visible +> Ultraviolet 
Ms \ ARR ERT PCTS SLA aos Wa 
15 
YV>0 1 2 3x10 Hz 


Fig. 13.8 The spectrum of hydrogen atom 


The Balmer series lies in the visible part of the spectrum, the 
Paschen series in the infrared, and the Lyman series in the ultraviolet. 
The observed frequency of these lines matched exactly with that com- 
puted from Eq. (13.15). This indeed is a great success of Bohr’s theory. 
The greatness of his revolutionary theory, that violated the established 
laws of the classical theory, lies in the fact that apart from success- 
fully explaining the known series of hydrogen spectrum, the theory 
predicted new series which were later actually discovered by Brackett 
and Pfund. 

Table 13.1 shows the wavelengths of some selected lines of the 
Lyman, Balmer and Paschen series of the hydrogen spectrum, 


EXAMPLE 13.1 An electron is confined by electrical forces to move in 
a line between two walls separated by 5.0X10-!°m. Find the 
quantized energy values for the three lowest stationary states. 
Solution: The energy of the nth stationary state is [see Eq. (13.6)] 
mh 

Er amit 
where m = 9.11 X 1073! kg, A = 6.63 x 10734 Js and / = 5.0X 107" m. 
Lowest energy state (n = 1) 

Ane fe (6.63 x 10-34)? 
1= mÊ 8X9.11% 10-3! x 6.0 10-2 
= 2.41x 10-9 J = 1.5 eV 


The energies of the next two states (n= 2 and n= 3) are (2)? 1.5 eV 
= 6.0 eV and (3)? 1.5 eV = 13.5 eV respectively. 
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Table 13.1 The hydrogen spectrum (some selected lines) 


Name of Quantum number Wavelength 
series i j 
(lower state) (upper state) 


107° m (or A) 


1216 
1026 
970 
949 
940 
912 


Layman 


eee 


6583 
4861 
4341 
4102 
3970 
3650 


Balmer 


18751 
12818 
10938 
10050 
9546 
8220 


Paschen 


g'e Soo 8 QUA Banaue 


VVU NNNNNN 


EXAMPLE 13.2 A dust particle of mass 1.0 ug is confined to move in 
a line between two walls separated by 0.1 mm. The speed of the parti- 
cle is 10-6 ms“. Does this system belong to the realm of quantum 
physics? Give the reason for your answer. 
Solution: 

m = 1.0 pg = 1.0Xx 1076 g = 1.0x 10-9 kg 

l = 0.1 mm = 1.0 10-4 m 

v = 10-6 ms! 
Let us find the quantum number n that describes the motion of the 
particle. The energy in the nth Stationary state is 


En = sme? = +* 10x (10-9)? = 5x 10-22 J 


But 
oc 
xy Eat 
h E BmE we 


h 


ee ee 


Aveda 
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Substituting the values of m, En, 1 and h, we get 
S73 X10" 


The value of n is so large that no experiment will be able to distin- 
guish between n and (n + 1) energy states. Hence this problem does 
not belong to the realm of the quantum physics; classical physics 
works extremely well. It is for this reason that the motion of planets 
round the sun is not quantized; it can be accurately described by classi- 
cal physics. But the motion of the electron in Example 13.1 is quantiz- 
ed and cannot be described correctly by classical physics. 


EXAMPLE 13.3. Obtain a formula for the frequency of radiation 
emitted when a hydrogen atom de-excites from level to level (n—1). 
For large n, show that this frequency equals the classical frequency of 
revolution of the electron in the orbit. 
Solution: From Eq. (13.15) we have for nz = n — 1 and m = n, 
pity BEL | 1S toy ob 
Beh’ |(n— 1? r 
E met EEN) 
~ 8623 n(n — 1)? 
For large n (i.e. n > 1); (Qn — 1) = 2n, (n — 1)? = n? so that, we 
get 


me | f 
E 4a (i) 


The frequency at which the electron revolves round the nucleus is 
given by [see Bg. (13.12)]. 

= Ya 

~ att, 


Yr 


Using Eq. (13.9) for rn and Eq. (13.11) for vn, we get 
VInne vi F 
Fea ae g 
which is the same the expression for v in Eq. (i) above. 


Exampre 13.4 Using Bohr’s formula for energy quantization, 
determine 

(i) the largest wavelength in the Balmer series of the hydrogen atom 
spectrum, 
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(ii) the excitation energy of the n = 3 level of Het atom. 
(iii) the ionization potential of the ground state of Li** atom. 
Solution: (i) For Balmer series, n2 = 2 so that, from Eq. (13.15) the 


frequencies of radiation for the Balmer series are given by [setting 
m= 2 and m = n in Eq. (13.15)] 


Agate nets pt). tt (i) 
9 gee e eB 
Hence Wavelength A, = © (ii) 


In Balmer series, the smallest frequency corresponds to n = 3 which 
is 


i 83h? 
= 4.571 X 10" Hz 
Using this value in (ii) we get ('.' c = 3.0 108 ms~!) 
à = 6563 A 
(ii) For Het atom, the atomic number Z = 2. The energy required 


to excite the atom from the ground state (n = 1) to the n = 3 state is 
given by 


E; — E = me Ek 3) 


= 7.696 x 10-18 J = 48.1 eV 


(iii) For Lit+ atom, Z = 3. The ionization energy is the energy 
required to shift the electron from the ground state (7i = 1) to the 
state n = œ. Thus 

Ionization energy of Li** is 


2 
Es — E = "ZAR = 122 eV 
€0' 


Therefore, the ionization potential is 122 V. 


EXAMPLE 13.5 ` An electron of energy 20 eV collides with a hydrogen 
atom in the ground state. As a result of the collision, the atom is 
excited to a higher energy state and the electron is scattered with 
teduced velocity. The atom subsequently returns to its ground state 
with emission of radiation of wavelength 1.216x 10-7 m. Find the 
velocity of the scattered electron. 
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Solution: The energy lost by the electron in exciting the hydrogen 
atom = energy corresponding to à = 1.216 X 1077 m, 


Spee 
= hy x 


__ 6.63 X 10734 x 3.0 x 108 


EKIO = 16.36x 10719 J 


Now, 
Initial energy of electron = 20 eV = 32x 10° J 
Hence the kinetic energy of the scattered electron is 
E = 32x10-9 J — 16.36x 1071 J 
= 15.64x 10°? J 
The velocity 2 of the scattered electron is given by 


Sm =E 


or v= JE 
m 


_ [2x 15.64 x 10719] "2 
9.11 x 1073! 


= 1.86 x 106 ms™! 


13.4 ATOMIC MASSES 


As we shall see later, an accurate determination of the atomic mass of 
an element is essential because it provides considerable insight into 
the nulear phenomena. Mass spectrometers are instruments used to 
measure atomic masses. A variety of mass spectrometers have been 
devised by different workers but a simple spectrometer, called the 
Bainbridge mass spectrometer, will be discussed here. A schematic 
diagram of this spectrometer is shown in Fig. 13.9. It is based on the 
motion of charged particles in electric and magnetic fields. The sub- 
stance or element whose atomic mass is to be determined is obtained 
in the form of ions. This can be done either by electron bombard- 
ment (if the substance is a gas) or by electric arc discharge (if the sub- 
stance is a solid). A beam of ions, emerging from their: source, is 
accelerated in an electric field (not shown in figure) and made to pass 
through two very narrow slits Sı and Sz which actas a collimator for 
the ion beam. A narrow beam of ions from $iS2 enters, the velocity 


618 Physics for Class XII 


Velocity 
selector 


Magnetic field 
up from paper 


Fig. 13.9 Bainbridge mass spectrometer 


selector. The velocity selector allows the ion beam of a particular velo- 
city to pass through it and it consists of uniform electric and magnetic 
fields at right angles to each other and to the beam. The direction and 
magnitude of these fields are so adjusted that the deflection of the 
beam due to electric field counteracts the deflection due to magnetic 
field, i.e. the forces due to two fields on the ion are in opposite direc- 
tions. If Æ and B are the magnitude of electric and magnetic fields, 
respectively, and q and v the charge and velocity of the ion, gE = Bqu 
for no net deflection of ion in the velocity selector. 


E 


pet 
Only the ions having velocity equal to E/B pass through the velocity 
selector vertically while the others will hit the electric field plates PP. 
These ions of the same velocity enter a region of uniform magnetic 
field after emerging from a narrow opening A. In the magnetic field 
they follow circular paths whose radius R can be found by equating 
the magnetic force Bqu with centripetal force, i.e. 


7 mv? 
E Ri 


Reg 
t 


or wa 


Since q, B and v are known, determination of R yields the value of m, 
the mass of the ion. y 

The ions after traversing a semicircular path in the magnetic field 
strike the photographic plate. Wherever the beam of ions strikes the 
plate, a dark line is produced on the plate. The distance between the 
opening A and the position of the dark line gives 2R (and hence R). 
Knowing R, m can be determined, 
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Atomic Mass Unit 


The mass of the carbon-12 atom is measured to be 1.992678 x 10-*kg 
which is very small. Therefore, a convenient unit is chosen (arbitrarily) 
for expressing the mass of atoms. This unit is defined to be 1/12 of 
the mass of carbon-12 atom, and its symbol is u. Thus 


— mass of carbon-12 atom 


lu 12 
__ 1.992678 x 10776 kg 
om 12 
or 1 u = 1.660565 x 10-27 kg 


In terms of this unit, the mass of an electron (me) = 0.00055 u 
= 9,11x 107! kg and the mass of a proton (mp) = 1.0073 u 
= 1.6726 107? kg. The mass of a hydrogen atom = me + mp 
= 1.0078 u. Table 13.2 shows the masses of some common elements 
in terms of the atomic mass unit (u) defined above. 


Table 13.2 Atomic masses of some common elements ` 


Atomic Element Symbol Atomic mass 
number (u) 
1 Hydrogen H 1.00794 
2 Helium He 4.0026 
6 Carbon C 12.011 
7 Nitrogen N 14.0067 
8 Oxygen oO 15,9994 
11 Sodium Na 22.9898 
17 Chlorine cl 35.453 
19 Potassium K 39.0983 
20 Calcium Ca 40,08 
26 Iron Fe 55,847 
29 Copper Cu 63.546 
47 Silver Ag 107.868 
78 Platinum Pt 195.08 
79 Gold Au 196,966 
80 Mercury Hg 200,59 
82 Lead Pb 207.2 
92 Uranium U 238.0289 


13.5 DISCOVERY OF THE NEUTRON 


According to the Rutherford and Bohr model, the mass of any atom 
is nearly equal to the mass of its nucleus which contains positively 
charged particles called protons. The number of protons is equal to 
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the number of electrons and this is called the atomic number of the 
atom. If one looks at Table 13.2, one finds that the atomic mass is 
approximately twice the mass of protons in case of light nuclei and 
this ratio is more in the case of heavier nuclei. For example, helium 
has a atomic mass of 4.0026 u and it has an atomic number 2, i.e. it 
has two electrons and two protons, The mass of two electrons and two 
protons comes out to be = 3.34% 10-27kg or 2.01565, which is 
nearly half the measured mass of helium. Similarly, one can take the 
case of any other element. Many other hypotheses were put forward 
to explain this anomaly, but were rejected for one reason or the other. 
This discrepancy of the mass of the nucleus continued till the dis- 
covery of the neutron by James Chadwick in 1932. It was found earlier 
that a highly penetrating radiation is produced when an alpha parti- 
cle (helium nucleus) strikes a light metal such as beryllium. Chadwick 
performed additional experiments and established that the penetrating 
radiations consist of particles rather than electromagnetic waves. 
Further, he found that (i) the mass of these particles is nearly equal to 
that of proton and (ii) they are electrically neutral because of their 
high penetrating power. He gave the name neutron to this new particle. 
Neutrons account not only for the experimental results described 
above but also fit perfectly well to account for observed atomic masses 
of elements, 


Chadwick’s Estimate of the Mass of a Neutron 


Chadwick estimated the mass of a neutron by comparing the maxi- 
mum velocity Uy imparted to a hydrogen atom when a neutron 
collides with it head-on with the maximum velocity Un imparted to a 
nitrogen atom when a neutron has a head-on collision with it. Let m 
be the mass of a neutron and F its initial velocity. Let M be the mass 
of the stationary atom (hydrogen or nitrogen) and let U be its speed 
after a head-on collision with the neutron, Let V’ be the speed of the 
neutron after the head-on collision. Then from the conservation of 
linear momentum, we have 


mV = MU + my’ (13.18) 
The conservation of energy gives 
1 1 1 
myI U2 + mp2 
7 mV 7 MU? + ymnv (13.19) 
Eliminating V’ from Eqs (13.18) and (13.19), we have 
eee a (13.20) 
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The speeds Uy and Uw are obtained from Eq. (13.20) by substituting 
M = 1 unit for hydrogen and M = 14 units for nitrogen respectively, 
ie. 


mvs 
UH = CaF 1) 
_ 2m 
and Un = m+ 14) 
$i Un _ (m+ 14) 
giving Tle aD (13.21) 


Chadwick measured Un and Un. His values were Un=3.7 X 10’ms™! 
and Ux = 4.7x 107 ms“. Substituting these measured values in 
Eq. (13.21), Chadwick estimated m œ 0.9 u. The mass of a neutron 
is now known to a high degree of accuracy. The modern accepted 
value is 


mn = 1.00866 u = 1,6749x 10-77 kg 


Chadwick was awarded the Nobel prize in physics in 1935 for his dis- 
covery of the neutron. 


Composition of the Nucleus 


The composition of a nucleus can now be described as follows: the 
nucleus of an atom contains protons and neutrons; they are collectively 
called nucleons, The total number of nucleons is called mass number 
and is denoted by A. The number of protons in a nucleus is called its 
atomic number which is denoted by Z. The number of neutrons is 
denoted by N, so that 
A=Z+N 

i.e. mass number = total number of protons + total number of 
neutrons = total number of nucleons. 

According the latest convention, nuclear species are described by the 
notation 


2x 


where X is the chemical symbol of the element whose mass number is 
A and atomic number Z. For example, helium nucleus has two pro- 
tons and two neutrons and the chemical symbol for helium He, so a 
helium nucleus is written as 3He. Similarly 32U represents a uranium 


nucleus consisting of 92 protons and (238-92) = 146 neutrons. 
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Isotopes 


After a careful analysis of the photographic plate of a mass spectro- 
meter (Fig. 13.9), it was found that the ions of the same element give 
more than one line, out of which one is much darker than the rest. 
This shows that the ions, and hence, atoms of the same element have 
more than one mass out of which one is relatively more abundant 
than the others. The atomic mass ofa given element is the weighted 
average of these masses. For example, when a study of chlorine was 
made, two lines, which corresponded to masses 34.980 u and 36.977 u, 
were observed. Also, chlorine was found to be composed of 75% of 
the former and 25% of the latter. The weighted average of the mass 
of chlorine is 35.453 u. Also, the former corresponds to a mass 
number of 35 while the latter corresponds to 37. Such atoms of the 
same element are called isotopes. Isotopes are atoms of the same 
element which have different atomic masses, i.e. they have the same 
Z but different A. Since the atomic number of chlorine is 17, the two 
isotopes of chlorine are HCl and HCl. Similarly, oxygen has three 
isotopes Yo! 30 and Hon 


13.6 MASS DEFECT AND BINDING ENERGY 


It can be seen easily that the mass of the nucleus of an atom is not 
equal to the sum of the masses of its nucleons. For example, let us 
consider the 4He nucleus. Helium nucleus has 2 neutrons and 2 protons 
and the mass of helium nucleus is 4.0015 u. 

Mass of two protons = 21.0073 = 2.0146 u 

Mass of two neutrons = 2X 1.0087 = 2.0174 u 
Total mass = 4.0320 u 

Therefore, the mass of the constituent parts of the helium nucleus is 
gteater than the mass of the helium nucleus. This holds for all nuclei. 
This difference between the rest mass of a nucleus and the sum of the 
rest masses of its constituent nucleons is called mass defect. In the case 
of helium, 

Mass defect = 4.0320 — 4.0015 = 0.0305 u 


Similarly, the mass of deuteron (7H) nucleus, an isotope of hydrogen, 
is 2.0136 u, and the combined mass of its constituent nucleons (one 
proton and one neutron) is 2.0160 u. 

Therefore, 


Mass defect = 2.0160 ~ 2.0136 = 0.0024 u 


| 
d 
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The reason for the mass defect in a nucleus can be understood in 
terms of Einstein’s famous mass energy equivalence relation: 


E = mc (13,22) 


where E is the energy of an object of mass m and c is the speed of 
light in free space. It states that an object of mass m has an energy 
content equal to its mass times the square of the speed of light. Thus 
an object of mass 1 kg has an energy content of (1 kg) (3.0 
x 108 ms™!)? = 9x 10! J; Equivalently, the mass associated with an 
energy E is E/c?. 

In units of MeV (million electron volt), the energy equivalent of the 
mass of an electron = mec? = (9.11 X 10-3! kg) x (3.0 x 108 ms™!)? 
= 8.2x 1074 J = 0.511 X10%eV = 0.511 MeV. Thus 


lu = 931.5 MeV 


Binding Energy 


When the nucleons combine to form the nucleus the total energy of the 
system (including the mass energy equivalence) remains constant 
although the mass may not. In the nucleus, the nucleons are held or 
bound together with some potential energy called the binding energy 
which comes at the expense of the increase in the total mass of the 
system. Since the energy is conserved, the decrease in mass (accord- 
ing to Binstein’s mass-energy equivalence) or the energy of the system, 
means that energy must be released in combining the nucleons together 
in the nucleus. Correspondingly, the same energy must be given to a 
nucleus if it is desired to break the nucleus into its parts. This situa- 
tion is analogous to the situation in chemical reactions. We know that 
energy is released when carbon and oxygen combine to form carbon 
dioxide and the same amount of energy has to be added if we wish to 
decompose carbon dioxide into carbon and oxygen. In the case of 
helium, the energy released would be 0.03054 u = 0.03054 931 
= 28.3 MeV, while in deuteron 
it would be 0.0024 u =2.22 MeV. 222MeV e 
If we wish to break a deuteron we 
~ Photon (0) 

nucleus into a proton and a neu- 
tron, a photon of 2.22 MeV can Fig, 13.10 Breaking a deuteron 
be used as shown in Fig. 13.10. by a photon 

The total energy that would be 
released ifa nucleus is built from its constituents is called the binding 
energy of the nucleus. In the case of deuteron, it is 2.22 MeV, while in 
the case of 3He it is 28.3 MeV. These values are about a million times 


i 
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greater than the energy of the atomic electrons. The binding energy 
can also be defined in the reverse way, i.e. the energy required to 
separate a nucleus into its constituents. 

Consider a nucleus ZX of atom X; it contains Z protons and (A —Z) 
neutrons, The mass defect is 


4m = Zm + (A — Z)ma — mn 


where mn is the nuclear mass (not the atomic mass) of ax. Therefore, 
the binding energy of the nucleus is (using mass-energy equivalence) 


(B.E.) = (4m)? = [Zm + (A — Z)m — my] (13.23) 


This is the energy needed to split the nucleus into Z protons and 
(A — Z) neutrons. Now the mass of the nucleus (my) is not known. 
What is known (i.e. measured by experiment) is the atomic mass m 
which includes the mass of Z electrons also (i.e. Zme). These electrons 
are bound to the nucleus by electrostatic forces and, therefore, have a 
binding energy of their own, which from the mass-energy equivalence 
is given by 

(B.E.)e = [(mn + Zm) — mlc? (13.24) 


Now the binding energy of electrons (B.E.)e is negligible compared to 
the binding energy of the nucleons (B.E.)n; the former is of the order 
of eV to keV and the latter is of the order of 103 MeV. Hence it is a 
safe approximation to set (B.E.)e = 0 in Eq. (13.24) so that we get 


mn + Zm — m = 0 


or my = m — Zm 
Thus, in terms of atomic mass m, Eq. (13.23) reads 
(B.E.)n = [Z(m + me) + (A — Z)ma — mic? (13.25) 


Now, we know that hydrogen atom contains one proton and one 
electron, so that 


my = Mp + me 


where mu is the atomic mass of hydrogen. In terms of mu, Eq: (13.25) 
becomes 


(B.E) = [Zma + (4 — Z)ma — mc? (13.26) 
Therefore, binding energy per nucleon is 
B BE ata [Zma + (A nam = m] (13.27) 


The binding energy per nucleon can be computed for all nuclei. The 
plot of the binding energy per nucleon versus the mass number A is 
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Fig. 13.11 Plot of B as a function of A 


interesting (Fig. 13.11). Except for an anomalously high peak near 
3He, the curve is regular. The nuclei in the middle range (A from 50 
to 80) haye the highest binding energy per nucleon showing thereby 
that the elements ranging from A = 50 to A = 80 are the most 
stable. Another significant feature of this curve is that as one 
approaches the central portion of the curve, i.e. the region of higher 
binding energy per nucleon, energy is liberated. As we shall discuss 
later, when thermal neutrons strike a KAS atom, uranium breaks up 
into two light elements and the binding energy per nucleon changes 
from 7.6 MeV to nearly 8.4 MeV. Greater binding energy per nucleon 
results in the liberation of energy. This is what happens in fission 
which is the basis of the atom bomb. Similarly, when two extremely 
light nuclei are combined to form a heavier one, the higher binding 
energy per nucleon of the latter also results in the evolution of energy; 
e.g. when two deuterons are joined to make a helium (3He) nucleus, 
about 23 MeV would be liberated. This is what happens in fusion 
which is the basis of the hydrogen bomb. 

The increase in the binding energy per nucleon for very light nuclei 
can be attributed to the fact that as the mass number increases, on the 
average, each nucleon has more neighbours to which it is bound. But 
this increase is not steady and at some stage saturation occurs, i.e. on 
the average, the same number of nucleons surround each nucleon. 
The decrease in binding energy per nucleon for heavy nuclei is due to 
large Coulomb repulsion between a proton in the outer part of the 
nucleus and all other protons. It is easy to show that in the case of a 
25U nucleus (radius ~9x 10-15 m), the Coulomb repulsive force 
between an outer proton and the rest of the 91 protons is about as 


large as 270 N. 
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EXAMPLE 13.6 Determine the binding energy and the binding energy 
per nucleon of the nucleus of '80. Given mu = 1.007825 u, 
ma = 1.008665 u and atomic mass of "$O (m) = 15.994915 u. 
Solution: In this case, Z = 8 and A = 16 
Mass defect (4m) = Zma + (A — Z)ma — m 
= 8x 1.007825 + (16 — 8) x 1.008665 
— 15.994915 
= 0.137005 u 
Binding energy = (4m)c? 
= 0.137005 x 931.5 MeV 


= 127.620 MeV 
Binding energy per nucleon = 127.620 MeV. 
= 7.976 MeV 


EXAmpLe 13.7 How much energy is needed to remove a neutron 
from the nucleus of 3)Ca? Given mna = 1.008665 u, atomic mass of 
20Ca (m) = 40.962278 u and atomic mass of $8Ca (m) = 39.962591 u. 


Solution: Let my be the nuclear mass of 39Ca and mn that of 35Ca. 
Then the neutron Separation energy Sn (i.e. the energy needed to 
remove a neutron from the nucleus) is given by 
Sa = (mk + m — my) 
= [(mN + Zm.) + m — (my + Zme)\c? 
(adding and subtracting Zme). 


But my + Zme = m and mn + Zm. = m, where we have ignored 
the electron binding energies as before. Hence, in terms at atomic 
masses m and m’, we have 


Sn = (m + mn — m) c2 


Using the given values of m, m' and mn and noting that c? = 931.5 
MeV/u, we get 


Sn = 8.362 MeV 
13.7 NUCLEAR DIMENSIONS AND NUCLEAR DENSITY 
Rutherford’s experiments of the Scattering of alpha particles from thin 


metal foils provide a Tough estimate of the size of the nucleus 
(~10-5 m). By Performing scattering experiments with fast electrons, 
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sizes of nuclei of different elements have been accurately measured. 
If the nuclei are assume spherical, their volumes can be estimated. If 
R is the radius of the sphere, its volume is 47R3/3. 
Experimental measurement show that the volume of a nucleus is 
proportional to its mass number A. This means that Roc A!/3 or 
R= RA! (13.28) 
where the empirical constant Ro is found to be 1.1x10~'5m. Since 
volume œ R? and R? œ A, it is clear that the density of nuclear 
matter is independent of the size of the nucleus. For a helium nucleus, 
A = 4, Therefore the radius of helium nucleus is 
R = RA! = 1.1X 10-5 x (4)18 = 1.9x 10-5 m 


3 
Volume of helium nucleus = se = 28.9 x 10-4 m3 


Also the mass of a helium nucleus = 4.0015 u = 6.64 x 10-27 kg, 
Hence, the density of helium nucleus is 
+ -27 
p = SEE S 2.29 1017 kg m`? 
It is very large when compared to the density of ordinary matter, say 
water, for which P = 103 kg m~3. Thus nuclear matter has enormous 
density of the order of 10!7 kg m=, Such high densities are found in 
white dwarf stars or neutron stars in the universe (see Chapter 15). 


Exampte 13.8 Find the approximate ratio of the nuclear radii of 
iron 3$Fe and calcium 39Ca, What is the approximate ratio of their 
nuclear mass densities? 
Solution: 
R(Fe) = RoX(56)'/3 and R(Ca) = RoX (40)! 

R(Fe) _ i iy 

RCa ~ (0) = 1.12 
The density of nuclear matter is almost independent of the radius of 
the nucleus. Thus, the nuclear mass densities of Fe and Ca are very 


nearly equal. 


13.8 NUCLEAR FORCES 


An interesting question arises when we consider the fact that the pro- 
tons in a nucleus should repel each other since they are each positively 
charged. Experiments tell us that the average distance between protons 
is approximately 10-!5 m. Coulomb’s law tells us that at such short 
distances the repulsive forces between protons must be extremely large. 
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Why don’t the protons fly off from the nucleus under such a large 
repulsive force? What holds them together in the nucleus? These 
questions baffled the scientists for quite some time. They argued that 
the gravitational force of attraction between protons is much weaker 
than the electrostatic repulsive force and hence could not hold the 
nucleus together. Some new force that is much stronger than the 
previously known forces must be involved. They called this new force 
the nuclear force. 

The nuclear force is an attractive force that acts between all nucleons. 
It is a very strong force; but we do not feel it in everyday life. The 
reason is that nuclear force is a very short-range force. It is very 
strong between two nucleons which are 10-!5 m apart and is almost 
negligible at a distance only slightly greater than this. On the other 
hand, the electrostatic, magnetic and gravitational forces are long- 
range forces and so we can feel them even at fairly large distances. 

Nuclear forces have a strange behaviour. If a nucleus contains too 
many protons compared to the number of neutrons, or too many neut- 
rons compared to the number of protons, the nuclear force becomes 
weak. The nuclei of such elements become unstable and show a 
tendency to disintegrate. Nuclei with Z > 82 (ie. lead) show this 
unstable behaviour. They acquire stability by emitting alpha, beta and 
gamma rays. This phenomenon of self-emission is called radioactivity 
which we will study in the next section. 

Another feature of nuclear forces is that they are charge-independent. 
Experiments on the scattering of protons and of neutrons from nuclei 
show that the nuclear force between two protons or between two 
neutrons or between a proton and a neutron, is nearly equal showing 
that nuclear force does not depend on the charge ofthe particles. 


13.9 RADIOACTIVITY 


The story of the nucleus actually began in 1896 when Henri Becque- 
rel accidently discovered natural radioactivity. One day he left some 
uranium salt on a photographic plate. The plate was wrapped in black 
paper and was lying in a dark room. When he developed the photo- 
graphic plate, he found, to his surprise, that the plate had got affected 
and was darkened. Later, he repeated the experiment with other salts 
of uranium. From his experiments he concluded that uranium and its 
salts emit invisible radiations which can pass through paper, wood, 
glass etc., and affect the photographic plate. The phenomenon of self- 
emission of radiation is called radioactivity and the substances which 
emit these radiations are called radioactive substances, 
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A few years after Becquerel’s discovery, Marie Curie and her 
husband Pierre Curie discovered the highly radioactive element radium. 
Further experiments revealed that many other naturally occurring 
compounds of heavy elements like thorium also emit these radiations. 
Today we know that all the naturally occurring elements with atomic 
number Z greater than 82 (i.e. heavier than lead) are radioactive, 
Some examples are radium, polonium, thorium, actinium, uranium, 
etc. 

It was found that, in each case, the radioactivity was not affected 
by the strongest physical and chemical treatments. Excessive heating 
or cooling or the action of powerful chemical reagents! had no effect 
on the activity of these radioactive elements. It became clear that the 
electrons orbiting the atom were not responsible for radioactivity 
because if they were, the activity should have been affected by chemical 
reactions. The source of radioactivity, therefore, must be deep inside 
the atom, far from the orbiting electrons. Indeed, a few years later, 
Ernest Rutherford found that the radioactivity was accompanied by 
the transformation of one element into another. It then became clear 
that radioactivity is the result of the disintegration of an unstable 
nucleus. The isotopes of certain elements are not stable under the 
action of the nuclear force. These unstable nuclei decay by emitting 


radiation or rays, 


Alpha, Beta and Gamma Radiations 
In 1898, Rutherford and: others began to study the nature of the 
emitted radiations. The radiations 
from a radioactive material such as 
radium were made to pass through 
a strong magnetic field as shown 
in Fig. 13.12. The direction of the 
magnetic field is perpendicular to 
the plane of the paper and away 
from the reader. This is shown by 
crosses (X ) in the diagram which 
represent the ends of the arrows 


Magnetic field 
od pune the: page) 


Radioactive 


" sample 
pointing into the paper. Under i 
5 $ (Radium) 
the action of the magnetic field, 
Lead block 


the radiation separated into three 


ee sucet parais oo ta fie Fig. 13.12 Effect of magnetic field 
figure. One part of the radiation PEORES eniiied 


was deflected to one side, another from a radioactive source 
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part was deflected to the other side, while the third part remained 
undeflected. These three kinds of radiations were named alpha («), 
beta (8) and gamma (Y) radiations. 

Applying Fleming’s left-hand rule, we find that the radiation that 
is deflected to the left (see Fig. 13.12) must have a positive charge; 
this radiation is called «-radiation or «-particles. The radiation that is 
deflected to the right has a negative charge and is called -radiation 
or B-particles. The radiation that remains undeflected must be neutral 
and is called Y-radiation or Y-rays 

An alpha particle is a helium nucleus (3He) having two protons and 
two neutrons. It has a positive charge equal to the charge of 2 protons 
and mass about 4.0015 u. It has an initial speed of about 107 ms-!. 
These particles have very little penetrating power and can be stopped 
even with a thin paper. 

Beta particles are just electrons, Their speeds are nearly equal to the 
speed of light. They are much more penetrating than «-particles. 

Gamma-rays are high frequency (or short-wavelength) electromag- 
netic radiations having a high-penetrating power. 


Alpha Decay 


The process of emission of an %-particle from a nucleus is called 
alpha decay. It occurs generally for nuclei containing 210 or more 
nucleons. When a nucleus emits an alpha particle, it loses two protons 
and two neutrons which means that the daughter nucleus has its mass 
number smaller by 4 and its atomic number smaller by 2. In other 
words, we have a nucleus of another element. For example, when 
92U decays with the emission of an «-particle, the daughter nucleus 
will have a mass number 234 and an atomic number 90 which corres- 
Ponds to the element thorium. Hence the resulting nucleus will be 
90Th. Hence, as a result of %-particle emission, a new element is 
formed. 

The transformation of a nucleus 2X into a nucleus zzy by alpha 
decay can be represented by an equation 


2X > 223Y + dhe (13.29) 


The decay is accompanied by release of energy Q which can be found 
from Einstein’s mass-energy equivalence relation which gives 


Q = (mx — my — mu) è (13.30) 


The daughter nucleus 4274Y and the alpha particle 3He share this 
energy. 
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The speed of the emitted alpha-particle can be calculated by apply- 
ing the principles of conservation of momentum and energy. Suppose 
the parent nucleus ZX is at rest before it undergoes alpha decay. Let 
vue and vy be the velocities of the alpha particle and the daughter 
nucleus. From the principle of conservation of mometum, we have 


myvy = MHUHe (13.31) 


Let Q be the energy released in alpha decay. From the. principle of 
conservation of energy, this energy must be equal to the sum of the 
kinetic energies of the nucleus Y and the alpha particle, i.e. 


Q=} my + + me tie (13.32) 


Eliminating vy from Eqs (13.31) and.(13.32), we get 


1 OTHE my { 
z Mie He = EESTE Q (13.33) 


Now my œ (A — 4) atomic mass units and mue œ 4 atomic mass 
units. Using these in Eq. (13.33), we have 


1 A-—4 
z Mie Vite = pap rae Q 
2A — 4)0 
or UHe =j FE (13.34) 


where the value of Q is computed from Eq. (13.30). 

Let us compute vae in the decay of a radon nucleus Rn. In this, 
a-decay the energy released is Q = 5.587 MeV. = 5.587 x 10° x 1.6 
10-19 J, Also A = 222, (A — 4) = 218 and mses œ 4.00 u = 4.00 
x 1.66 x 10727 kg. Using these values in Eq. (13.34), we get 


Uge & 1.62107 ms“! 


Beta Decay 

The process of the emission of an electron from a nucleus jis called 
beta decay. In this process also, the nucleus achieves greater stability 
by emitting an electron. A neutron inside the nucleus is changed into 
a proton by the emission of an electron. Because the mass of an elect- 
ron is negligibly small, the mass number of the resulting nucleus 
remains unaltered but its atomic number is increased by one. For 
example, when a radium nucleus 228Ra emits a B-particle, the resulting 
element is an isotope of actinium “s9Ac. Thus in B-decay also, a new 
element is formed. 
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The transformation of a nucleus 2X into the nucleus 24; Y by £- 
decay is represented by an equation 


2X > 2vt¥ + e- (13.35) 


For a given disintegrating nucleus, the energy (and hence velocity) of 
the a-particle in alpha decay is fixed [see Eq. (13.33)]. But this is not 
true of B-decay. Experiments show that the energy of the emitted 
electron varies continuously from zero to a maximum value. To 
account for this, Pauli, in 1930, postulated that an uncharged particle 
(which interacts very weakly with matter and hence escapes undetec- 
ted) is emitted along with the electron. This particle was named anti- 
nutrino (9) so that Eq. (13.35) is to be corrected as follows: 


2X > 2A + eo +9 (13.36) 


Similarly the B-decay of a free neutron (n) into a proton (p) is 
correctly described as 


n>pte Hy (13.37) 


Gamma Decay 


Gamma rays are high-frequency electromagnetic radiations (i.e. pho- 
tons) which do not carry any charge. Hence in Y-decay, the mass 
number and the atomic number of the nucleus remain unchanged so 
that no new element is formed. 

When an «-decay or a B-deċay occuts in a radio-isotope, the 
daughter nucleus is mostly in an excited state and it achieves stability 
by the emission of one or more gamma rays (photons). For example, 
the unstable cobalt nucleus Co B-decays to an excited S°Ni nucleus 
which in turn reaches the stable ground state by emitting photons of 
energies 1.17 MeV and 1.33 MeV in two Y-decay transitions. 


Radioactive Decay Law 


Since the number of atoms in any substance is very large, radio- 
active emissions are essentially statistical in Nature, i.e. it is not 


Let A be the Probability per unit time for a nucleus of a ‘radioactive 
sample to decay. The parameter À depends upon: the nature of the 
radioactive substance, Let N be the number of the radioactive nuclei 
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present in the sample at an instant of time. The number dN of radio- 
active decays in a time interval dż can be obtained as follows, Since A 
is the probability per unit time for a single nucleus to decay, in a 
time interval dt, the probability for that nucleus to decay will be àdt. 
Since number of radioactive nuclei present is N, the number | dN | of 
radioactive decays in time interval dt will be given by 


dN = —AN dt 


The negative sign is included because the number N of radioactive 
nuclei decreases with time due to decays. Dividing by N we get 


dN 
SAGE —Adt (13,38) 
Integrating this equation, we have 
InN = —At-+ In A (13.39) 


where A is the integration constant. Let No be the number of radio- 
active nuclei present initially, ie. at time ¢=0. Putting t= 0 
and N = No in Eq. (13.39), we get 
In No = In A 
so that Eq. (13.39) becomes 
In N = —At + In No 


' or 


eK 
in (ie) = —™ 
or 
N = oM 
No | F 
or 
N = No e™ (13.40) 


Thus, the number of active nuclei in a radioactive sample decreases 
exponentially with time. Figure 13.13 shows a plot of N versus t which 
is the radioactive decay curve. 

Half-life (Tu2) Radioactive decays are characterized by a time cons- 
tant Tı, called the half-life. The half-life of a radioactive isotope is 
the time in which half of the number of nuclei decay. For a given 
isotope, the value of half-life is a constant independent of N. This 
can be seen from the decay curve in Fig. 13.13. For example, the 
half-life of radium —226 (3sRa) is 1620 years. This. means that 2g 
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Fig. 13.13 Radioactive decay curve. After 
Tua seconds the number of unst- 
able nuclei drops by a factor of 2 


of this isotope will decay to | g in 1620 years, to 0.5 g in 2 x 1620 
years, and so on. 

The value of 71/2 is related to A as follows. By definition, N given 
by Eq. (13.40) becomes equal to No/2 in a time t = 71/2. Setting 
N = No/2 andt = Tın in Eq. (13.40), we have 


No ivr 
pass 1 
2 No e7*71/2 
or 
1 
SEL EAT 
2 eA iz 


Taking natural logarithm, we get 
Ti = oy RS (13.41) 


Using the definition of half-life, we can calculate the number of active 
nuclei left after a time ¢ from the relation 
We no) l (13.42) 
where z is the number of half-lives in time ¢, i.e. n = t/T1;2. 
The half-lives of radioactive nuclei vary over a very wide range 
from 107!5 s to 10" years. The half-life of 712Po is 3x 10-7s while that 
of 8aPb is 1.4% 107 years. 
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Radioactive Decay Rate It is useful to use the concept of the decay 
rate R which is defined as the number of radioactive disintegrations 
taking place in a sample per second, which from Eq. (13.38) is given 
by 


AN ie 
Ri AN 
or 
0.693 
=À ee 
PRY SNe N (13.43) 


As N decreases exponentially with time, R will also decrease exponen- 
tially with time. The SI unit of the decay rate R is called curie (symbol 
Ci) in honour of Madame M S Curie (1867-1934). It is defined as 
the decay rate of 3.7 x 10!° disintegrations per second, i.e. 


1 Ci(curie) = 3.7 x 10" disintegrations/s 
1m Ci(millicurie) = 3.7x 107 disintegrations/s 
lp Ci(microcurie) = 3.7 X 104 disintegrations/s 


Radio Carbon Dating 


One of the most important and recent methods used by anthropolo- 
gists and archaeologists to determine the age of ancient excavations is 
called radiocarbon dating. In the atmosphere there are a number of 
charged particles (of low and high energy) and stable isotopes. When 
the particles strike the stable isotopes, a {number of radioisotopes are 
produced. One of these radioisotopes is 18C which is produced by the 
bombardment of atmospheric nitrogen with high energy neutrons. 
4C is unstable and decays to nitrogen-14 with a half-life of about 
5,600 years. This carbon-14 is incorporated into the atmospheric 
carbon dioxide molecules which are taken by plants because they 
breathe in carbon dioxide. Therefore, some of the radio carbon is 
taken by plants and hence by animals who eat these plants. Ultima- 
tely, the concentration of C in all living organisms is in equilibrium 
with the '6C in the atmosphere because aC decays and C is also 
taken in through carbon dioxide by the plants and hence living 
organisms. When an organism dies, it stops taking carbon-14 from 
the atmosphere, i.e. the exchange of 6C with the atmosphere stops, 
and the activity or concentration of carbon-14 present in the organism 
decreases with time. By measuring the ratio of the concentration of 
eC to 8C in any ancient organism, say a tree, and comparing it with 
the ratio in the corresponding living organism, say a tree which is 
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not cut down or has not died, one can determine the date when the 
organism died. W.F. Libby, an American chemist, made an extensive 
study of this kind and was able to find out the age of a number of 
archaeological artifacts. He was awarded the Nobel Prize in chemistry 
in 1963 for his work in this field. 

EXAMPLE 13.9 The nucleus of “seTh is unstable against #-decay with 
a half-life of 7.6 10° years. Write down the equation of the decay 
and estimate the kinetic energy of the emitted «-particle from the 
following data: 


m(90Th) = 230.0381 u, m(36Ra) = 226.0254 u 


and m(tHe) = 4.0026 u. 
Solution: The equation of the decay is 
230, 226. 


ooTh > “gsRa + 3He + Q 
The energy Q is given by [see Eq. (13.30)] 
Q = [m(Th) — m(Ra) — m(He)|c? 
Using the given data and c? = 931.5 MeV/u, we get 
Q =9.41 Mev 


This energy is shared by Ra and He. If the original nucleus Th is at 
rest, i.e. if the momentum of the system before «decay is zero, the 
total momentum after the decay will also be zero. Thus Ra and He 
will have equal and opposite linear momenta. 


or MHVHe = —MRavRa 
24 42 zia ; 
MHetHe = MRwWRa (i) 


Now 


1 2 
K.E.(He) 2, 7He?He 
1 


KER) py MRadRa 


23 (= UBe\2 mee) 


MRa URa mue, 
= = [use Eq. (i)] 
& = "56.5 (ii) 
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i.e. the kinetic energy of He is 56.5 times that of Ra, the total energy 
being i J 


K.E.(He) + K.E.(Ra) = 9.41 MeV (iii) 
From (ii) and (iii) we have 
KE(Ra) = 0.16 MeV and K.E.(He) ~ 9.25 MeV 


EXAMPLE 13.10 The half-life of “soTh, against o-decay is 7.6 103 
years. How many disintegrations per second occur in 1 g of oT h? 
Solution: T1/2 = 7.6. 103 years 

= 7.6 103 365 x 24x 60 x 60 s 

= 2.40 x 10"! s 


Now 1 mole ofa substance has a mass equal to its atomic mass 
expressed in grams. Hence the number of moles in 1g of Th-230 is 


lg 


230 g mol = 4.348 x 10-3 mol 


Also, 
Number of atoms in a mole of a substance = Avagadro number 


= 6,025 x 1073 atoms/mole 
Hence the number (N) of atoms in 1 g of Th-230 is 
N = 4.348 x 1073 x 6.025 x 1073 

= 32.2x 102° atoms 


The decay rate R is given by [see Eq. (13.43)] 


0,693 x 32.2 107 
To 2,40x 10"! 


= 9,3 10° disintegrations per second 


EXAMPLE 13.11 1 gram of caesium-137 ('33Cs) decays by -emission 
with a half life of 30 years. If the initial activity of caesium is 1.0 
mCi and atomic mass of caesium is ~137 kg per k mol, what is 


(a) the resulting isotope? 
(b) the number of atoms left after 5 years? 
(c) the activity of caesium after 5 years? 
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Solution: (a) Since the mass remains constant and the atomic number 

increases by +1 in B-emission, the resulting isotope has mass number 

137 and atomic number 56. This corresponds to the isotope 3a. 
(b) Initial mass of caesium = 1g 

Now Atomic mass = 137 kg per k mol 

The number of atoms in 1 k mol = 6.023 x 1076 

The number of caesium atoms present in 1g is 


_ 6.023 X 10% 1 


No = 37x0 7 4.396 x 10?! 
T1;2 = 30 years 
t= 5 years 
„AMN k 
Pipa & 


1/6 
N = number of atoms present after 5 years = No (5) 


= 3.907 x 10?! 
(c) Initial activity (Ro) = 1.0 mCi = 1.03.7 107 


disintegrations per second 
1/6 
.. Activity after 5 years (R) = 0.37 108 x (5) = 0.329 x 108 s~! 
= 0.89 mCi 


EXAMPLE 13.12 The normal activity of a living matter containing 
carbon is found to be 15 decays per minute per gram of carbon. An 
archaeological specimen gives 6 decays per minute per gram of carbon. 
If the half-life of carbon is 5730 years, estimate the approximate age 
of the specimen. 


Solution: Let t be the age of the specimen. The rate of decay is 
given by [see Eq. (13.43)] 


R=AN = AN e™ 


or R= Roe™ 
Reco 
or Ro 
Itis given that R/Ro = 6/15 = 2/5, therefore 
Bort JEN 


5 
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Taking the logarithm of both sides, we have 


In () = —At 
“a In(2/5) In(5/2) 
Sail Toes Wee te = 


or X 


But A = In 2/T1)2. Therefore, 


In(5/2. 
-tD 


_ 0.916 
0.693 


= 7576 years 


t 


x 5730 years 


13.10' NUCLEAR FISSION 


Knowing the fact that the emission of a B-particle increases the atomic 
number by one, Fermi and hisco-workers (1934) attempted to produce 
the elements beyond uranium (Z=92) which at that time was the last 
element in the periodic table, They bombarded uranium with neutrons 
and found that -particles with different half lives were emitted. 
Therefore, they concluded that the elements with Z > 92, i.e, the ele- 
ments heavier than uranium, had been formed. Hahn and Strassmann 
made similar experiments in 1939. After the chemical analysis of the 
products they concluded that one of the product nuclei is barium and 
not a heavier.element as predicted earlier. They concluded that the 
neutron bombardment can cause a uranium nucleus to break apart, 
producing two or more fragments of moderate and comparable sizes. 
This process was called nuclear fission (from the latin word fissio which 
means cleaving). Further they found that the reaction is much more 
pronounced with thermal neutrons. Only uranium-235 (79U) under- 
goes this process of fission though naturally occurring uranium has 
99.3% of sU and 0.7% of 3U, We shall see that in this process 
there is a decrease in the mass of the system, and ‘hence a release of 
energy. Since this process can be started at will, it can be controlled 
and the energy liberated provides a good source of energy. 

It was observed that when one thermal neutron strikes a uranium 
nucleus, three neutrons are emitted. In the reaction observed by Hahn 
et al, the product nuclei were MBq and 3¢Kr. Therefore, the reaction 


can be written as 


5U 1 by > Mpa + %Kr+ 3on + O 
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where Q’is the energy of reaction which ‘can be calculated from the 
values of rest masses of different nuclei. The calculation of Q is given 
below. 


Initial masses Final masses 
*33U 235.0439 u {Ba 140.9139 u 
dn 1,0087 u Kr 91,8973 u 
3on 3.0261 u 
236.0526 u 235.8373 u 


Decrease in mass = 236.0526 — 235.8373 = 0.215 u 
Q = 0,215 931.5 MeV = 200 MeV 


Therefore, when one atom of 733U undergoes fission, 200 MeV of 
energy is released. If 1 g of naturally occurring uranium, which has 
about 10*!9 atoms of 2U undergoes fission the total energy released 
would be 200 10!9 MeV = 108 J.’ This is a very large amount of 
energy. Though these calculations assume ideal circumstances, it is 
found that 1.0 kg of uranium delivers as much energy as the combus- 
tion of about 3000 tonnes of coal. 


Chain Reaction 


As mentioned before, when one uranium atom undergoes fission, it 
releases '3 {neutrons (the average number is 2.42). If more than one of 
these neutrons is able to cause fission in the other "3U nuclei, the 
number of neutrons would increase rapidly. Thus, a chain reaction 
can be set up (Fig. 13.14). The fission would proceed at an everincr- 
easing rate and in a very short time the whole of 32U would be 
transformed with the release of a large amount of energy. If such a 
chain reaction is not controlled, the large energy released can cause a 
violent explosion and destroy everything that comes in its way. This 
is the principle of the atom bomb. Further, if the amount of uranium 
is too small, the chain reaction can stop before it releases the amount 
of energy required for explosion. Therefore, if the chain reaction is to 
Start, it is necessary that the mass of uranium be greater than some 
minimum mass called the critical mass or critical size. 


Nuclear Reactor 


The large amount of energy released in nuclear fission can be used for 
many useful purposes if the reaction is carried out under controlled 
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Initial 
neutron 


© Fission 
fragment 


e Neutron produced 
during fission 


Fig. 13.14 //lustrating a chain reaction 
in 235) 
in “92U 


conditions. A nuclear reactor is a device in which the chain reaction 
is a controlled one and the energy released can be used for any of the 
several purposes: to produce power, to supply neutrons, to prepare 
radioisotopes, etc. The first reactor was installed and operated by 
Fermi and his co-workers in 1942 in the USA. In reactors, small pieces 
of uranium are spread throughout a material, called the moderator, 
capable of slowing down the neutrons to thermal energies, so that they 
can cause fission in other nuclei. When a thermal neutron strikes a 
uranium atom, it starts the fission process which results in the split- 
ting of the uranium atom and the production of more fast neutrons. 
These fast neutrons strike the material and lose their kinetic energy 
in repeated collisions with the nuclei of the material and get therma- 
lized. These thermal neutrons strike another piece of uranium and 
again cause fission. Thus, a chain reaction is set up. Whenever this 
chain reaction is to be stopped, some material which is a strong absor- 
ber of neutrons is inserted in between so that the neutrons are absorb- 
ed and the rate of reaction is slowed down. Figure 13.15 shows the 
schematic diagram of a nuclear reactor. Basically, it consists of five 
parts: (i) a core of nuclear fuel, (ii) a moderator for slowing down 
neutrons, (iii) control rods, (iv) coolant or heat exchanger for remov- 
ing heat in the core, and (v) radiation shielding. 

Nuclear fuel is a material that can be fissioned by thermal neutrons. 
It can be either one or all of the following isotopes: uranium-233, 
uranium-235 and plutonium-239. We shall see that when natural 
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Fig. 1315 Schematic diagram of a nuclear reactor 
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uranium is used, plutonium is produced in the nuclear reactor, Usual- 
ly, the fuel is put in different aluminium cans in cylindrical rods 
placed some distance apart. The fuel cans are separated by the mode- 
rator. As mentioned earlier, the moderator is used to slow down the 
fast neutrons produced in the fission Process when thermal neutrons 


can. The material of moderator: (i) should be light, and (ii) should 
not absorb neutrons, Usually, graphite and heavy water (water 
containing deuterium instead of hydrogen) are used as moderators. 

Sometimes the chain reaction, once Started, can liberate an enor- 
mous amount of energy and can go out of hand and this can even 
blow up the reactor. To avoid such an accident, and to regulate the 
power level of the reactor, control tods are used. These control rods 
can be inserted into or drawn out of the reactor fuel core and consist 
of a material that absorbs neutrons, e.g. cadmium, boron or hafnium. 
Usually, cadmium control rods are used. If these rods are drawn out, 
the activity of neutrons increases and if they are inserted into the fuel 
core, the activity of neutrons decreases because they are absorbed by 
the rods. 

The coolant, or heat exchanger, is used to cool the fuel rods and the 
moderator, and is capable of carrying away large amounts of heat 
generated in the fission process. If the moderator, fuel rods, etc., are 
not cooled, the heat generated can melt them. The heat carried by the 
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coolant produces steam that can run a turbine, which in turn can run 
an electric generator as described in Chapter 7. The last part of the 
nuclear reactor is the shielding device. Since the neutrons and the 
fragments in a reactor undergo radioactive decay and produce radia- 
tions which are harmful to life, there must be some shielding device to 
absorb the radiations. For this purpose a concrete wall which is a few 
feet thick is used. 

The nuclear reactor gives a tremendous amount of energy and can 
develop huge amounts of electric and thermal power. In India, a 
number of such reactors have been installed. The first atomic reactor 
at Tarapur was similar to the one described above. The Tarapur 
reactor produces about 400 MW of electric power. 

As mentioned earlier, naturally occurring uranium has only 0.7% 
of 2U and the rest is BU, which is not fissionable. But it is found 
that ŠU can be made fissionable. This is because of the fact that 
when fast neutrons strike uranium fuel in a reactor, 233U (present 
along with 235U) absorbs a neutron and becomes 238U which is radio- 
active and undergoes B-emission twice to get converted into neptunium 
and plutonium according to the reactions 


B 
238 1, 5 2391] —> 239Np ——> 239 
BU + in —> 3U —> *33Np ——> Pu 


2%2pPu itself is fissionable. 23Pu also undergoes «-emission (with a long 
half life of 24,000 years) to produce 23°U. Therefore, using an un- 
fissionable material one produces a fissionable material, i.e. additional 
fuel. 733Pu undergoes fission even with fast neutrons so that there is no 
need ofa moderator in such a reactor, Reactors of this kind are known 
as fast breeder reactors which use thorium (thorium produces fission- 
able 733U) or natural uranium as fuel elements. Such reactors are 


operated in India also, 


13.11 NUCLEAR FUSION 


We have seen that if there is a decrease in mass in a nuclear reaction, 
energy is released and in case of fission this energy can be utilized for 
many practical purposes. From the binding energy per nucleon v. 
mass number curve (Fig. 13.11), it was concluded that the binding 
energy per nucleon for very light and heavy nuclei is small, i.e. these 
nuclei are not stable. Further, it can be seen that the energy released 
per nucleon when a heavy nucleus breaks up (~0.8 MeV per nucleon) 
is less than the energy released when two light nuclei fuse to form a 
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heavier one; e.g. the energy per nucleon in a deuteron is about 1 MeV 
and it is about 7 MeV in He, so that when two deuterons combine to 
form a helium nucleus the energy released is about 6 MeV per nucleon, 
which is quite large as compared to 0.8 MeV in case of heavier nuclei. 
Therefore it was realized that more energy can be obtained when very 
light nuclei which lie on the steep side of the curve (Fig. 13.11), are 
joined or fused to form a heavier one. This process of fusing light 
nuclei into a heavier one is called nuclear fusion and is the basis of the 
hydrogen bomb which was first exploded in 1952. It is well known 
that ‘the explosion in a hydrogen bomb is much more violent than in 
an atom bomb. An idea of the reaction energy can be had from the 
nuclear reaction that takes place. If four hydrogen atoms fuse to form 
a helium atom, the fusion reaction can be written as 


41H + 3He + 28+ + Q 


Using the values of the rest masses of different particles, Q is about 
25.7 MeV. Though this is small compared to the energy in a fission 
process, the energy released per unit mass in fusion is much larger than 
in fission. 

Another important reaction which usually takes place ina hydrogen 
bomb is the fusion of deuteron GH) and tritium (7H) according to the 
equation 


iH + 7H > $He + 17.6 Mev 


There is, however, an important difference between fission and 
fusion as regards the method of starting and maintaining the reaction. 
It is very easy to start a fission reaction because any thermal neutron 
(even a stray Neutron) can start a chain reaction. But in case of 
fusion, the light nuclei must have very high speeds in order to over- 
come the large Coulomb repulsion at very small distances and these 
speeds must be maintained. To obtain such speeds the material must 
be heated to very high temperatures and it is found that temperatures 
of the order of 107 °C, (this is the temperature of the interior of the 
sun), are needed for this purpose. That is why fusion is also called a 
thermonuclear reaction. In an uncontrolled fusion reaction (as in 
hydrogen bomb) such high temperatures are momentarily obtained in 
an atomic explosion of uranium or plutonium. This explosion takes 
place within the mass of the fusile material. 

The above reaction can be controlled and the energy produced can 
be utilized for useful purposes (just like a nuclear Teactor) if it is 
carried out in the laboratory. For this Purpose the energy must be 
supplied to heat the substance to such high temperatures (~ 107°C). 
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The next problem is the confinement of the substance at these high 
temperatures. A lot of research in this direction is being done. One of 
the ways to attain this is to produce a fully ionized gas (called plasma) 
out of light materials. This plasma can be heated electrically by pass- 
ing very high currents (~10° A). The plasma can be confined in what 
is known as a magnetic bottle. The details of this are beyond the 
scope of this book. 


13.12 MOLECULES 


A molecule is made up of atoms; it may consist of atoms of the same 
element, such as Hz, O2, N2, etc. or atoms of different elements, such 
as NaCl, H20, CO2, etc. A molecule is said to be stable if energy is 
required to break it into its constituent atoms. The least energy need- 
ed to break a molecule into its constituent atoms is called its dissocia- 
tion energy (E). 

atoms are held together in a molecule by forces which are essentially 
electrical in nature. A proper understanding of these forces in related 
to the structure of the atom itself. In class XI (Chapter 9) you have 
learnt that the magnitude of the interatomic force depends upon the 
separation R between the atoms. A certain separation R = Ro corres- 
ponds to stable equilibrium. 


Bonding in Molecules 


Atoms are held together in a molecule by the so-called bonds between 
them. These bonds are due to electrostatic forces between the positive 
charge of the nucleus and the negative charge of the electrons. As a 
rule, bonds form if energy is reduced when atoms come near each 
other. Bonds can be broadly classified into the following four types: 


1. Ionic Bond. All bonds form because the electrons of the atoms in 
a molecule come near the nuclei. In some molecules, the electrons 
tend to be nearer one nucleus than the other nucleus. When this 
happens the atoms become ions with opposite charges and hence 
exert on each other a Coulomb force of attraction. It is this force 
which holds the atoms together. Such a bond is called the ionic bond. 
The alkali halides are the best examples of the ionic bond. Consider, 
for example, a sodium chloride molecule; it is diatomic, consisting of 
a sodium atom and a chlorine atom. When the two atoms are brought 
closer together, the weekly bound electron from the sodium atom 
shifts to the chlorine atom. In this process an ion pair is formed—a 
positive sodium ion and a negative chlorine ion. They are attracted 
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towards each other due to Coulomb attraction and they settle down 
in an equilibrium state at a separation Ro, called the equilibrium bond 
length. The equilibrium state is the lowest energy state of the system. 
The repulsion between the electrons in the ions and the repulsion 
between the nuclei prevents the ions from coming closer to each other 
than the bond length Ro [Fig. 13.16(a)]. 


Shared 
electron 


(b) 


1O Sx centre of 
* mass of 
electron cloud 


te) (d) 
Fig. 13.16 Diagrammatic illustration of the types of bonds 


in ‘molecules: (a) ionic bond, (b) covalent bond, 
(c) van der Waals bond and (d) metallic bond 


We can estimate the dissociation energy Eu of a halide molecule by 
using the values of the ionization potential, Ei of the alkali atom, 
electron affinity, Æa of the halogen atom and their equilibrium separa- 
tion Ro. The ionization potential of an atom is the minimum energy 
required to remove an electron from it. The electron affinity is the 
amount of energy released when an atom acquires an extra electron. 

Let us again consider the example of a sodium chloride molecule. 
The ionization potential of sodium atom is Ei = 5.18 eV and the 
electron affinity of chlorine atom is Ea = —3.62 eV. From spectro- 
scopic measurements the internuclear separation between Nat and Cl- 
ions is estimated to be Ro = 2.36 A = 2.36% 107! m. The dissocia- 
tion energy Æa of NaCl can be estimated by the following three steps: 


(i) First assume that 5.18 eV of energy (which is the ionization 
potential of sodium) has been spent in ionizing the Na atom, i;e. in 
releasing an electron from it. 

(ii) The released electron is captured by a chlorine atom, liberating 
3.62 eV of energy (which is the electron affinity of Cl), Hence the net 
amount of energy needed to form a pair of Nat and CU ions from a 
pair of Na and Cl atoms is 5.18 — 3.62 = 1.56 eV. 
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(iii) The Na+ and CI” ions are attracted towards each other until 
they achieve equilibrium at a separation Ro = 2.36% 10710 m, so that 
their Coulomb potential energy is 

ye sali al aga, (1.6 10-9 
4neoRo 4m x (8.85 x 1071) x (2.36 x 10710) 


= —9.75x 107" J = — 6.09 eV 


Therefore energy liberated when Na and Cl atoms form a sodium 

chloride molecule = —(—6.09 -+ 1,56) = 4.53 eV. The experiment- 
ally measured value of the dissociation energy of NaCl molecule is 
4.22 eV. Our estimate is 0.31 eV higher than the measured value. This 
small difference is due to the repulsion between the electrons of Nat 
and CI- and between their nuclei and also due to the fact that the ions 
are not point charges which implies that the value of Ee calculated 
above is approximate. 
2, Covalent bond In a covalent bond, the electrons responsible for 
binding two atoms together are shared between the two nuclei. The 
best example of the covalent bond is the hydrogen molecule H2. 
Detailed calculations show that in the minimum potential energy 
state, the internuclear separation Ro between the two hydrogen atoms 
is 0.74 A. This stable or equilibrium arrangement is called the 
hydrogen molecule. The radius of a hydrogen atom is 1.2 A. Since 
the equilibrium bond length Ro is smaller than the atomic radius, the 
two atoms in a hydrogen molecule cannot be treated as independent 
and the two electrons are shared between them. The electron in one 
atom, say A, wanders to the other atom B. Thus at any instant, the 
atom A from which the electron has departed is left with a positive 
charge and the atom B to which the electron moves has a negative 
charge. The resulting Coulomb attraction between the two opposite 
charges holds the two atoms together [Fig. 13.16(b)]. The same result 
is obtained when the electron moves from B to A at another instant. 
The bond between atoms due to shared electrons is called a covalent 
bond. 

In covalent bonding, & reduction in energy occurs, In the case of a 
hydrogen molecule, the reduction in energy is about 4.5 eV. This 
energy has to be supplied from outside in order to dissociate a hydro- 
gen molecule. The reduction in energy is due to special quantum 
mechanical effects related with the spin angular momentum of elec- 


trons which cannot be described in terms of the simple classical 
theory. 
3. Van der Waals Bond Atoms of inert gases have closed-shell elec- 
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tronic structures. Therefore, the bonding between the atoms of inert 
gases is neither ionic nor covalent. The attraction between neutral 
atoms can be explained by assuming that the shape of the atom under- 
goes a fluctuating distortion due to its interaction with other atoms. 
At any instant, more electrons may appear on one side of the nucleus 
than on the other. Thus the centre of mass of the electron cloud (i.e. 
the negative charge) is slightly displaced from the positive charge of 
the nucleus [Fig. 13.16(c)]. The two charges form an electric dipole. 
A dipole will attract electrons from the neighbouring atoms, thus 
inducing other dipoles. The interactions between induced dipoles is 
responsible for their bonding. The dipole interaction energy varies as 
1/R® (where R is the internuclear Separation) and is quite small. The 
forces between induced dipoles are weak; they are called Van der 
Waals forces in honour of the Dutch physicist C.F. Van der Waals 
who had predicted similar attractive forces between molecules of 
gases, 


4. Metallic bond The three types of chemical bonding described 
above cannot explain the existence of metals. Metals have free or 
conduction electrons (electrons outside the closed shell of their atoms) 
which are free to move around in the metal. One or more electrons 
in the outermost shells of an atom may leave the atom and occupy 
the orbit of another atom. These free electrons wander through the 
structure of the metal which consists of free positive ions [Fig. 13.16(d)]. 
The electrons are not attached to any particular atom as in the case of 
a covalent bond. 

It.may be remarked that the ionic bond is “non-saturated”’ the 
force of attraction between two ions is not influenced by the surround- 
ing ions. But covalent bonds can be saturated. This explains why the 
atoms in metals are Closely packed. 


Rotational and Vibrational Spectra 


We have seen that the spectrum of an element such as hydrogen is 
due to the emission of electromagnetic radiations when the excited 
electrons fall from higher to lower energy states. These electrons are 
bound to the nucleus by the attractive Coulomb force. Just as the 
motion of an electron is restricted to orbits which correspond to 
quantum mechanical stationary states, the rotational and vibrational 
motions of molecules are also testricted to configurations which 
correspond to stationary states. Therefore, a molecule has discrete 
energy levels. 


When a molecule is excited from its ground state to higher stationary 


Le 
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states (by supplying energy), the excited molecule can make transitions 
between the stationary states and finally reaches its ground state. In 
these transitions, photons of different discrete energies (and hence 
frequencies) are emitted. This is the origin of the rotational and vib- 
rational spectra of molecules which are closely spaced spectral lines. 
The frequencies corresponding to the various characteristic lines of the 
spectrum of a molecule are obtained by using quantum mechanics. 


SUMMARY 


The atom is composed of charged particles. The positive charge is con- 
centrated within a very small volume called the nucleus. The negatively 
charged particles, called electrons, revolve around the nucleus in discrete 
orbits, the number of electrons in nth orbit being governed by 2n?. 

Niels Bohr proposed a new theory of the hydrogen atom and 
successfully explained the observed spectral lines of atomic hydrogen. 
According to him, transitions from higher to lower energy states are 
responsible for emission of radiation that occurs in definite and 
discrete quanta. 

The atomic masses of different elements can be determined by first 
obtaining the atoms as ions and then observing their deflections in 
electric and magnetic fields. 

Isotopes are atoms of the same element having different atomic 
masses. The neutron is an uncharged particle whose mass is nearly 
equal to that of the proton. The nucleus consists of protons and 
neutrons. The neutrons and protons are packed ina very small volume. 
The density of the nucleus is very high. 

Owing to the binding of the nucleons in the nucleus, the mass of 
a nucleus is less than the sum of the masses of nucleons and the 
decrease in mass (called mass defect) appears as the binding energy of 
a nucleus. 

The naturally occurring heavy nuclei are unstable and decay with 
the emission of «-particles, -particles and ¥-rays. «-particles are $He 
nuclei, B-particles are electrons, y-rays are neutral and they are electro- 
magnetic radiations. The decay of any radioactive substance is gover- 
ned by the exponential decay law given by N = No e™. 

The atoms in a molecule are bound to each other by four types of 
chemical bonds: covalent, ionic, vander Waals and metallic. Molecules 
can rotate about an axis and vibrate along a line. These two motions 
are quantized and are responsible for discrete rotational and vibra- 
tional spectra of molecules. 3 
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EXERCISES 


A. Short-Answer Questions 


What are alpha particles? 


. What is quantization of a physical quantity? 
. What is the radius of the innermost Bohr orbit? 
. What is the ionization energy of a hydrogen atom in electron volt? 


State, with unit, the value of Planck’s constant. 


. State, in MeV, the energy equivalent of 1 amu. 


What is the number of electrons, protons and neutrons in a neutral atom 
whose nucleus is represented by the symbol wed 
Name the particles emitted from a radioactive nucleus. 


B. Long-Answer Questions 


1 


2, 


14, 


15. 


Describe briefly Rutherford’s alpha particle scattering experiment. What 
important conclusion did he draw of his observations about the model of an 
atom? 

What do you understand by the term “quantization”? Obtain the expression 
for the discrete values of the energy of a particle of mass m moving in a line 
of length L between two rigid walls. 

State the postulates of Bohr in the formulation of his theory of the hydrogen 
atom and hence obtain the expression for: (a) the radius of the ath Bohr 
orbit, and (b) the energy of the hydrogen atom in the nth stationary state. 


. Explain what is meant by: a normal atom, (b) an excited atom and (c) an 


ionized atom. 
What are Lyman, Balmer and Paschen series in the spectrum. of the 
hydrogen atom? What is their origin? 


. How did Chadwick discover the neutron? How did he estimate its mass? 


What is meant by atomic number and atomic mass number of a nucleus? 
What are isotopes? Give two examples. 

The nuclear symbol for an isotope of carbon is $C. What is the number of 
(a) protons, (b) electrons, (c) neutrons and (d) nucleons in it? 

What can you say about the nature and range of nuclear force? How is it 
different from other known forces? 


. What do you understand by the terms radioactivity and radioactive subs- 


tances? Name two radioactive elements. 


. What is the nature of «, 8 and y radiations? How will you establish experi- 


mentally what charge these radiations carry. 


- What changes occur in the nucleus of a radioactive element when it emits 


(a) an alpha particle and (b) a beta particle? Give an example, in each case, 
in support of your answer. 

A radioactive nucleus is represented by the symbol x where 4 is the 
atomic mass number and Z is the atomic number. How is the new element 
represented after the emission of: (a) an alpha particle, (b) a beta particle and 
(c) a gamma ray? 

The element EL emits an alpha particle and becomes thorium (Th). 
What is the atomic number and atomic mass number of thorium? Write 
down the equation that represents the change. 


16. 


17. 


19, 


20. 


21. 


22. 


23. 


28. 
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The element HNa emits a beta particle and becomes magnesium (Mg). 
What is the atomic number and atomic mass number of magnesium? Write 
down the equation that represents this change. 

An element WK emits an alpha particle and then a beta particle. The final 


element is $Y. Find the value of a and b. 


. (a) Name the type of particles which may be given off during radioactive 


disintegration. 

(b) From which part of the atom do these particles come? 

(c) What changes occur in the radioactive atom when it emits one of these 
particles (consider the effect of the loss of each kind separately)? 


Atom X (atomic mass number 238 and atomic number 92) is radioactive and 
becomes atom Y (atomic mass number 234 and atomic number 90) by the 
emission of a particle. 


(i) What particle was emitted? 
(ii) How many protons and neutrons does this particle contain? 
(iii) Write down the equation that represents this change. 


Obtain the radioactive decay law and hence find the expression for the 

half-life of an unstable radioactive sample. What is the meaning of the 

statement, “‘the half life of lic is 5700 years”? 

Explain how carbon dating is used to estimate the approximate age of a 

tree when it was cut. 

(a) Explain what you understand by mass defect and binding energy. 

(b) What are the main features of the binding energy per nucleon v. mass 

number 4 curve? What is the importance of this curve? 

(a) What is meant by nuclear force? How does it differ from Coulomb 
force? 

(b) What do you understand by the statement, “nuclear force is charge- 
independent”? 


. What is nuclear fission? Describe the fission of aU and write down the 


equation of the fission reaction. What is the source of the energy released 


in the reaction. 
What is the chain reaction? Under what conditions is it achieved? 


. In a nuclear reactor, explain the role of: (a) moderator, (b) control rods and 


(c) delayed neutrons. 


. What is nuclear fusion? Describe the fusion of 2H and 3H and write down 


the equation of the fusion reaction. What is the source of energy released 
in the reaction? Under what conditions is the fusion achieved? 

Explain, giving an example of each, the four types of chemical bonding in 
molecules, 


C. Multiple-Choice Questions 


Choose the correct answer from the given alternatives: 


1, According to Bohr’s theory of the hydrogen atom, the radii r,, of stationary 


electron orbits are related to the principal quantum number 7 as 


(a) ry, © 1/n? (b) r, ©1/n 
(c) r, cn Yp (d) rp en? 
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2. The energy of the electron of hydrogen orbiting in a stationary orbit of 
radius r,, is proportional to 
(a) ra (b) Ir, 
(©) r (4) 1/rà 

3. The ionisation potential of the hydrogen atom is 13.6 eV. Its energy in 
n = 2 energy state is 
(a) —3.4 eV (b) —6.8 eV 
(c) —13.6 eV (d) —27.2 eV 


4. The innermost orbit of the hydrogen atom has a diameter of 1.06 A. what 
is the diameter of the tenth orbit? 


@ 5.3 Å O) 106A , 
© 533A (@) 106 A 
5. Out of the following, which is not emitted by a radioactive substance? 


(a) electrons 

(b) electromagnetic radiations 

(c) helium nuclei with a charge equal to that of two protons 
(d) neutrons 


6. A radioactive element X has atomic number Z and atomic mass number A. 
It decays by the emission of an alpha particle and a gamma ray. The new 
element is 


(a) 4Y (b) $=$¥ 
© “ZY © Ziay 

7, The radioactive decay of uranium into thorium is represented by the 
equation 


By > 4th + x 


What is x? 
(a) an electron (b) a proton 
(c) an alpha particle (d) a neutron 


8. A carbon nucleus emits a particle x and changes into nitrogen according to 
the equation 


HC MIN 4 x 


What is x? 
(a) an electron (b) a proton 
(c) an alpha particle (d) a photon 


9, The radioactive decay of an element X to elements Y and K is represented 
by the equation 


A A -4 i 
ZX —> zY —> ZK — $4 
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The sequence of the emitted radiations is 
(a) «, B, ¥ (b) 8, æ, y 
(c) Y, , B (d) £, 7, & 
10. A rate-meter measures the number of disintegrations per second from a 


radioactive source. It gives a count of 320 counts per second. Ninety 
minutes later, it gives 40 counts per second. What is the half-life of the 


source? 
(a) 30 minutes (b) 45 minutes 
(c) 60 minutes (d) 75 minutes 


11. Two radioactive sources A and B initially contain an equal number of 
radioactive atoms. Source A has a half-life of 2 h. At the end of 2 h, the 
ratio of the rate of disintegration of A to that of B is 


(a) 1:2 (b) 2:1 
(c) 1:1 (d) 1:4 

12. Graphite and heavy water are two common moderators used in a nuclear 
reactor. The function of the moderator is 


(a) to slow down the neutrons to thermal energies 

(b) to absorb the neutrons and stop the chain reaction 
(c) to cool the reactor 

(d) to control the energy released in the reactor 


13, Cadmium rods are used in a nuclear reactor for 


(a) slowing down fast neutrons 

(b) speeding up slow neutrons 

(c) absorbing neutrons 

(d) regulating the power level of the reactor 


14. A uranium nucleus (atomic number 92, mass number 238) emits an alpha 
particle and the resultant nucleus emits a B-particle. The atomic and mass 
numbers respectively of the final nucleus are 


(a) 90,240 (b) 90,236 
(c) 91,234 (d) 92,232 


15. The chemical behaviour of an atom depends upon 


(a) the number of electrons orbiting around its nucleus 
(b) the number of protons. in its nucleus 

(c) the number of neutrons it its nucleus 

(d) the number of nucleons in its nucleus 


D. Numerical Problems 


1. If the innermost orbit of hydrogen atom has a diameter of 1.06 A, what is 
the diameter of the 10th orbit? 

2. Calculate the energy of the hydrogen atom in the states n = 4 and n = 2. 
Compute the frequency and wavelength of the emitted radiation in a transi- 
tion from n = 4 to n = 2 state. Is this radiation visible? 
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3. A hydrogen atom makes a transition from n = 3 ton = 2 state. What is the 
wavelength of the emitted photon? Is this photon of visible light? 

4. In a mass spectrometer, singly ionized chlorine ions pass through its velo- 
city selector which has an electric field of 50 kV m=! and a magnetic field 
of 0.5 Wb m= at right angles to each other and emerges undeflected. 
Calculate the radius of curvature of its path in the magnetic field if the mass 
of chlorine ion is 34.980 u. 

The fusion reaction 


wn 


7H + 7H > tHe +Q 


is proposed to be used for the production of industrial power. Assuming 

„the efficiency of the process to be 30%, find how many grams of deuterium 
will be consumed in a day for an output power of 50,000 kW. Given mass 
of 7H = 2.01478 u and of $He = 4.00388 u. 

6. The binding energy per nucleon of 1O is 7.97 MeV and that of "O is 
7.75 MeV. Calculate the energy required to remove a neutron from YO. 

7. An accident occurs in a laboratory in which a large amount of radioactive 
material, with a known half-life of 20 days, becomes embedded in the floor 
and walls, etc. Tests show that the level of radiation is 32 times the permis- 
sible limit. After how many days can be laboratory be safely occupied? 

8. The decay rate of 200Au of mass 20 107° kg is 60 Ci. Calculate the half-life 

of the sample. 

10 mg of carbon from living matter has the decay rate of 200 disintegrations 

per minute due to a small proportion of the radioactive "C, A piece of 

ancient wood of mass 10 mg is found to have a decay rate of 50 disintegra- 
tions per minute. Find the age of the wood, assuming that the content of 

HC in the atmosphere has remained unchanged. The half-life of ™C is 

5700 years. 

10, The half-life of radium is 1500 years. In how many years will 1g of pure 

radium: (a) lose 1 mg, and (b) be reduced to 1 centigrdm? 

Find the volume at NTP of radon 722Rn whose half life is 3.825 days which 

will have an activity of 0.1 curie. 

12. Radioactive isotopes **P and **P are mixed in the ratio 2 : 1 by the number 

of atoms. The activity is 2 microcuries. Find the activity after 30 days. 

Given half life of P =14 days and that of ®P = 25 days. 

Calculate the number of alpha decays that occur in a one gram sample of 

*2Th in one year. The disintegration constant of Th = 1.58 10728 s71, 

What is the activity of the given sample? - 

14. Two consecutive radiations from a long-lived parent have decay constants 

4, and à+. Show that the apparent mean life of the second radiation is 


1 1 
(x + 3) 
15. The fission of 933ty produces a mean energy of 195 MeV per nucleon. Calcu- 
late the mass of 238u that would be required per day to runa generating 
Stations working at 30% overall efficiency and producing 100 MW of power. 
The fission of 783U produces a mean energy of 185 MeV. If 235U in a reactor 


is continuously generating 100 MW of Power, how long will it take for 1 kg 
of uranium to be used up? 


9, 


11 


13. 


16. 
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. The sun and the stars are believed to be ‘getting’ their energy from the 


fusion of four protons to form a helium nucleus and a pair of positrons. 
Calculate the release of energy per fusion and the rate at which hydrogen 
must be consumed to produce a kilo-joule of energy per second, Given 


{H = 1.007825 u (hydrogen atom) 
4$He = 4,002603 u (helium atom) 
mgt = me- = 5.5X 107! u (positron) 


The energy carried away by the accompanying neutrinos is assumed to be 
negligible. 

Calculate the force between two fission fragments of equal masses and sizes 
that are produced in the fission of Pu (by a thermal neutron) in which 4 
neutrons are emitted. 


14 


SOLIDS AND SEMICONDUCTOR 
DEVICES 


PART A—SOLIDS 


14.1 INTRODUCTION 


We know that the atoms in a solid have almost fixed locations. It is 
this lack of mobility of the atoms within a solid which endows it with 
a definite shape and size. In our study of solids, we will ignore the 
Structure of atoms (or molecules) constituting the solid and treat them 
as points. The most remarkable thing about a solid is its periodicity. 
By this we simply mean that a basic pattern is repeated endlessly to 
form the solid. A crystalline solid is thus characterized by the presence 
of long-range order in its structure, Thus, a wall-paper spread out 
over a wall would be the analogue of a two-dimensional solid. Some- 
times, the external features reflect the inner symmetry of the solid. For 
example, the binding strength of the atoms is usually greater in certain 
directions than in others. Hence, there are certain planes through the 
crystal called cleavage planes, where it is more easily broken compared 
to others. In certain cases, the inner structure manifests itself on the 
Surface in some form. A quartz crystal, for example, does not have 
sides of equal length, but the angles between the faces are exactly 
120°. Hence, it reflects the inner hexagonal symmetry. However, it 
was Only after the development of the powerful technique of x-ray 
diffraction that it became possible to determine in detail the geometry 
of the internal patterns of crystals. 

Solids which exhibit only short-range order are called amorphous 
or glassy solids. In class XI you have studied these types of solids. In 
this chapter we will deal only with crystalline solids and learn about 
them in a little more detail, 


14.2 CRYSTAL STRUCTURE 


A crystalline solid is made up of a three-dimensional array of atoms. 
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It can be built up by stacking together a large number of identical 
structural units. Hence, in order to describe the structure of a crystal, 
it is not necessary to specify the positions of all the atoms in it. 

Let us take the simplest (hypothetical) example of a structure in a 
plane (i.e. in two dimensions) as shown in Fig. 14.1(a). Each struc- 
tural unit consists of two atoms, represented by an open circle and a 
filled (blackened) circle. This basic unit is repeated periodically. 
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(a) (b) 
Fig. 14.1 (a) Arrangement of two-atom groups in a two-dimensional crystal, 
(b) its crystal lattice and two possible unit cells; vectors a andb 
define a unit cell 


The Unit Cell 


The fact that all the atoms in a crystal are arranged ina regular and 
orderly manner makes it possible to describe the structure of a crystal 
by considering only a small group of atoms and imagining them to be 
located in a cell called the unit cell, It is the smallest structural unit 
which repeats itself to form the entire crystal. Thus a unit is the smal- 
lest structural unit of the arrangement of atoms ina crystal from which 
the entire crystal can be built up by translating the unit parallel to itself 
in the direction of its edges by distances equal to the lengths of the edges. 
A unitcell can be chosen in many different ways. Figure 14,1(b) shows 
two possible ways of choosing a unit cell. It is preferable to choose a 
unit that reflects the symmetry of the crystal. Thus the knowledge of 
the location of atoms in a unit cell and the manner in which the cell 
is repeated gives the complete description of the structure of the crystal, 
The lengths of the edges (or the axial distances a and b) of the unit 


cell are called the translation vectors. 


The Crystal Lattice 

The study of the geometrical arrangements of atoms in a crystal is 
considerably simplified if we replace all the repeating units (atoms or 
molecules) by mere points. The array of points replacing all the groups 
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of atoms is called a crystal lattice or Bravais lattice (after the French 
physicist Auguste Bravais, who introduced the concept of lattice in 
1848). Thus a crystal lattice is a large assembly of points, each point 
representing the repeating group of atoms in the crystal. Figure 14.1(b) 
shows a two-dimensional lattice. Each point in the lattice is called the 
lattice point or lattice site. Because of the regularity and orderliness 
which characterize a crystal Structure, the arrangement of points 
around a given lattice point is exactly similar to that around any other 
lattice point. 

Taking O as some arbitrary origin, we find that the lattice points 
along OA are at equal distances a and those along OB are at equal 
distances b [see Fig. 14. 1(b)]. Thus, taking O as the origin, any lattice 
point, such as P, is given by 


t = la + mb (14.1) 


where / and m are integers. For lattice point P in Fig. 14.1(b), the 
values of / and m respectively are 4 and 2, Similarly, a lattice point in 
a three-dimensional lattice is, in general, given by 


t= la + mb + ne (14.2) 
where n (like Zand m) is an integer and a, b and ¢ are the translation 
vectors. 

Figure 14.2 shows how the three-dimensional crystal can be obtain- 


ed by identically and periodically repeating the same unit cell many 
times in three different directions in space. 


(a) (b) 


Fig. 14.2 (a) Arrangement of unit cells in a three-dimensional crystal 
(b) A unit cell described by three lattice constants a, b and 
cand angles u, B andy between them 


Figure 14.2(b) shows a unit cell in three dimensions. It is a parallel- 
epiped defined by the three axes a, b and ¢. The entire lattice can’ be 
constructed from this fundamental building block by repeated trans- 


(a PUE a p 
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lations along its edges. The directions of the lattice constants a, b and 
c are called the crystallographic axes. f 


Different Systems of Crystal Structure 


In the determination of crystal structure, the sizes and shapes of the 
crystals are not of much significance. What are really important are 
the angular orientations of the different faces of the crystal. These 
orientations are represented by taking a point in a crystal and draw- 
ing from it perpendiculars to different faces to get a radiating set of 
three axes. These are the crystallographic axes, drawn parallel to the 
lines of intersection of any three faces which do not lie in the same 
plane. 

Depending on the specifications‘of the lattice constants (a, b, c) and 
the angles («, B, Y) between the crystallographic axes, we get different 
types of lattices. Geometrical considerations show that all the crystal 
lattices can be grouped in seven basic systems according to the seven 
different types of unit cells we can choose for them. These systems 
can be distinguished from one another by the angles %, B and.” and 
the lattice constants a, b and c. The seven basic crystal systems are 
triclinic, monoclinic, orthorhombic, tetragonal, cubic, hexagonal and 
rhombohedral. They are listed in Table 14.1. 


‘Table 14.1 Basic crystal systems 


System Features Examples 

1. Triclinic a#b#cga# BAY K,Cr,0, 

2. Monoclinic a b#ta= f= 90,7 90° KCIO, 

3. Orthorhombic axbAxqa=sb=r= 90° HgCl, 

4. Tetragonal a=b#Gae= poy=90" White tin 

5. Cubic a=b=qa=R=7%= 90° Li, Ni, NaCl,Ag 

6. Hexagonal a=b#qa=h= 90°, y = 120° Zn, quartz 
a=qa=p=7r 0° Calcite 


=) 


. Rhombohedral a=b 


ms are illustrated in Fig. 14.3. 


The structures of these seven syste a 
| considerations that there are 


It further follows from geometrical : 
lar points can be arranged in a 


only 14 possible ways in which simi 

regular manner in a three-dimensional space. Thus there are only 
14 possible lattices for single atoms. Each of the seven crystalline 
systems mentioned can be ‘associated with a definite number of space 


lattices. For example, the cubic crystalline system has the following 
three possible types of space lattices, depending upon the shape of the 


unit cell. 
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Triclinic Monoclinic Orthorhombic Tetragonal 


Hexagonal Rhombohedral 
Fig. 14.3 Unit cells of the seven lattice systems 

1. Simple Cubic Lattice (sc) In this, 
corners of each unit cube [Fig. 14.4(a)], 


2. The face-centred cubic lattice (fee) 
lying at the corners and also at the centre o. 


the atoms lie only at the 


In this, there are atoms 
f each face [Fig, 14.4(b)]. 

3. The body-centred cubic lattice (bec) In this, 
atom lying at the centre of the unit cell, besid 
corners [Fig. 14.4(c)], 


there is also an 


(a) (b) tc) 


Fig. 14.4 (a) Simple cubic lattice 
(b) Face-centered cubic jattice 
(c) Body-centered cubic lattice 
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chloride (CsCl) structure. Another commonly encountered structure 
is the diamond structure which is exhibited by covalent semiconduc- 
tors (Si and Ge). The inert gas crystals (molecular crystals) are of the 
face-centred cubic type. 


Three Kinds of Crystals 


1. Single Crystals Crystals in which the periodicity of the pattern 
extends throughout the piece of a crystal are called single crystals. 
The size of a single crystal can be as big as a few centimetres or as 
small as a fraction of a centimetre. Such small crystals, whose features 
cannot be seen with the naked eye, are called monocrystals. The di- 
mension of a typical unit is of the order of 10-8 cm (about 1A). The 
size of a monocrystal having as many as 104 unit cells is only about 
10-4 cm. 

Like all crystalline solids, single crystals are anisotropic, i.e. their 
physical properties, such as mechanical strength, thermal and electri- 
cal conductivity, are different in different directions. Amorphous 
solids, on the other hand, are isotropic, i.e. their physical properties 
do not depend on the direction. 


2. Polycrystals A polycrystal is an aggregate of monocrystals joined 
together. If a sugar grain is examined under a microscope, we can see 
small crystals with well developed faves joined together. 

Metals are polycrystalline. When a molten metal solidifies, the 
monocrystals grow with their axes oriented in random directions. 
Consequently, a polycrystalline metal exhibits isotropic properties, 
though the monocrystals constituting them are anisotropic. 

Ceramics are an important class of polycrystalline solids. Porcelain 
cups, plates, tiles, etc. are common examples of ceramics. Ceramics 
are made of inorganic oxides such as sand (SiO2). They are easy to 
melt, To get a big solid block of such a material, it is crushed to form 
a power which is then mixed with binder and pressed to get desired 
shapes. It is then heated to a high temperature and cooled. The binder 
evaporates and we get a solid piece called a ceramic. By a special 
technique, ceramics can be made anisotropic. They find many appli- 
cations in gas lighters and telephone receivers. Ceramics made by 
suitably combining materials like Y2Os, BaO and CuO2 show super- 
conductivity which has promising uses, especially in power trans- 


mission. 


3. Liquid Crystals 
they do not directly go 
temperature between the so 


-When some organic crystalline solids are heated, 
to the liquid phase. Ina certain range of 
lid and the liquid phases, they become 
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fluids, like liquids, but their molecules remain oriented in particular 
directions which implies that they retain their highly anisotropic 
properties. Such fluids which have a long-range orientational order 
are called liquid crystals. ; 

In the liquid crystal phase, some materials (such as cholesterol 
esters) change their colour with slight changes in temperature. This 
change in colour with temperature is used to measure temperature in 
liquid crystal thermometers. Some liquid crystals (especially alkali 
cyanobiphenyl) change the plane of polarization of light incident on 
them. They are used as liquid crystal displays (LCD) in electronic 
watches, clocks, calculators, etc. 


14.3 ENERGY BANDS IN SOLIDS 


The free electron model of a metal explains, in a qualitative manner, 
some of the observed properties of metals. However, it does not 
explain the enormous range of resistivities exhibited by solids. Why 
are some materials good conductors of electricity, while others (insu- 
lators) are poor conductors? Why should some materials, called semi- 
conductors, have conducting properties somewhere in between conduc- 
tors and insulators? The band theory of solids is remarkably successful 
in answering these questions. 

We have seen that electrons are arranged in various shells around 
the atomic nucleus. The valence electrons occupy the outermost shell 
in an atom. The core electrons are tightly bound to the nucleus and 
are not easily disturbed by external influences. When energy is supplied 
to an atom (thermal, electrical, or any other type), it is the valence 
shell which first receives this energy. To discuss electrical conduction 
in a solid we must study how the electrons respond to an applied 
electric field. Clearly, the core electrons are not going to play any 
major role in this. 

An atom tends to have a filled valence shell. Thus, alkali metals, 
which haye just one valence electron, are the best conductors. If the 
valence shell is more than half full, the atom tends to fill its shell. 
Therefore, elements with five or more valence electrons (like P, O, S, 
etc.) are, generally, insulators. Similarly, elements with three or less 
valence electrons are good conductors. An interesting case is that of 
the elements Si and Ge which have four valence electrons. Those ele- 
ments which are neither good conductors nor good insulators are 
termed semiconductors. Inert gases have filled valence shells and hence 
behave as very good insulators. For greater precision in these consider- 
ations, we now turn to a discussion of the energy bands in a solid. 
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We have seen in Chapter 13 that an isolated atom hasa discrete set 
of energy levels that can be occupied by the electrons of the atom. 
When atoms are brought together to form a solid, the motion of the 
valence electrons is profoundly disturbed due to the electric fields 
produced by the neighbouring atoms. As a result, the energy levels 
get distorted. To illustrate the basic ideas, let us consider a specific 
example. Sodium (Z = 11) has the electronic configuration 1s?2s?2p® 
3s. Figure 14.5 is a schematic representation of the energy levels of 
electrons in a sodium atom. When two sodium atoms are brought close 
together, each of the valence electrons is affected by the field of both 
the Nat ions. As a consequence of this the system of two atoms 
may have two levels which are close together, as shown in Fig. 14.5(b). 
If more and more atoms are brought together the result is that each 
energy level splits into a large number of levels. The Is states are deep 
within the atom and are well shielded by the outer electrons of their 
own atom. As a result they are not greatly influenced by the neighbour- 
ing atoms, In a solid there are about 10% atoms/cm? and each atom 
contributes a valence electron in the case of sodium (and other mono- 
valent elements). Therefore, each energy level of an isolated atom gets 
split into an enormous number of levels, closely spaced together. 
Hence, the net result is that the levels form a continuous distribution 
in an energy band. This is shown in Fig. 14.5(c) 


3S ee 
d Nains? 
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Fig. 14.5 (a) Energy levels of a single sodium atom 
(b) The 3s level splits into two levels : 
(c) Ina sodium crystal the 3s level spreads into an 


energy band 


(c) 


The highest energy band occupied by the valence electrons is called 
the valence band. Above this band lies an unfilled band called the 


conduction band. 


14.4 CONDUCTORS, INSULATORS AND 
SEMICONDUCTORS 


To participate in the conduction process, an electron must be given 
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sufficient energy so that it can Teach the conduction band. A material 
can be classified as a conductor, insulator, or a semiconductor on the 
basis of its energy band diagram. The various possibilities which arise 
in practice are sketched in Fig. 14.6. We now discuss these one by 
one. 


Conduction Conduction 
band me band LJ 


Conduction 
Energy bang 
gap 


Ee=5e Energy gap 
i Valence 
band 
(a) 


Valence bond 


Valence 
band (c) td) 
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Fig. 14.6 Energy band diagrams: (a) and (b) conductors, (c) insulator, 
and (d) semiconductor + 


Conductors 


elements AI, Ga, In, and TI have three electrons per atom. These can 
fill one and a half bands, Thus, these elements are conductors. 


electron in the valence shell, 
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Insulators 


The energy band diagram in case (c) shows that the valence band and 
the conduction band are separated by an energy gap Ec. The region 
represented by Ee is called the forbidden band. An electron in a crystal 
lattice cannot have an energy which lies in this region. If Eg is large, 
an applied electric field cannot give enough energy to an electron in 
the valence band to enable it to enter the conduction band. Hence, 
the valence electron will not be freed and no current will flow. Thus, 
materials having a large band gap are insulators, For example, in 
diamond Eg = 9 eV. 


Note: It is not possible for us to explain the reason for the exist- 
ence of these forbidden bands, without introducing quantum-mechani- 
cal concepts. If we consider an electron to be a wave propagating in 
the lattice, the Bragg reflections from the crystal planes can be shown 
to lead to these gaps. 


Semiconductors 


Case (d) is similar to (c) except that the band gap is much smaller, 
typically about 1 eV. Hence, electrons in the valence band may acquire 
thermal energy to pass on into the conduction band. Such materials 
can, therefore, carry an electric current but not as easily as a conduc- 
tor. They are called semiconductors. The best known examples are 
silicon (Ec œ 1.17 eV) and germanium (Ec œ 0.74 eV). 

At absolute zero of temperature, the conduction band of semi- 
conductors, is totally empty and all the energy states in the valence 
band are filled. Due to the absence of electrons in the conduction 
band near absolute zero, no current can flow under the influence of 
an electric field. Therefore, semiconductors become insulators at low 
temperatures. If the temperature of the crystal is raised to say, room 


temperature, some valence electrons acquire thermal energy greater 


than the energy gap Eo and move to the conduction band. Hence, 


even a small electric field can cause a flow of current. Thus a crystal, 
which was an insulator at low temperatures, becomes slightly conduct- 
ing at room temperatures. Such crystals are, therefore, called semi- 
conductors, Unlike metallic conductors, the resistance of semiconduc- 


tors decreases with increase in temperature. 


14.5 ELECTRONS AND HOLES IN SEMICONDUCTORS 


the electrons in a semiconductor occupy the 


As tioned earlier, 
mts tae he conduction band by a band 


valence band which is separated from t 
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gap Ee = 1 eV, which is much smaller than the band gap in insula- 
tors (Ec œ 9 eV). This means that the covalent bond in a semiconduc- 
tor is not very strong. Hence, it is Possible, even at room temperature, 
for a valence electron to break loose from the covalent bond by 
thermal agitation and enter the conduction band (Fig. 14.7). 


Conduction 
band 
Eg Eo 
aa = 
(a) Valence A Electra 
band Hole 


Fig. 14.7 Energy band diagram of a semiconductor at 
(a) absolute zero, and (b) room temperature 


As the temperature increases, more valence electrons acquire sufli- 
cient energy to become free and move to the conduction band. 
Therefore the electrical conductivity increases with temperature or 
resistivity decreases with temperature. As an electron leaves the valence 
band, it leaves a vacancy behind. This is shown as an open circle in 
Fig. 14.7(b); the filled circle represents an electron. The vacancy may 
be regarded as a positive charge equal in magnitude to the charge on 
an electron and is called a hole. It will attract other electrons. Hence, 
another valence electron may move to fill up this vacancy, leaving a 
hole behind. In this manner a hole moves through the crystal lattice. 

Let us consider the example of a germanium crystal and see how 
holes are produced. The germanium atom has four valence electrons. 
The core of each atom (consisting of the nucleus and the core elec- 
trons) has four nearest neighbours arranged around it at the corners 
of a tetrahedron, and it forms covalent bonds by sharing an electron 
pair with each of them. This is Tepresented schematically in the two- 
dimensional diagram of Fig. 14.8. The valence electrons occupy filled 
energy bands. In the case of germanium the energy gap Eg œ 0.75 eV. 
_ Even at ordinary temperatures, the thermal energy of a valence elec- 
tron is enough to enable it to break loose from the covalent bond and 


SO EE 
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move to the conduction band, leaving behind a vacancy (called hole) 
in the valence band. This is shown by an open circle in Fig. 14.8. An 
electron from a neighbouring atom can break away and be attracted 
by the positive hole (missing electron) thus completing the covalent 
bond and creating a hole at another place. In our two-dimensional 
example, we see that an electron from any of the eight neighbouring 
atoms can come to complete the bond and the hole can move to any 
of these atoms. 


Covalent band 


Fig. 14.8 Breaking of a covalent bond in a germanium 
(Ge) crystal 


14.6 INTRINSIC AND EXTRINSIC SEMICONDUCTORS 


Pure semiconductors are called intrinsic semiconductors, e.g. pure 
e silicon. When an electric field E is applied across 
the electrons (being negatively charged) 
hat of E and the holes (which have 
f E. This is shown schemati- 


germanium and pur 
a crystal of a semiconductor, 
drift in a direction opposite to t 
a positive charge) drift in the direction 0 
cally in Fig. 14.9 in two dimensions. 
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Fig. 14.9 Current carriers in a semiconductor 
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An electron A moves to the left (in a direction opposite to E) to fill 
a hole at H. This leaves behind a vacancy at A and another electron 
may move to the left to fill the new hole (shown in the second Tow, 
for convenience) and so on. Thus we see that, under the influence of 
an electric field, the electrons move in one direction (opposite to E) 
and the holes move in the opposite direction (in the direction of E). 
Since the conventional current is opposite to the electron flow, it is 
clear that the currents due to the flow of electrons and holes add up 
to give a total current in the direction of the electric field. Thus there 
are two types of current carriers in semiconductors, namely, electrons 
and holes. In an intrinsic (pure) semiconductor, the number of these 
two types of carriers are equal, i.e. the number density (i.e. number 
per unit volume) of electrons in the conduction band (te) is equal to 
the number density of holes in the valence band (ny), 


Ne = Mh = ni (14.3) 


This number density ni is the intrinsic carrier concentration. For silicon 
ni = 1.5 1016 m~ and for germanium, mi = 2.4 10!9 m-3, 


Extrinsic Semiconductors 


The current produced in a pure semiconductor is not adequate for any 
useful application. The conductivity of a pure semiconductor can, 
however, be enormously increased by the addition of some suitable 
impurity in a very small amount (about 1 in 106 parts of the semicon- 
ductor). Pentavalent and trivalent impurities are suitable. The drastic 
increase in the Conductivity of a semiconductor due to the addition 
of pentavalent or trivalent impurities gives rise to an enormous range 
of practical applications of semiconductors, The deliberate addition of 
a desirable impurity to a semiconductor is called doping and the im- 
purity atoms added are called dopants. A doped semiconductor (ie. a 
semiconductor with impurity atoms) is called an extrinsic semiconductor. 

There are various ways by which doping is achieved in practice. One 
method is to add the impurities to a molten semiconductor. Another 
is to heat the semiconductor in the atmosphere containing dopant 
atoms (or molecules containing dopant atoms) so that the dopants 
diffuse into the semiconductor., The third method is to bombard the 
semiconductor with ions of dopant atoms. 

Let us now see how doping increases the conductivity of a semi- 
conductor. Suppose we have a pure semiconductor (it may be Si or 
Ge). Let us introduce a pentavalent impurity into the system. This 
could be phosphorus (Z=15; valence shell 352 3p), arsenic (Z=33; 
valence shell 4s? 43), or antimony (Z=51; valence shell 552 5p°). If 
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the impurity is added carefully, it will replace one of the ions in the 
crystal lattice. This is shown in Fig. 14.10(a). The impurity has five 
valence electrons. Four of these will form covalent bonds, but one 
excess electron will be left free. Hence, a pentavalent impurity is called 
a donor impurity, since it donates an electron that then takes part in 
conduction. 


Excess electron 


Conduction 
ani 


(b) 


Fig. 14.10 (a) Addition of arsenic (As) impurity to a silicon 
(Si) semiconductor (b) Excess electrons introduce 
donor energy levels close to the conduction band 


The addition of each impurity atom makes an extra electron availa- 
ble for conduction. Since these electrons are not released by thermal 
agitation, they do not produce holes. Consequently, the current carriers 
are primarily electrons. Hence, such semiconductors are called n-type 
semiconductors (n stands for negative current carriers). Since these 
additional electrons cannot be accommodated in the valence band, 
they occupy same discrete energy levels just near the bottom of the 
conduction band. Hence, electrons can be easily excited from these 
levels into the conduction band [Fig. 14.10(b)]. Thus, it is much easier 
to cause electron flow in an n-type semiconductor than in pure Ge or 
Si. This is explained as follows: 

The excess electron of the donor atom orbits around the donor 
nucleus, just as the electron in a hydrogen atom orbits around its 
nucleus (proton). One major difference is that the electron is not mov- 
ing in free space (as in a hydrogen atom) but in the crystalline medium 
of silicon (or germanium). Silicon has a relative permittivity (called 
its dielectric constant) e- œ 10. We know that the Coulomb force is 
inversely proportional to ¢ (see chapter 1). Hence the Coulomb attrac- 
tion between the donor electron and the donor nucleus will be 10 
times weaker than the electron-proton attraction in a hydrogen atom. 
We can easily work out Bohr’s theory for a hydrogen atom for the 
case when «r # | (as in free space). We will then find that the lowest 
hydrogen bound state energy is reduced by a factor e? (which is about 
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100 for silicon). Primarily because of this reason, the binding energy 
of the excess electron in arsenic doped silicon is 0,045 eV rather than 
13.6 eV (which is the hydrogen atom binding energy). Thus supplying 
as little energy as 0.045 eV will free the excess electron. This electron 
then has the lowest possible energy in the empty conduction band. 
Thus the energy-level diagram of a doped semiconductor is as shown 
in Fig. 14.10(b). For arsenic in silicon, the lowest donor electron 
energy level lies ~ 0.045 eV below the bottom of the conduction band. 
Notice that this energy is much smaller than the energy gap Ee œ 1.1 eV. 
Hence it requires much less energy to free a donor electron and move 
it to the conduction band than to move an electron from the valence 
band to the conduction band. Doping silicon with just a trace of 
arsenic provides enough atoms to supply billions of free electrons in 
the conduction band. The enormous increase in the number of free 
electrons in the conduction band (due to doping) dramatically increases 
the conductivity of the extrinsic (doped) semiconductor. Thus, at 
room temperature, almost all the excess donor electrons are in the 
conduction band. 

The number densities of conduction band electrons (7e) and the 
valence band holes (m) in a doped semiconductor are very different 
from those in pure semiconductors (in which me = m = ni; the intrinsic 
concentration). From thermodynamical considerations, one can show 
that 


Neth = n? (14.4) 


In an n-type semiconductor, the donor electrons are almost all free at 
toom temperature which means that the donor electrons are the main 
current carriers and 7e = na, the donor electron number density. For 
most common doped semiconductors na is much larger than the number 
of ‘intrinsic’ conduction band electrons (ni = m). Thus 


Ne = na > my (14.5) 


Hence, in n-type semiconductors, electrons are the majority carriers 
and the holes are the minority carriers of current. 

When a trivalent impurity is added to Ge or Si, it has a different 
effect. Some typical trivalent impurities are boron (Z = 5; valence 
shell 2s? 2p), aluminium (Z = 13; valence shell 3523p), gallium 
(Z= 31; valence shell 453 4p) and indium (Z = 49; valence shell 5s? 5p). 
When an impurity ion replaces a Ge or Si ion, it can only provide 
three valence electrons for forming covalent bonds. Thus there is a gap 
left in one of the covalent bonds. This vacancy acts as a hole that 
tends to accept electrons to fill the gap [Fig. 14.11(a)]. Thus, trivalent 
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impurities are called acceptor impurities. In this case the impurity 
atoms introduce unoccupied discrete energy levels, very close to the 
top of the valence band. Electrons from the valence band can, there- 
fore, be easily excited by thermal agitation to one of these acceptor 
hole levels, leaving holes behind them in the valence band [Fig. 14.11(b)]. 
These holes can then act as carriers of current. Hence, such semicon- 
ductors are called p-type semiconductors (p for positive carriers). 


Hole 


Soa ae 

R bana Es 

elz cz Acceptor hole level 
(impurity level) 


Valence 
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Fig. 14.11 (a) Addition of indium (In) impurity to a silicon (Si) 
semiconductor (b) Excess holes introduce acceptor hole 
levels close to the valence band 


Notice from Fig. 14.11(b) that the hole energy level is at Ex above 
the top of the valence band. This means that if an energy Ex is supplied, 
the hole is free to move, i.e. there is one electron missing at the top of 
the otherwise full valence band. Since Es < Fa, the conductivity of 
the doped p-type semiconductor is considerably increased. The reason 
is that, at room temperature, the holes in the valence band are free to 
move around because almost all the acceptor atoms are ionized due 
to thermal energy. Therefore the number density of holes (mm) is equal 
to that of the acceptor ions (7a). Further in p-type semiconductors /th 
is greater than the electron number density (7e), i.e. 


Na = Mh > Ne (14.6) 


Hence, in p-type semiconductors, holes are the majority carriers and 
electrons are the minority carriers of current. 


14.7 ELECTRICAL RESISTIVITY OF SEMICONDUCTORS 


We have seen that, in a semiconductor at room temperature, there are 
electrons in the conduction band and holes in the valence band. In 
n-type semiconductors the number density of electrons is much greater 
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than that of the holes and in p-type semiconductors the opposite situa- 
tion is obtained. We have also seen that, under an applied electric 
field, both holes and electrons move (in opposite directions); both 
contributing current in the direction of the field. 

Suppose an electric field E is established in a block of a semicon- 
ductor (this can be done by connecting the ends of the block to a 
battery of voltage, say V) as shown in Fig. 14.12(a). Both electrons 
and holes contribute currents Je and Jn in the same direction. Hence 

` the total current J is given by [see Fig. 14.12(b)] 


I= l+ h (14.7) 
—> 
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Fig. 14.12 Drifting of electrons and holes in a semiconductor under an 
applied voltage V 


The electrons in the conduction band and the holes in the valence 
band drift randomly under the applied electric field just as electrons 
do in metals. Hence we can express the currents Je and Jy in terms of 
the electron and hole drift velocities ve and vp just as we did in 
Chapter 3, Eq. (3.5). We can, therefore, write 7 as 


I= nAevs + nAevn (14.8) 


where e is the magnitude of the electron charge and A is the cross- 
sectional of area of the block. 
If the applied electric field £ (hence the applied voltage V) is low, 
semiconductors obey Ohm’s law 
F 
= (14.9) 


where R is the resistance of the semiconductor block. If / is the length 
of the block, then 


y 
PARS Fi (14.10) 
Also the resistivity p of the block is given by 
RA 
pa (14.11) 


l 
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Using Eqs (14.8) to (14.11) we have 
E 
ine elfde + Mrdn) (14.12) 


It is more useful to express the resistivity p in terms of a quantity 
u, called mobility which is defined as drift velocity per unit electric 
field: 


hal 
nE 

tt = Pe = 2h 

so that He =F and Ma E 

In terms of fe and jan, we have from Eq. (14.12) 
1 
P=- 
PT AET) (14.13) 


The conductivity (which is the reciprocal of resistivity) of the semi- 
conductor is 


o= = = e(neHe + Mnn) (14.14) 


Thus we find that conductivity and resistivity of a semiconductor 
depend upon the electron and hole number densities and their mobili- 
ties. The mobilities of electrons and holes are found to decrease with 
increase in temperature. Also me and An increase with increasing tempe- 
rature. The increase in me and nn with temperature is so large that the 
conductivity o increases with increase in temperature; the decrease in 
mobilities xe and pn with temperature being offset by the increase in 
ne and mp. Hence the resistivity of semiconductors decreases with 
increase in temperature. You will recall that the resistivity of metals 
(conductors) increases with increase in temperature, 


EXAMPLE 14.1 The energy gap Ec of a pure silicon semiconductor is 
1.1 eV. Its hole and electron mobilities respectively are 


pn = 0.048 m? V~! st and Pe = 0.135 m2? V- s7! 
and are independent of temperature. Find the ratio between its 
conductivity at 400 K and 300 K. Assume that the temperature depen- 
dence of intrinsic carrier concentration is given by 


Ec 
ni = no exp TIRT. 


where no is a constant, T is the absolute temperature and k = 1.38 


x 10-2 JK! is the Boltzmann constant. ' 
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Solution: For an intrinsic semiconductor ne = nn = ni. Therefore, 
from Eq. (14.14) we have 

o = eni(pe + pn) = enip 
where # = pe + phn = 0.135 + 0.048 = 0.183 m? V-! s71, Now 


awe — Eo 
ni = no exp Al 
Therefore 
i —-Ee\i -#) j 
o = epno exp ( #2) = o exp ( ORT (i) 
where o = euno, a constant independent of T. It is given that 


Eo = 1.1 eV and k = 1.38X 10-3 JK-! = 8.12 10-5 eVK—. From 
Eq. (i) we have 


olat 400 K) _ “XP Ca 800k wE), 
o(at 300 Rie 


PaA 


The ratio is obtained by substituting the values of Eg and k and solv- 
ing, Notice that the conductivity of an intrinsic semiconductor incr- 
eases by a large factor with rise in temperature, 


EXAMPLE 14.2. Germanium is doped 1 ‘part in 106 with indium at 
room temperature. Find the conductivity of doped germanium, Given, 
concentration of germanium atoms = 4, an x 108 m3, intrinsic carrier 
concentration (mi) = 2.4x 1019 m-3, = 0.39 m? V-1s-! and 
Ph = 0.19 m? V- s7, 


Solution: Since the doping is 1 part in 106, the concentration of the 
acceptor atoms = 4.4 x 10 1/106 = 4.4 102 œ mn, the concentra- 
tion of holes, The hole concentration increases by an amount 


m _ 4.4107 


mi De E 


Therefore, the new electron concentration is 


m _ 2.4% 10!9X 2.4% 1019 
Mh 44x10 


From Eq. (14.14) the conductivity is 
a = e(Pefte +. rinn), 


Ne = = 5.45 X 10'5 m~ 
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Substituting the values of e, 7e, Mh, He and ph, we get (on solving) 
a= a + Oh 
= 3.41% 10-4 + 1.34% 108 
œ 1,34 103 (Qm) 


Notice that the contribution of electrons (=3.41 x 10-4) to conducti- 
vity is negligible as compared to that of holes (=1.34% 10°). The 
conductivity of pure germanium is 2.18 (Qm). Notice that the 
conductivity of germanium doped just 1 part in a million with indium 
has increased by a factor of about 10°, 


PART B SEMICONDUCTOR DEVICES 


We have seen how the addition of impurities to a pure semiconductor 
gives rise to two types of charge carriers (electrons and holes) as well 
as a drastic increase in its conductivity. This fact has been used in 
the development of many semiconductor devices which use p- and n- 
type semiconductors. The first solid state transistor was made in 1947 
by John Bardeen and William Brattain of the USA, 

By themselves p- and n-type semiconductors find limited use. When 
the two types are combined to form a pn unit, a number of new 
characteristics appear which make the combination a very useful 


device, called the pn junction diode. 


14.8 PN JUNCTION 


When two semiconductors of p and n types are brought into contact, 
as shown in Fig. 14.13, they form Sunetion 
what is called a pn junction. 

A pn junction cannot be formed 
merely by placing a piece of m- 
type material against a piece of 
p-type material. A junction diode 
can be constructed in several Fig. 14.13 A pn junction 
ways. Two principal techniques 
of fabrication are: (i) grown junction and (ii) fused junction. In the 
grown junction technique, semiconductors are generally “grown” 
during their manufacture by dipping and withdrawing a “‘seed”” from 


676 Physics for Class XII 


a crucible of molten semiconductor material (germanium or silicon) 
and then allowing the molten material (germanium or silicon) to cool 
and solidify on the seed. As the seed is continually withdrawn, more 
and more material solidifies and accumulates and so the crystal 
‘grows’. The molten semiconductor material is first given impurities 
of one kind, say for producing a p-type, and when enough is grown, 
impurities of opposite kind are added to change the type of material 
grown thereafter to the n-type. 

__ In the fused junction technique, the n- and p-type silicon crystals 
are Cut into thin slices called wafers. An aluminium film is placed on 
a wafer of n-type silicon and the combination is placed in an oven at 
a temperature of about 600°C. After several minutes, aluminium fuses 
to the surface of the semiconductor and produces p-type semiconduc- 
tors immediately below the surface. Thus a pn junction is formed 
(Fig. 14.14). 


p-type Si 


n-material p-materiol 


n-type Si 
Al- film 
(a) (b) 


Fig. 14.14 (a) Grown junction (b) Fused junction 


These Pn junctions are used in a large number of semiconductor 
devices, The wafer, on which pn junctions are formed, is cut into 


devices, 


14.9 PN JUNCTION DIODE 


In the m-region of a pn junction, the Concentration of free electrons is 
higher than that of holes, whereas in the P-tegion, the concentration of 
holes is much higher than that of free electrons, Therefore, when a pn 
Junction is formed, some electrons from the n-region (where their 
concentration is high) will diffuse into. the p-tegion (where their 
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concentration is low). Conversely, some holes from the p-region (where 
their concentration is high) will diffuse into the n-region (where their 
concentration is low). Sinc the hole is nothing but the vacancy of an 
electron, an electron diffusing from the to the p region simply fills 
this vacancy, i.e. it completes the covalent bond. This process is called 
electron-hole recombination. 


Depletion Region and Potential Barrier 


As a result of electron-hole recombination, the electrons in the n-region 
(in the vicinity of the junction) are neutralized by holes, so that in this 
small region we are left with only ionized donor atoms (positive 
charges) as shown in Fig. 14.15. Similarly, the holes in the p-region 
(in the vicinity of the junction) are neutralized by electrons, leaving 
only ionized acceptor atoms (negative charges), as shown in Fig. 14.15. 
The positive and negative ions in a small region around the junction 
are bound and are, therefore, immobile. This small region in the vici- 
nity of the junction which has been depleted of free charge carriers 
(electrons and holes) and has only immobile ions is called the depletion 
region. 
(b) 
£e 
Acceptor ion Junction Donor ion 


p-region { n-region 


Depletion 
region 
Fig. 14.15 Formation of depletion region 
of positive and negative immobile 


charges in the depletion region, an electric field En is established in 


this region. The direction of the field (which. by convention is the 
direction in which a positive charge will move in this field) is from the 
n-region to the p-region, as shown in Fig. 14.15. It is clear that the 
field Es will oppose any further flow of electrons from the n-region to 


the p-region and that of holes from the p-region to the mregion. Thus 
the electric field En causes a potential barrier Vs at the junction which 
prevents further diffusion of electrons and holes into opposite sections 
of the depletion region. This happens because the overall negative 
charge of the p-region becomes sufficient to repel the free electrons 10 


As a result of the accumulation 
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the m-region, keeping them from crossing the junction and vice versa. 
This limits the size of the depletion region. 

Due to the existence of the potential barrier Vg across the junction, 
an electron from the n-region can cross the junction only if energy 
> eVzis supplied to it from outside. An equal amount of energy 
is required to move a hole from the p-region to cross over to 
the n-region across the barrier. The value of the barrier potential for 
germanium is about 0.3 V and for silicon about 0.7 V. The size of the 
depletion region is a few microns (l micron = 10-6 m). Assuming 
that Vp = 0.5 V and depletion width = 10-6 m, the barrier field will 
be Es = 0.5 V/10 © m = 5x 105 Vm™ which is a fairly high field at 
the junction. 


Operation of a PN Junction: Forward and Reverse Bias 


Let us now consider the pn junction connected to an external voltage 
source such as a battery. If the positive terminal of the battery is 
connected to the p-side and the negative terminal to the n-side, the 
junction diode is said to be forward-biased (Fig. 14.16(a)]. If the 
polarity of the battery is reversed, as shown in Fig. 14.16(b), the 
junction diode is said to be reverse-biased. Notice that the electric field 
E of the external source opposes the barrier field Ex in a forward- 
biased junction and helps the Es field in the reyerse-biased junction. 


E E 
WEG cs TEB 
< -Es 


(a) 


Fig. 14.16 (a) Forward-biased pn junction, (b) Reverse- 
biased pn junction. Note that the depletion 
region becomes wider because E and Ep 
now add up 


Current in Forward-Biased PN Junction Diode 


We have seen that the natural tendency of the majority carriers, free 
electrons in the n-section and holes in the p-section, is to combine at 
the junction. The point to note is that the combination of electrons 
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and holes at the junction allows electrons to move in the same direc- 
tion in both p- and n-sections. 

With the pn-diode alone, the recombination of electrons and holes 
stops because of the potential barrier that builds up. If a battery is 
connected to the diode to overcome this potential barrier, the current 
flow can resume. If the polarity of the external battery is such that 
majority carriers in both the sections are driven towards the junction, 
then this type of biasing is called forward bias, causing forward the 
majority carriers to provide the current flow. 

Forward bias is obtained with the negative terminal of the battery 
connected to the m-section and positive terminal connected to the 
p-side, because the negative terminal will repel free electrons in the 
n section towards the junction, and the positive terminal on the p-side 
will push the holes towards the junction. These free electrons and 
holes will then combine at the junction. But, for each combination, a 
free electron will enter the n-section from the battery, and a valence 
electron will leave the p-section to go to the battery. Therefore, the 
current will flow [Fig. 14.17(a)]. 


(o) tb) 


Fig. 14.17 (a) Electron-hole recombination at the junction in a forward- 
biased pn-junction diode (b) Drift of electrons and holes across 
the barrier in a reverse-biased pn -junction diode 


Current in Reverse-Biased PN Junction Diode 


If the battery connections are now reversed, i.e. the n-side is connect- 
ed to the positive terminal of the battery and the p-side of the semi- 
conductor is connected to the negative terminal, then electrons from 
the n-side will be attracted towards the positive potential and the 
negative potential will attract holes away from the junction, i.e. 
reverse bias repels the majority carriers from the junction. They 
cannot combine at the junction and majority current cannot flow when 
voltage with this polarity is applied. This process is called reverse bias. 
But reverse bias can cause a reverse current to flow, which is caused 
by the presence of minority carriers. 
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We know that although the p-section is doped to have excess holes, 
some electrons are freed because of thermal agitation. The free 
electrons in the p-section, and holes in the n-section, are called minority 
carriers, Now with reverse bias, these minority carriers are pushed 
towards the junction [Fig. 14.17(b)] where they recombine and allow 
electrons to enter and leave the pn diode in exactly the same way that 
the majority carriers do with forward bias. These minority carriers are 
much less in number than majority carriers; hence, the minority 
current is also much less than the forward majority carrier current. 


Circuit Symbol for a PN Junction Diode 


We use special symbols to represent electronic devices in an electrical 
circuit. The symbol for the simplest electronic device, namely the pn 
junction is shown in Fig. 14.18(a). The direction of the thick arrow is 
from the p to the n-region. The p-side is called the anode and the 
n-side is known as the cathode. 


Cathode 


Anode 


(a) (b) (c) 
Fig. 14.18 (a) Symbol for a pn junction diode. Circuit diagram for: 
(b) forward biasing and (c) reverse biasing 


For a forward-biased diode, the tail of the arrow (i.e. anode) is 
connected to the positive terminal of the battery, as shown in 
Fig. 14.18(b) and for the reverse-biased diode, the head of the arrow 


(i.e. cathode) is connected to the positive termi 
thodi minal of the battery, a: 
shown in Fig. 14.18(c), oo 


Current-Yoltage Characteristics of a PN Junction Diode 


The current-voltage characteristic curve of a pn junction diode is a 
graph which Shows the variation of the current flowing through the 


value of resistor R = 0, the voltage across the junction is V, the voltage 
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Fig. 14.19 Current-voltage characteristic of a typical pn 
junction diode 


The portion OAB of the graph is the forward bias current versus 
the forward bias voltage characteristic. Notice how sharply the current 
increases with a small increase in voltage. Even with small applied 
voltages ( ~ 1V), the electrons passing across. the junction gain 
sufficient kinetic energy to expel the valence electrons from the doped 
semiconductor atoms, resulting in a sharp increase in the forward 
current. 

The portion OCD of the graph is the reverse bias current versus the 
reverse bias voltage characteristic. In this case the voltage of the 
battery aids the potential barrier and, therefore, prevents the flow of 
forward current in the diode, resulting in a high resistance at the 
junction. As the reverse bias voltage is increased, a stage is reached 
when the charge carriers (electrons and holes) are accelerated by the 
reverse bias voltage and acquire enough kinetic energy so as to break 
the covalent bonds in the semiconductor by collisions. The freed 
electron can again do the same and a rapidly increasing number of 
energetic electrons are produced. Consequently, the reverse current 


pidly and the material electrically ‘breaks down’. The 


increases very raj 
reverse biased voltage at which this happens is called the breakdown 


voltage. The value of the breakdown voltage varies from 1 or 2 V to 
several hundred volts depending on the number of density of the 
dopants and the width of the depletion region. 

Note that in Fig. 14.19 the forward bias current is in milliam- 
urrent is in microamperes. The reason for 


peres and the reverse bias cI 
choosing different current scales is that the former is much larger than 


the latter. 
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Dynamic Resistance 


The current-voltage (/-V) curve of Fig. 14.19 shows that Z does not 
vary linearly with V, ie.Ohm’s law is not obeyed. In such cases, it is 
useful to define a quantity called the dynamic resistance (or ac resis- 
tance) of the diode. It is the ratio of a small change in voltage (ôV) to 
the corresponding small change in current (8D), ice. 
èy 
Ra = Ei 
The region above point A (called the knee point) of the curve in 
Fig. 14.19 (i.e. the region AB) is the linear region. In this region Ra 
is almost independent of V and Ohm’s law is obeyed. 


(14.15) 


PN Diode as a Rectifier 


Since the pn diode conducts current more readily in one direction 
than in the other, it can be used to convert an alternating current 
into a unidirectional current. When an ac voltage is applied to a diode 
circuit, the diode will conduct relatively heavily when the polarity of 
the voltage produces a forward bias, but it will allow only a negligible 
current when the ac polarity reverses to produce reverse bias. As a 
result, current flows essentially for only one half cycle to produce a 
fluctuating dc at the output. 


Half-wave rectifier circuit A half-wave rectifier consists of a trans- 
former, a diode and a load resistor. The primary coil is connected to 
the ac mains, and the Secondary coil to a load resistor Rt through the 
diode D as shown in Fig. 14.20(a). 


a¢.mains 
r 
vi ie 7 } MW 
CEAS | Rey ba., 
4 NOutput 
PS voltage 
(a) (b) 


Fig. 14.20 (a) Half-wave rectifier circuit 
(b) Pulsating output voltage 


„During the positive half-cycle of the input voltage sine wave, the 
diode is forward-biased and hence it conducts through Rt. The current 


During the next half-cycle (i.e. the negative half-cycle) of the sine wave, 
the diode is reverse biased. Hence, during this time, no current flows 
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in the circuit and no voltage develops across Rt. Since only the 
positive half-cycle of the input appears across the load, the input ac 
voltage is converted into a pulsating de voltage as shown in Fig. 14.20(b). 
This process is called half-wave rectification. 


Full-wave rectifier circuit A full-wave rectifier consists of two diodes 
Dı and D2 connected to the centre-tapped secondary coil of a trans- 
former and a load resistor Ru as shown in Fig. 14.21(a). 

o.c mains 


TAA fo. oe 


0, 
PS + Output 
voltage 
{a} (b) 
Fig. 14.21 (a) Full wave rectifier circuit 
(b) DC output voltage 


During the positive half-cycle of the input voltage sine wave, the 
diode Dı is forward-biased and diode Dz is reverse-biased, and the 
current flows in the direction shown in the figure. During the negative 
half-cycle, the diode D2 is forward-biased and diode Dy reverse-biased. 
Hence during this time also, a current flows through Rx in the same 
direction as in the previous half-cycle. Thus, the current flows (in the 
same direction) through Ri during the positive as well as the negative 
half-cycles of the input ac voltage. Hence the de voltage shape across 
Rt is as shown in Fig. 14.21(b). This process is known as full-wave 


rectification. 


Zener Diode as a Voltage Regulator 


A diode especially designed to work only in the reverse break down 

region (region CD of the characteristic shown in Fig. 14.19) is called 

a Zener diode. The voltage across 
such a diode remains constant. 

| Figure 14.22 shows a voltage 

y regulator circuit using a Zener 

R Y8 diode. Suppose the fluctuating 

| (pulsating) voltage from the output 

of rectifier is applied across a 

Zener diode with a resistor Rz as 

shown, this voltage will be divided 

between Rz and the Zener diode. 

If this diode has a breakdown 


Rz 


Output from 
rectifier 


Zener diode 


Fig. 14.22 Circuit for a Zener diode 
as a voltage regulator 
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voltage Vs =5 V, say, the voltage across the diode will always be 
Ve = 5 V, although the rectifier voltage and the voltage across R, 
are both fluctuating. Thus, Zener diodes are used for making constant 
voltage power supplies, e.g. a battery eliminator. 


EXAmpLe 14.3 A pn junction diode is designed to withstand currents 
upto a maximum of 10 mA. A resistor R = 2002 is connected in 
series with it. When forward biased, the diode hasa potential drop of 
0.5 V which is assumed to be independent of current, Find the maximum 
voltage of the battery to forward bias the diode. 


Solution: Refer to Fig. 14.18(b) again. The maximum value of voltage 
V of the battery should be such that the current Jin the circuit does 
not exceed 10 mA = 10x 1073 A. Applying Ohm’s law, we get 


V=IxXR+05 
= (10X 10-3) x 200 -+ 0.5 
= 25'V 


14.10 THE JUNCTION TRANSISTOR 


The transistor is produced when another semiconductor element is 
added to the simple pn diode. The transistor is then composed of three 
Semiconductor elements. The three elements are combined so that the 
two outer elements are doped with the same type of majority carriers, 
while the element that Separates them has the Opposite majority 
carrier. A transistor can be of two types: npn or pnp type. 

The three elements of the transistor are the emitter (E) the collector 
(C) and the base (B). The emitter supplies the majority carriers for 
transistor current How, the collector collects the current for circuit 
operation and the base controls the Passage of electrons from the 
emitter to the collector. In fabricating the device, care is taken to make 
the base thickness as small as Possible (about a few microns) so that 
it only controls the flow of electrons without causing their loss, while 
crossing the base region to reach the collector, 

The schematic representation of npn and pnp transistors together 
with their circuit symbols is shown in Fig. 14,23. 

The doping level in the emitter is more than that in the collector. 
The area of the base-collector junction is larger than that of the base- 
emitter junction. The base (which is sandwiched between the emitter 
and the collector) is thin and lightly doped. The reasons for these 
special features are explained below. 
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Emitter Collector B 
(E) (C) 
E 
Base (B) 
(a) 
mitter Collector c 
(E) o (C) a 
Base (B) € 
(b) 


Fig. 14.23 (a) npn transistor and its circuit symbol 
(b) pnp transistor and its circuit symbol 


Transistor Action 

Let us analyse the action of an npn transistor (Fig. 14.24). The 
transistor has two n-sections (emitter and collector) separated by a thin 
p-section base. The transistor can be regarded as two diodes joined 
back-to-back. The emitter-base junction of the left diode is shown for- 
ward-biased and the base-collector, of the right diode, is shown reverse- 


biased. 
“Base Collector 


Emitter 


Fig. 14.24 Action of npn transistor 


Let us first consider the action at the emitter-base junction. If it is 
forward-biased and the collector is left floating (i.e. if key Kı is closed 
and key Kz is open), then the electrons from the emitter (n) diffuse into 
the base (p) and holes from base diffuse into the emitter. On the other 
hand, if the base-collector junction is reverse-biased and the emitter is 
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left floating (i.e. if key K2 is closed and key Ki is open), the current 
flowing across the base-collector junction is due to thermally generat- 
ed minority carriers and the width of the depletion region around the 
base-collector junction increases, as explained earlier. We have also 
seen that the current due to minority carriers is very small (of the 
order of a few microamperes). 

We now consider the situation when keys Kı and K2 are both closed 
so that the emitter-base junction is forward-biased and the base- 
collector junction is reverse-biased (see Fig. 14.24). Since the emitter- 
base junction is forward-biased, the electrons in the emitter and the 
holes in the base move towards the junction. At this junction, some 
holes and electrons combine with each other and are lost. However, 
because of the extreme thinness of the base layer (typically less than 
10= cm) and because of the attraction of the relatively high positive 
collector voltage, almost all the electrons diffuse through the base to 
the collector and produce an electron current in the collector. This 
current is called the collector current (Ic) which is of the order of a 
few milliamperes. To make the collection of electrons efficient, the 
base-collector junction has a greater area than the emitter~base junc- 
tion, Figure 14,24 shows the relative sizes of the two junctions. Notice 
that the area of the pn junction is larger than of the mp junction. 

Let us next consider the base current, This current is due to the 
small fraction of electrons which recombine in the thin base region, 
Since the base region is very thin, the base current (Jp) is a very small 
fraction of the collector current (about 1%). In other words about 
99% of electrons pass through the base without recombining with 
holes. This means that the collector current (Jc) is only slightly less 
than the emitter current (7e), In fact, 


k = Ip + ic 


But Ic > Jy, i.e. Ig € Jz or Ic. Ina typical transistor Jz and Jc are 
a few milliamperes and Jp is a few microamperes, The value of Ie 
depends on base thickness, bias voltages, doping levels of emitter, 
base and collector and the geometry (shape) of the transistor. 


Amplifying Action of a Transistor 


Since the emitter-base junction is forward-biased, the depletion region 
around this junction is much smaller than that around the base- 
collector junction which is reverse-biased. Consequently the internal 
resistance (Rex) of the emitter-base junction is much smaller than the 
resistance (Rac) of the base-collector junction, Now the power dissi- 
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pation in the base-collector junction is 


Pac = IeRac 
The power dissipated in the emitter-base junction is 
Pen = IE Reg 


We have seen above that Jc œ Jz and Rac > Ree. Hence Pac > Pen, 
i.e. the power dissipated in the base-collector junction is much higher 
than that dissipated in the emitter-base junction. In other words, the 
output power is much greater than the input power. This is the 
amplifying action of the transistor. 

For a detailed analysis of a transistor as an amplifier, refer to 
Section 14,13. We will see that input current, voltage and power are 
amplified at the output which is taken across an external load resistor 
Ry. We have seen above that the base-collector junction, being reverse- 
biased, has a very high resistance (Rsc). This permits a high load 
resistor Rr, to be inserted in the collector circuit, without affecting the 
output current (Jc) and this is the basis of voltage amplification in a 
transistor. Thus /¢Rne < J¢Rt and a useful power gain is obtained. 
In fact the word transistor isa short form of the words transfer resistor 
indicating that the resistance of the source of the collector current is 
transferred from a small value (Res) to a large value (Rec). 

In a voltage amplifier (see Section 14.13), the input signal to be 
amplified is superposed on a steady voltage (Ven) acrdss the emitter- 
base junction. For a high voltage gain (which is defined as the ratio of 
output voltage to the input voltage), the change in the collector 
current (8/c) should be large for a given change in the emitter-base 
voltage (Ven), Thus the quantity 

êle 
Em = Ven 


should be large for a high voltage gain. The quantity gm, which has 
units of conductance, is called the transfer conductance (or simply 
transconductance) of the transistor; its value depends upon the doping 
levels of the three elements of the transistor and the biasing voltages. 
We have stated earlier that the doping level of the base must be 
much smaller than that of emitter or collector. This can be understood 


as follows. Consider the hole current across the emitter-base junction 


ich i -biased. If the doping levels in the emitter and the 
which is forward-biase Ay ag pa F 


base are the same, then the hole (p) current flowi ( 
to the emitter (n) will be equal to the electron (n) current flowing 
from the emitter (n) to the base ( p). Thus the electron-hole recom- 
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binations at their junction will be more, resulting in an increase in 
base current (J) and hence they reduce the collector current (Ic). 
The decrease in Jc reduces the power output (ZêR1) of the transistor, 
thus deteriorating the amplifying action of the transistor. Hence 
the base should be doped lightly. 

We have explained, in some detail, the action of an npn transistor, 
The action of a pnp transistor is similar to that of an npn transistor 
except that the majority current carriers (in the case ofa pnp transistor) 
are holes instead of electrons and the bias votlages have opposite 
polarities so that the emitter-base junction is forward-biased and the 
base-collector junction is reverse-biased in both types of transistors. 

The action of a transistor may be summarized as follows. For 
useful amplifying action, a transistor should have the following three 
features: 

1, The three elements of the transistor, namely the emitter, the 
base and the collector should have different doping levels. The 
emitter should be heavily doped, the collector should be less 
heavily doped and the base should be lightly doped. 

2. The three segments of the transistor are ‘grown’ in different sizes. 
The area of the base-collector junction is made larger than that 
of the emitter-base junction. 

3. The thickness of the base layer should be very small (much less 
than 10-3 m). 


14.11 CURRENT GAIN IN A TRANSISTOR 


Figure 14.25 shows npn and pnp transistors with appropriate bias 
voltages and the corresponding directions of currents Te, IB and Ic, 
The direction of the arrow in the emitter of the transistor symbol gives 
the direction of the flow of current between the emitter and the base. 


Ie E c Ic 


(a) 
thi 
Fig. 14.25 (a) npn and (6) pnp transistor circuits. The polarity of bias 
voltages is such that, in both cases, the emitter-base 
junction is forward-biased and the base-collector junction 
reverse-biased. Current directions are also shown 
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Applying Kirchhoff’s current law to junction A, we have 
l =Ic+h (14.16) 


There are two current gains in a transistor, namely, ~ and B which 
are defined as 


-k 

e= Te (14.17) 
h 

B= Ts j (14.18) 


The relation between « and £ is obtained as follows. Equation (14.18) 
can be rewritten as 


2 Je je 
ier Te Ip 


a 


~ Tolle 

a 
= ik- Tolle 
7st a ON E i 
<I Ice 


td (14.19) 


or Bi ER 


(Ip = Ie = Ic) 


As stated earlier, Ic is only slightly less than Jz and Jp is much 
smaller than Jc (or Je). Thus « is slightly less than unity (in a typical 
transistor « ~ 0.98) and B = #/(1 — #) is large (50 or more). 

Note: The definitions of « and Ê do not hold if both the junctions 
are reverse-biased or forward-biased. In the first case Jz, Jc and Is 
are practically zero and in the second case, a large current flows as in 


a forward biased diode. 


14.12 CURRENT-VOLTAGE CHARACTERISTICS OF 
A TRANSISTOR 


e-element device. There can be three basic type 
emitter, and common collector 
ese three types of configurations, 
to the input and output circuits. 
ference point for the entire 


A transistor is a thre 
circuits—common base, common 
[Figs. 14.26(a), (b) and (c)]. In all th 
one element will always be common 
Often the common lead is used as are 
circuit, and is connected to the ground. 


690 Physics for Class XII 


Input + 


tc) CC 


(a) CE tb) CB 


Fig. 14.26 (a) Common-emitter (CE), (b) common-base (CB) and 
(c) common-collector (CC) connections for npn transistor 


We will restrict ourselves to the common-emitter transistor circuits 
[Fig. 14.26(a)] because they have the most wide ranging applications. 
However, the common-base and common-collector transistor circuits 
also have very useful applications. 


Common-emitter Characteristics 


The common-emitter characteristics of a transistor are its characteris- 
tics when the emitter is taken as the common reference terminal and is 
grounded (i.e, is at zero potential), the base is the input terminal and 
the collector the output terminal, These characteristics can be studied 
by using the common-emitter circuit shown in Fig. 14.27. 


Fig. 14.27 Circuit for studying the common- 
emitter Characteristics of an npn 
transistor 


We study two types of characteristics—the input characteristics and 
the output characteristics. The graph of the base’ current Jp versus the 
base-emitter voltage Vse keeping Vcr: fixed is called the input character- 
istic [see Fig. 14.28(a)]. As long as Vis is less than the barrier voltage, 
the current Te is small, as in the case of a forward-biased diode. But 
when Ves is increased to a value greater than barrier voltage, the 
current Jp increases sharply by small increases in Vse. The value of Jp 
is, however, much smaller than that ina diode, because in the case 
of a transistor, more than 95% of the emitter electrons (in the npn 
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Fig. 14.28 (a) /nput characteristics, and (b) output characteristics of a 
common-emitter npn transistor 


o 0204 Q6 08 10 


transistor) or more than 95% of the emitter holes (in the pnp transis- 
tor) manage to reach the collector to constitute the collector current. 

If the base-collector junction is reverse-biased, the input character- 
istics remain almost unaffected by small changes in Vcr. Injsuch a 
situation, we can define the input resistance Ri as the slope at a given 
point on the characteristic curve, i.e. 

r- (2=) 
tag ip VcE=constant 

uryes [shown in Fig. 14.28(b)], are obtain- 
r current Jc as a function of Vcr for 
different values of the base current Js. Notice that, for a given value 
of Vor, Ic is larger for large values of Is. Also notice that Jc is almost 
independent of Vcr, although it is controlled by Jn. 


(14,20) 


The output characteristic ¢ 
ed by plotting the collecto 


14.13 TRANSISTOR AS AN AMPLIFIER 


The transistor amplifier is a circuit, consisting of at least one transis- 


tor, which is used for the amplification of voltage, current or power. 
To amplify means to increase the size of (or to magnify) an input 
signal. The output signal of an amplifier is an enlarged version of the 


input signal. ; ip 
Tn order to use a transistor as an amplifier, the emitter-base Junction 


is forward-biased and the base-collector junction reverse-biased. For 
the sake of explanation, we consider an npn transistor. In section 14.10, 
we discussed the action of this transistor. We describe now a common: 
emitter amplifier which is often used. The emitter lead is common to 
the input (emitter-base) circuit and output (base-collector) circuit, as 
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shown in Fig. 14.29. An ac input signal voltage Vi (to be amplified) is 


superimposed on the bias voltage Vse and the output is taken between 
the collector and the ground, as shown. 


Output 


ac Input 


Fig. 14.29 An npn transistor as an amplifier; common-emitter circuit 


Voltage Gain 


The ratio of the output voltage Vo to the input voltage Vj is called the 
voltage gain of an amplifier. In section 14.10 we have seen that the 
base-collector circuit (being reverse-biased) has a high resistance 
Rec so that a high load resistor Ri can be inserted in the collector 
circuit, without affecting the output current Jc. This is the basis of 
voltage amplification by a transistor. Let « = Ic/Te be the current gain 
of the transistor (see section 14.11). From Ohm’s law we have 


where Res is the resistance of emitter-base Circuit. Since the emitter- 


base junction is forward-biased, Res < Rec (see Section 14.10). The 
collector current is 


Therefore, the output voltage across Rt is given by 


Vo = IcRt = « Ei h 


RER 
ye Syd. iR 
Voltage gain = a ome (14.21) 


As explained earlier, Ri can be made much larger than Rep and « is 
slightly less than unity, If « = 0.95 and Rr = 1000Rrs, the voltage 
gain will be 950. Thus, a high voltage gain is obtained in transistors. 
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Power Gain The power gain in an amplifier is the ratio of the output 
power to the input power, i.e. 


— output power 


Power gain . 
input power 


— output current X output voltage 
input current X input voltage 


= kM 
Tg Vi 
Power gain = current gain X voltage gain 


EXAMPLE 14.4 If the input and output resistances in a common-base 
amplifier circuit are 4002 and 400 kQ respectively; (a) what is the 
voltage amplification when the emitter current is 2 mA and æ = 0,98? 
(b) Calculate the base and collector currents. 


Solution: 


(a) Emitter current = 2 mA 
Input resistance = 400 2 
Output resistance = 400 kQ = 400x 10? 2 
Input voltage = 2% 400 mV = 800 mV 
Collector current = Ic = 0.98X 2=1.96 mA 
Output or collector voltage = (1.96 x 10-4) x (400 x 10+3) 


= 784 V 


784 


Voltage amplification = 0800 — 980 


(b) Base current Je = Tell — a) = 2%0.02 mA = 0.04 mA 


Collector current = Jz — e = 2 — 0,04 = 1.96 mA 


EXAMPLE 14.5 The box in Fig. 14.30 represents an amplifier with an 


input internal resistance Ri 
= 1002, It is connected to an ac 
voltage source via a resistor 
R = 300 Qas shown. The voltage Vs £ 
gain of the transistor is 40. If the 
peak-to-peak voltage of the input 


ac source is 5.0 V, find the peak- i 
to-peak voltage of the output. What is the apparent voltage gain? 


Amplifier 


Fig. 14.30 
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Solution: 
sud cel td 
Voltage gain = A 


Vo = Vix voltage gain 
If Vs is the voltage of the source, the voltage across the input of the 
amplifier is 
_  VsX Ri 
ME ace 


—_ 5.0100 _ 5 
(100 + 300) ~ 4 
Output voltage Vo = Vi X voltage gain 


V 


= x400 = 500 V 


Apparent voltage gain = v= = = 100 
s 


EXAMPLE 14.6 In the circuit shown in Fig. 14.31, the base current 
Is = 5.0 pA, base resistor Re = 10x106 Q, collector _ resistor 
Re = 1,1 10 Q, the collector current Tc = 5.0 mA and the d.c. 
voltage in the collector circuit Vec = 6.0 V. Can this circuit be used 
as an amplifier? 


K ly H fcr le G 


Fig. 14.31 


Solution: An amplifier circuit can used as an amplifier if the emitter- 
base junction is forward-biased and the base-collector junction reverse- 
biased: 


Applying Kirchhoft’s loop rule to the loop ABEDFGHKA, we 
have 


Vec = Vse + MiRe 
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where Var is the base-emitter voltage, which is 


Var = Vcc — IsRs 
= 6.0 — (5.0x 1078) (1,0 106) 
=10V 


Applying Kirchhoff’s law to the loop EDFGHCBE, we have 
Vcc = Ver + IcRe 
where Vcr is the collector-emitter voltage which is 


Vern = Veo = IcRe 

= 6.0 — (5.0X 1079) x 1.1 x 10° 

=05V 
The collector is +0.5 V with respect to the emitter and the base is 
4-1.0 V. with respect to emitter, so that the base is (1.0 ~ 0.5) 
= +0,5 V with respect to the collector. Therefore, both the emitter- 
base and base-collector junctions are forward-biased. Hence the 
circuit cannot be used as an amplifier. 


If in Fig, 14.31 the value of Rc = 400 2, can the 


EXAMPLE 14.8 
Take the rest of the data from 


circuit then work as an amplifier. 
Example 14.7. 
Solution. The value of Vee now will be 
Vee = Veo = IcRe 
= 6.0 — (5.0% 10%) 400 


=40V 
Now the collector is at +4.0 V with respect to the emitter and the 
base is at +1.0 V with respect to the emitter (see Example 14.7), 
Therefore, the base-collector junction is reverse-biased by (1.0 V- 
4.0 V) = —3.0 V. Hence the circuit can now work as an amplifier. 


14.14 TRANSISTOR AS AN OSCILLATOR 

We have seen that in an amplifier, an externally applied ac input 

voltage is amplified at the output. An oscillator is a device which 
without any external input 


produces an output of a 5 
voltage. This can be achieved if a part of the output of a transistor is 
fed back into the input circuit. If the feedback voltage is in the 


correct phase, oscillations of a constant amplitude can be obtained. 
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Figure 14.32 shows the basic constituents of a transistor oscillator. 
The oscillator circuit has two principal sections, 


Feed back 
network 


Fig. 14.32 Common-emitter transistor oscillator (schematic) 


1, Amplifying Section This section is just a common-emitter amplifier 
having a high voltage gain (see section 14.13), 


2. Feedback section It comprises a network of LC oscillatory circuits 
to provide the necessary positive feedback in the correct phase. 

The input signal fed to the input circuit of the amplifier gets ampli- 
fied at the output. Some portion of the output signal is fed to the 
feedback section which introduces a 180° phase shift in the signal, 
Exactly how this is achieved in the feedback section is beyond the 
level of the present discussion. The signal is then fed back to the input 
circuit. Thus the transistor supplies its own input and starts oscillat- 
ing at a frequency which is determined by the values of the capaci- 
tances and inductances used in the feedback Section. It is not possible, 
at this level, to describe the construction and the physics of the feed- 
back section. 


PART C: DIGITAL CIRCUITS 


In Part B we have learnt some applications of semiconductor. devices. 
We now discuss their applications in the most rapidly developing area 
of electronics—the area of computers. A computer is an information 
Processing device. It can perform arithmetic operations (such as 
addition, subtraction, multiplication and division). It can also. take 
logical decisions, It has a memory and can store information. The 
stored information may be used if and when desired. The computa- 
tions are carried out at an extremely high speed and with fantastic 
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accuracy and reliability. Modern computers can perform several 
million operations per second, 

There are basically two types of computers—analogue and digital. The 
analogue computer uses continuous (unbroken) data and carries out 
computations with physical quantities, such as length, current, voltage, 
etc. Some examples of analogue devices are the slide rule (which uses 
length), the ammeter (which uses current) and the voltmeter (which 
uses voltage). Consider the ammeter. When a current is passed through 
it, it gives information about the current. The deflection of the needle 
gives a measure of the current passed. Current and deflection are both 
continuous quantities. The current is fed into the ammeter (input), it 
defects the current (processing of input) and gives a deflection (out- 
put). Thus, the ammeter is an analogue device. Analogue computers use 
this basic principle. 

Digital computers, on the other hand, use discrete (discontinuous) 
data. Computations are carried out with discrete quantities, such as 
numerical digits. Some examples of digital devices are facit machines 
and electronic calculators. Digital computers are much faster and 
much more reliable and accurate than analogue computers. Modern 
computers are all digital computers. nS 

Figure 14.33 schematically represents the basic organization of a 
computer system. It consists of a computer and supporting devices 
for input and output of data, The input device (card reader or tele- 
typewriter) supplies the data to the computer, The data are the 
numeric and alphabetic forms which we use in everyday life, They are 
converted into the binary form (described below) with the help of 
electronic circuits called encoders. The computer processes the data and 
the results are obtained on the output device (printer) in the normal 
readable form with the help of electronic circuits called decoders. 


[rw avis} —— 


Fig. 14.33 Computer system 


Processing unit 
(Computer) 


m that performs various computational 
igital’ i ion in the computer 

tasks. The word ‘digital’ means that the information in ti 

is represented by variables that take a limited number of discrete values. 

These values are processed internally by the components of the ~ 

puter that can maintain @ limited number of discrete aw z 

decimal number system provides 10 discrete states corresponding 


A computer is a digital syste 
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digits 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9. We use these digits to represent a 
number in the decimal system. Each digit ina number has a place 
value. For example, consider a number 824 which is written as 


824 = 8X10? + 2x10! + 4x 10° = 800 + 20 + 4 


Digit 8 is in hundred’s place, 2 in the ten’s place and 4 in the unit’s 
place. Here the base is 10. To represent the 10 digits of the decimal 
system, we need an ‘object’ which can take 10 different discrete states, 
Since such an object is difficult (though not impossible) to have, the 
decimal system is not used in computers. It is more convenient and 
reliable to use the binary number system for the simple reason that 
human logic tends to be binary (i.e. true or false, yes or no state- 
ments). The binary system is easy to implement, efficient and suited 
for high speed computations. 

The binary number system uses two digits 0 and 1, A binary digit 
is called a bit, Binary numbers use the base 2 instead of the base 10 
used in decimal numbers. For example, the binary number 1 stands 
for 1x20 = 1. The number 11 stands for 1X2! +1X2° = 3, Simi- 
larly, the binary number 1101 implies 1x 2° + 1x2? + Ox 2!-++-1%20 
=8+4-+0-+ 1 = 13. Also the binary equivalent of a decimal 
number 45 is 101101. Thus, a string of 1’s and 0’s is used to represent 
a binary number. The group or string of bits could also represent a 
binary code for a letter of the alphabet and these letters can be used 
to construct different languages. Table 14.1 shows the binary equiva- 
lents of the first 15 decimal numbers. 


Table 14.1 Binary equivalents of some decimal numbers 


Decimal Number Binary Number 


00 
0l 
10 

i 
100 
101 
110 
111 
1000 


be ea ia 
PUII Ea AA OI ON tn T 
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We will now learn the basic functions performed by semiconductor 
devices in practical circuits used in digital computers. Binary informa- 
tion is represented in a digital system by physical quantities called 
signals. Electrical signals, such as voltages (orcurrents), exist through- 
out a digital system in either one or two values and represent a binary 
variable equal to 1 or 0. 

We have seen that, in amplifiers, the signal (voltage or current) is 
in the form of a continuous, time-varying voltage or current. Such 
signals are called continuous or analogue signals. Figure 14.34(a) shows 
a typical sinusoidal analogue signal. As stated earlier, digital computers 
do not use continuous signals; they use discrete binary signals. For 
example, a particular digital system may employ a signal of 3 V to 
represent a binary 1 or 0 V for binary 0. This is shown in Fig, 14.34(b). 


y V 


1(3V) 4- -- 


t olov) 


(a) 


Fig. 14.34 (a) An analogue signal (b) Binaty digital signal 


In digital electronics, we use only two levels of voltage as shown in 
‘al signals. In digital 


: i ; ieit 
Fig. 14.34(b). Such signals are called binary digi l 
circuits, only two values (represented by 0 and 1) of the input and 


output voltage are permissible. 


14.15 BOOLEAN OPERATORS 


The electronic circuits of a computer system are based on, the princi- 
ples of Boolean algebra after George Boole, an English caer 
Boolean algebra deals with logical statements that pe ae avis 
values, namely, either a sue value or a false value. The omal A ate 
ments are called Boolean variables. A Boolean variable must have k 
value that is either true or false. The true value of a panien jair a 
is denoted by 1 and the false value by 0. It must be ae under 
stood that the symbols 1 and 0 have nothing to do with the grt 
1 and 0. In electronic circuits, the symbols 1 and 0 may be used to 
represent the active and passive states of a circuit component, say a 
switch, a diode or a transistor, as we will see now. 
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In ordinary algebra (using the decimal system) we use various 
mathematical operators, such as addition, subtraction and multiplica- 
tion. In Boolean algebra, the three basic operators used are OR, AND 
and NOT. 


The OR Operator 


Consider the circuit shown in Fig. 14.35. Sı and S2 are two switches 
connected in parallel with a battery and a bulb. 


Sı 


S2 


Bulb 


Fig. 14.35 


The bulb will glow whenever a current flows through it. The action 
of the circuit is summarised in the following table. 


Switch Switch Bulb 
Sı Sa glows 
Open Open No 
Open Closed Yes 
Closed Open Yes 
Closed Closed Yes 


Now, let us agree to say that the open switch indicates false (F) and 
that the closed switch indicates true (T). Similarly, the glowing bulb 
represents true (T) and the non-glowing bulb represents false (F). 
Further let Sı be called input A and S2 input B. The state of the bulb 
may be called output X. The preceding table will now read as follows: 


Input A Input B Output X 


44m 
CE Eei) 
S440 
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This table represents the OR operation. The oR operator connects 
two Boolean variables A and B to produce a new variable X. In 
Boolean algebra the or operation is denoted by the symbol (+), i.e. 


X=A+B 


which is to be read as ‘X equals A or B’. Now since the true value of 
a Boolean variable is denoted by 1 and the false value by 0, the above 
table can be rewritten as follows: 


Table 14.2 Truth table of or operation 


Input A Input B Output 
X=A+B 


ee A 


0 0 
0 1 
1 1 
1 1 


-oO 


The Table 14.2 is called the truth table of the or operation. Notice 
that the operation A or B (= A + B) is used in the inclusive sense. 
The variable X (= A + B) is true (= 1) if either of the variables A 
or B or both A and Bare true, ie. if A = land B = Oor A=0 
andB=lorA=B=1. The variable X (= A + B) is false (= 0) 


if both A and B are false, i.e. if A = B=0., 


The AND Operator 
Now consider the circuit shown in Fig. 14.36. The 
are now connected in series. 


Si x S2 


switches S1 and S2 


Bulb 


Fig. 14.36 


The bulb will glow only if both the switches are closed. The action of 
i in the following table. 


switches is summarized in 
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Switch Switch Bulb glows 
Sı Sa 

Open Open No 

Open Closed No 

Closed Open No 

Closed Closed Yes 


The operation of switches is called the AND operation. The AND opera- 
tor also connects two input Boolean variables A and B to produce a 
new output variable X. The AND operation is denoted by the symbol. 
(:), ie. 

= A-B 
which is to be read a ‘X equals A AND B’. Based on the above table, 
Table 14.3 will be the truth table of AND operation. 


Table 14.3 Truth table of AND operation 


Input A Input B Output 
X=A-B 


-=o 
-S-o 
— oooO o 


Notice that the variable X (=A.B) is true (=1) if and only if both 
the variables A and B are true, i.e. if A = 1 and B = 1. If one of 
them is false (= 0) then the variable X (= A-B) is false (= 0). 


The NOT Operator 


The operator NOT (which means negation) operates on only one 
Boolean variable to produce another Boolean variable which is the 
negation of the first variable. It is therefore a unary operator, unlike 
OR and AND which are binary operators (they connect two Boolean 
variables A and B to produce a new variable X), For example, suppose 
the variable A = Ram is a student of class XII, then the variable 
nor A (denoted by A) = Ram is not a student of class XII. Thus, if 
A= 1, then A = 0 and vice versa. Table 14.4 is the truth table of 
the Nor operation. 

In electronic circuits, the above truth tables represent the states of 
various components in the circuit before and after the logical opera- 
tions, The Boolean variables A and B are called input variables or 
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Table 14.4 Truth table of NOT operation 


Input A Output 
X= A 


0 1 
1 0 


simply input. The Boolean variable X representing ‘A, (A + B) and 
(A.B) is called the output variable or simply output. 

With this introduction to Boolean operations, Jet us now discuss 
how the three basic logic gates are realized by using semiconductor 
devices, such as diodes and transistors. 


14.16 LOGIC GATES 


Binary logic deals with binary variables and operations that assume a 
logical meaning. It is used to describe the binary information in a 
tabular or algebraic form. The manipulation of binary information is 
done by logic circuits called gates. A gate is a digital circuit that follows 
a certain logical relationship between the input and output voltages. 
They are, therefore, called /ogic gates. Various logic gates are commonly 
found in digital computer systems. There are three basic gates called 
OR, AND and Not. Each gate is indicated by a graphic symbol and its 
operation (function) is described by means of an algebraic (Boolean) 
function. The input-output relationship of the binary variables for 
each gate is represented in tabular form in a truth table. 


1. The OR Gate 


Each gate has one or two binary input variables designated by A and 
B and one binary output variable designated by X. The or gate has 
an output 1 if input A or input B or both inputs A and B are 1; 
otherwise the output is zero. Figure 14.37(a) is the logic symbol of the 
OR gate and Fig. 14.37(b) is its truth table. The algebraic symbol of 


Dr 
a A Blx 1 
e JD Bee 
o 
HEA (0) 


ta) (b) te) 


A 


. Fig. 14.37 (a) Logic symbol of or gate, (b) its truth table, and 


(c) realization of or gate using diodes 
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the or function is plus (+), i.e. 

A+B=X 
which is read as A or B equals X. The or gate may have more than 
two inputs and, by definition, the output is 1 if any input is 1. 

An or gate is realized as shown in the circuit of Fig. 14.37(c) using 
two pn diodes Dı and D2. The negative terminal of the battery is 
earthed (so that it is at zero potential) and corresponds to the 0 state 
and the positive (i.e. voltage 3 V in this example) is connected to 1 
state. When both input terminals A and B are connected to 0, no 
current passes through either diode and, therefore no voltage develops 
across the resistor R and the output X is 0, i.e. 0 -+0 = 0. 

When input A is connected to 0 and B is connected to 1, the diode 
D2 is forward-biased and hence conducts current. If the diodes are 
ideal, this current causes a voltage drop of 3 V across R, giving an 
output 3 V or X = l,i. 0+ 1= I, 

When A is connected to | and B to 0, the diode Dı conducts and 
the voltage drop across R is still 3 V, or X= 1, ie. 1 +O = 1, When 
the terminals A and B are connected to 1, both the diodes conduct, 
but the voltage across R cannot exceed 3 V; hence in this case also 
X = Lie. L+ Lm 1 (to be read.as 1 on 1 equals 1), Thus, the truth 
table is satisfied, 


2. The AND Gate 


It has two (or more) inputs and one output. The output X is 1 if input 
A AND input B are both binary; otherwise the output is 0. Figures 14,38 
(a) and (b) show the symbol and the truth table of the AND gate 
respectively, The truth table shows that the output X is 1 only when 
both input A and input B are 1, The Boolean expression (i.e. the 
algebraic symbol) of the anp function is the same as the multiplication 
symbol of ordinary arithmetic. A dot is put between the variables thus 


ta) (b) te) + L 


Fig. 14.38 (a) Logie symbol of AND. gate, (b) its truth table, and 
(€) realization of ano gate using diodes 
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‘Which is read as’ A AND B equals X’. The dot in the AND operator is 
often dropped, so the statement A.B = X is often also written as 
AB =X. 

As stated above, AND gates may have more than two inputs and, by 
definition, the output is 1 if and only if all inputs are 1, 

The circuit in Fig. 14.38 (c) shows how two pn junction diodes can 
be used to realize the AND gate in practice, The resistor R is kept per- 
manently connected to a 3 V battery. When both input terminals A and 
B are connected to 0, both diodes Dı and D2 conduct (because they 
are forward-biased) and voltage at output X will be zero. When A is 
connected to 0 and B to 1, the diode D; conducts but diode D2 does 
not (because it is not forward-biased). The voltage output at X will 
be the voltage across D; which is zero, i.e. X = 0, The reason is that 
an ideal conducting diode has no voltage across it. When A is con- 
nected to 1 and B to 0, the diode Dz conducts and the output is still 
zero (i.e. X = 0). When both A and B are connected to 1, neither Di 
nor D2 conducts and the voltage output will be battery voltage, i.e. 
X= 1, Notice that the output is 1 when both the inputs are 1. If 
either input is 0, the output is 0, Thus the circuit obeys the truth 
Table 14.38 (b) of AND operation, 


3. The NOT Gate 

A NOT gate has only one input and one output. The output is | if the 
input is 0 and vice versa. The logic symbol and the truth table for a 
NOT gate are shown in Figs. 14.39(a) and (b) respectively, As stated 
earlier, the Boolean operation is represented as A = X which is read 
as ‘Nor A equals X’, i.e. X is the negation of A. In other words, 
X=OifA=landX =1ifA=0. 


oe 


ta) tb) 


tc) 


Fig. 14.39 (a) Logic symbol of nor gate, (b) its truth table, and 
(c) realization of wort gate using a transistor 


We cannot realize a Nor gate by using diodes. Instead a transistor 
has to be used. Figure 14.39(c) shows a simple circuit involving a 
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transistor for realizing a Not gate. The values of the base resistor Rs 
and the collector resistor Rc are chosen such that when a voltage of 3 V 
(which is the voltage of state 1) is applied at the base of the transistor, 
a large collector current flows, the voltage at the output X drops and 
the base-collector junction is forward-biased. When input A is con- 
nected to 0, the base-collector junction and the emitter-base junction 
are both reverse-biased, Hence the base current and the collector current 
are both zero. Consequently, the voltage at the output X is 3 V which 
is the voltage of state 1. When A is connected to 1, the transistor 
saturates and the voltage drop across Rc is almost equal to 3 V and 
the output X is 0 volt. Thus the truth table is satisfied. 


14.17 COMBINATION OF GATES 


Complicated digital circuits use various combinations of the three 
basic gates or, AND and NOT. Since the combinations are used repeat- 
edly in such circuits, it becomes extremely cumbersome to show the 
same circuits of diodes, transistors and resistors. Instead, the universally 
accepted practice is to use only the symbols of the gates to represent 
more complicated gates. Two of the most commonly used combinations 
of gates are described now; they are called the NAND gate and the 
NOR gate. 


The NAND Gate 


The word NAND is an abbreviation of NOT-AND. A NAND gate is a 
combination of AND and Nor gates. If the output of an AND gate is 
connected to the input of a Nor gate, as shown in Fig. 14.40(a), the 
combined circuit is called a NAND gate whose logic symbol is shown in 
Fig. 14.40(b). The Boolean expression for the NAND operation is 


A-B =X 


Output of 
AND gate 


Output of NAND (b) 
(a) gate (c) 


Fig. 14.40 (a) circuit of Nand gate (b) its logic symbol, and 
(c) its truth table 4 
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which means that the output X here is just the negation of the output 
of the AND operation (whose truth table is shown in Table 14.3). 
Symbol A-B is read as ‘A AND B negated’. 

The truth table for the NAND gate can be easily prepared [see 
Fig. 14.40(c)] if we use the truth Table 14.3 for the AND operation and 
then find the negation of its output using the truth Table 14.4 for the 
NOT operation. 


The NOR Gate 
If we connect the output of an or gate to the input of a NoT gate, as 
shown in Fig. 14.41(a), we get what is called a Nor gate (which is an 
abbreviation of NoT-or), The logic symbol of the Nor gate is shown 
in Fig. 14.41(b). The Boolean expression for the Nor operation is 
A+B=X 

which is read as ‘A or B negated’. 

Output of OR gate 


Output of NOR gate 


(a) (b) (c) 


Fig. 14.41 Circuit of Nor gate, (b) its logic symbol and 
(c) its truth table 


The truth table for the Nor operation is shown in Fig. 14.41(c), It 
is easily prepared if we use the Tables 14.2 and 14.3. The output 
(A + B) of the or operation is simply negated to obtain the final output 
of the Nor gate. 


NAND (or NOR) as a Digital Building Block 


The or or the AND or the NOT gates alone cannot give a different gate 
by repeated use, i.e. two or more OR or AND or NOT gates do not 
Yield a new gate. But the repeated use of NAND (or NOR) gates can give 
all other gates like OR, AND and NOT, Hence the NAND (or the NOR) 
gate serves as a building block in digital circuits. 

Figure 14.42 shows how we can get a NOT gate from a NAND gate. 
We simply join the two inputs A and B together to make one input. 
As is clear from the circuit, the truth table is as shown in Fig. 14.42(b). 
Since A = B, there is only one input and one output as in a NOT gate. 
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A A | B-A|X 
e ram: 219 | 
B t o 
lar (b) 


Fig, 14.42 (a) Obtaining a NOT gate using 
a NAND gate. and (b) truth table 


Figure 14.43 shows how we can get an AND gate by using a NOT 
gate after a NAND gate. This is clear from the circuit and the truth 
table. 


Fig. 14.43 (a) Obtaining an AND gate using @ NAND gate, 
and (b) truth table 


If the inputs A and B are inverted (so that we have A and B) and 
then applied to a NAND gate, the output of the NAND gate will be 
the same as that of an or gate. This follows from the circuit and the 
truth table shown in Fig. 14.44. 


A A 


B B 


(a) (b) 
Fig. 14.44 (a) Obtaining an or gate using a NAND gate, and 
(b) truth table 


The XOR Gate 


The xor gate is an abbreviation of an exclusive-or gate. The logic 
symbol and the truth table of an xor gate are shown in Fig. 14.45. 
The circuit of the xor gate uses 
combinations of two NOT gates 
and three NAND gates. It has two 
inputs and one output. The output 
(a) X produced by the xor gate is 

Fig. 14.45 (a) Logic symbol of xox Siven by 

gate and (b) its truth rate pa 

table X = AB + AB 
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If we compare the truth table of the xor gate with that of the or 
gate (Table 14.2), we notice that the output in the xor gate is 1 only 
when the inputs are different. Hence the name exclusive-or. The XOR 
gates are used in binary adder circuits (see the following supplement). 


SUPPLEMENT 


BINARY ADDERS 


A binary number is represented by two levels 0 and 1. Each digit of 
a binary number is called a bit. The first digit (i.e. the digit at the 
extreme right) is called the least significant bit (LSB) and the last 
digit (i.e. the digit at the extreme left) is called the most significant bit 
(MSB). You have already learnt how you can convert a binary number 
into its equivalent decimal number and vice versa. For example a four- 
digit binary number 1011 has a decimal equivalent which is obtained 
as follows. 
Binary number 
101 1 =1X23+0x2?+1x2!4+1x2=11 
MBB LSB Conversion Decimal number 
You are familiar with the addition of binary numbers. The rules 

for the addition of two one-bit binary numbers are as follows. 


0+0=(00),0+1=01,1+0=01,1+1=1,0 
(cs) (cs) (cs) (cs) 


The first digit is called the swn (S) and the second is called the carry 
(C). 

A digital computer performs only the operation of addition. The 
other operations such as subtraction, multiplication and division are 
performed by converting these operations into addition operations. 
The circuits performing the addition operations are called adders. The 
input variables A and B are called addend bits and the output variables 
are the sum (S) and carry (C). 


‘The Half Adder 


The circuit which performs the addition of two one-bit binary numbers 
is called the half adder. The two binary numbers A and B are the 
inputs variables. The sum(S) and the carry (C) are the output variables. 
It is essential to have two outputs because, as we have seen above, 
the addition of two one-bit binary numbers can yield two bits (e.g. 
_ 1+ 1= 10). The logic circuit and the truth table of a half adder 
Circuit are given in Fig. 14.46. 


710 Physics for Class XII 


XOR 
A Outputs 


AND 
(a) (b) 
Fig. 14.46 (a) Circuit for a half adder, and (b) its truth table 


The truth table can be obtained by using the truth tables of xor 
and AND gates. Notice that the sum S is-1, if and only if one of the 
inputs is 1; S is zero even when both inputs are 1. This is the case only 
with the xor operation. Similarly the carry C is 1, if and only if both 
the inputs are l and it is 0 in all other cases. This is the case with the 
AND operation. Notice also that a two bit binary output can give the 
addition of up to three one bit binary numbers. 


The Full Adder 


An adder circuit capable of adding three one bit binary numbers is 
called the full adder. The three bits to be added are the two inputs 
A and B and a carry C, which might have resulted by the addition of 
input bits. Here again two outputs C and S are essential because the 
bits to be added can be of the form 


1-1 +.0 = 10 
and 1+1+1=11 


The symbol S stands for the sum and the symbol C is the carry bit 
to be carried over to the next step. The carry C is generated by the 
addition of A and B. Figure 14.47 shows the logic circuit and the 
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Fig. 14.47 (a) Circuit symbol for a full adder and (b) its truth table 
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truth table of a full adder circuit. It uses two half adders (H.A.) and 
an oR gate, as shown. The truth table is obtained from those of a half 
adder and the or operation. 

From the truth table, we notice that S is 1, if exactly one of the 
inputs is 1 or all the three inputs are 1. In all other cases, S = 0, On 
the other hand, C is 1 if either two inputs are 1 or all the three inputs 
are 1. 


Integrated Circuits 


We have seen that a half adder is made by using one AND and one 
XOR gate. An XOR gate is made by using two NOT, two-AND and one oR 
gates. We have also seen that each of the NOT, AND and OR gates can 
be made by combining NAND gates. Thus, it turns out that a half 
adder will require eleven NAND gates. Each NAND gate is made using 
three resistors, two diodes and one transistor. Hence in a half adder, 
there will be 33 resistors, 22 diodes and 11 transistors. If they are 
connected in separate discrete circuits, the whole assembly will occupy 
a lot of space. With the phenomenal improvement in technology, it is 
now possible to make a complete circuit on a tiny silicon wafer. 
These circuits are called integrated circuits (IC’s). 


SUMMARY 


The electrons in an atom are arranged in shells. The electrons in the 
outermost shell are called valence electrons. In an isolated atom, the 
electrons can occupy any of the allowed discrete energy levels. When 
a large number of atoms are brought together to form a solid, these 
energy levels spread into bands. The band structure of a material 
enables us to predict its ability to carry electric currents. In a conductor, 
either the valence band is partly filled or the valence and conduction 
bands overlap. In an insulator, there is a large forbidden band between 
the valence band and the conduction band. Materials having a small 
band gap between the valence and conduction bands behave as 
Semiconductors. 

Pure Si and Ge are the most well-known‘ intrinsic semiconductors, 
Conduction is caused by electrons, freed from the covalent bonds by 
thermal agitation, and by the vacancies which are left behind, The 
controlled addition of impurities to a semiconducting material pro- 
foundly affects its electrical properties. Addition of pentavalent 
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impurities to Ge on $i makes them n-type semiconductors. The majority 
carriers in these semiconductors are electrons. Semiconductors with 
holes as majority carriers are called p-type semiconductors. They are 
manufactured by the addition of trivalent impurities to Si or Ge. 

Semiconductors have a wide range of practical applications as 
diodes, transistors, etc., and in a number of semiconductor devices. 
The simplest semiconductor device is a pn diode which combines a 
p-section containing an excess of holes with an n-section containing 
an excess of free electrons, The junction combination of electron holes 
causes a depletion region to be formed. Forward bias allows majority 
carrier current flow and reverse bias allows minority current flow. A 
pn diode converts alternating current into unidirectional current just 
as in a vacuum tube diode. 

A transistor is produced when another semiconductor element is 
added to the simple pn diode. There are two types of transistor; pnp 
and npn transistor. Two outer p-sections are separated by an m-section 
semiconductor. The three elements of a transistor, the emitter, base 
and collector are comparable to the cathode, grid and plate of a 
vacuum tube. Transistors can be connected into three basic circuits— 
common-base, common-emitter, and common-collector. Alpha («) is 
an expression of current amplification for a common-base circuit and 
beta (8) is called current amplification when the transistor is in the 
common-emitter mode. Transistors may be used as amplifiers and 
oscillators. 

The fabrication of digital computers is the most rapidly developing 
area of electronics. The basic functions in these computers are per- 
formed by a combination of circuits involving semiconductor devices. 


EXERCISES 


A. Short-Answer Questions 


1. Give one example each of amorphous and crystalline solids, 
2. Name a conductor, an insulator and a semiconductor. 
3. Distinguish between intrinsic and extrinsic semiconductors. 
4. Name the current carriers in a- and p-type semiconductors. 
5, What is a junction diode? 

6. What is a transistor? 

7. Distinguish between pnp and npn transistors. 

8. Name the three basic logic gates. 


B. Long-Answer Questions 


1. Distinguish between crystalline and amorphous solids. Give examples of 
each type, 


10, 
11. 


12. 
13, 


14. 
15. 
16, 
17. 
18. 
19. 


20. 
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What do we understand by (a) a lattice, and (b) a unit cell? When is a unit 
cell said to be primitive? Is the choice of a unit cell unique? 


. Discuss how a two-dimensional lattice can be represented in mathematical 


terms. 


. What are the various possible types of plane lattice? What are their 


characteristics? 


. Discuss in detail the possible Bravais lattices in three dimensions. Give at 


least two examples of each type. 


. Discuss the various types of crystalline solids giving examples of each type. 


Discuss in detail the nature of the bonding in each case. 


. State, in each case, whether the following statements are true or false. 


(a) Van der Waals forces represent the strongest type of bonding in solids. 

(b) A close packed arrangement gives the maximum value of packing 
fraction. 

(c) The choice of a unit cell is not unique. 

(d) All alkali metals have a bee structure. 

(e) All noble metals have a simple cubic structure. 


. (a) What is a junction? How is it formed in apn diode? What causes the 


potential barrier in a pn diode? 

(b) When a pa diode rectifies an ac current, why does some current flow in 
both half-cycles? 

(c) Draw the symbols for a pnp and npn transistor. 

(a) Why is the emitter-base circuit forward-biased and the collector 
reverse-biased? 

(b) Name the basic-type of circuits in which transistors can be connected. 
In which type of circuit configuration are very high power gains 
possible? 

Draw and interpret the current-voltage characteristics of a pn junction 

diode. What is the break-down voltage? 

How are junction diodes used as: (a) a half-wave rectifier, and (b) a full- 

wave rectifier? 

Describe the action of a Zener diode as a voltage regulator. 

Explain the action of a transistor. Why are the three elements made with 

different doping levels? Why is the base lightly doped? Why is the area of 

the base-collector junction made larger than that of the emitter-base 
junction? Why is the base layer made very thin? 

Define the two current gains in a transistor and obtain the relation between 

them, 

Draw and interpret the output characteristics of an npn transistor (common- 

emitter type). 

Describe how a transistor is used as an amplifier. Obtain the expression for 

the voltage gain. 

Name the three basic logic gates. Draw a circuit showing how each gate is 

realized. Prepare the truth table for each gate. 

What are Nann and nor gates. Draw their circuit symbols and obtain their 

truth tables. 

How can a NAND gate perform the function of: (a) an AND gate, (b) a NOT 

gate, and (c) an or gate. 

What is the xor gate? Where is it used ? 
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C. Multiple-Choice Questions 
Choose the correct answer from the given alternatives. 


l 


When a semiconductor is subjected to an electric field, a current begins to 
flow through it which is composed of the movement of 


(a) only n-type carriers 

(b) only p-type carriers 

(c) both n- and p-type carriers 
(d) neither n- nor p-type carriers 


. Suitable impurities are added to a semiconductor depending on its use. This 


is done to 


(a) increase its life 

(b) enable it to withstand higher voltages 
(c) increase its electrical conductivity 

(d) increase its electrical resistivity. 


. The addition of a minute quantity of antimony to a silicon crystal makes it 


(a) agood insulator 

(b) a good conductor 

(c) a p-type semiconductor 
(d) an n-type semiconductor 


To obtain an n-type semiconductor germanium crystal, it must be doped 
with foreign atoms whose valency is 


(a) 2 (b) 3 (c) 4 (d) 5 


. To obtain a p-type semiconductor germanium crystal, it must be doped 


with foreign atoms whose valency is 


(a) 2 (b) 3 (c) 4 (d) 5 


. The flow of current across a forward-biased pn junction is mainly due to 


(a) diffusion of charges 

(b) drift of charges 

(c) diffusion and drift of charges 
(d) diffusion of neutral atoms 


. A pn junction diode cannot be used 


(a) as a rectifier 

(b) for detecting light intensity 
(c) for getting light radiation 
(d) for amplifying an ac signal 


- To use a transistor as an amplifier 


(a) the emitter-base junction is forward-biased and the base-collector 
Junction reverse-biased 

(b) both junctions are forward-biased 

(c) both junctions are reverse-biased 

(d) no biasing voltages are required. 


13, 


14, 


N 
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An npn transistor is biased to work as an amplifier. Which of the following 
statements is not correct? 


(a) The electrons go from the base region to the collector region. ` 
(b) The electrons go from the emitter region to the base region. 
(c) The electrons go from the collector region to the base region. 
(d) The holes go from the base region to emitter region. 


. When the conductivity of a semiconductor is only due to the breaking of the 


covalent bonds, the semiconductor is called 


(a) donor (b) acceptor 
(c) intrinsic (d) extrinsic 


. A crystal lattice is 


(a) a random arrangement of atoms in a crystal 

(b) an ordered arrangement of atoms inside a crystal 

(c) a random arrangement of molecules but orderly arrangement of atoms 
(d) a piece of crystal 


. If the forward voltage in a diode is increased, the length of depletion 


layer will 

(a) decrease (b) increase (c) not change 

(d) increase proportional to applied voltage i 

If the electron concentration in a semiconductor is greater than the hole 
concentration, the semiconductor is 

(a) n-type (b) p-type 

(c) intrinsic (d) an insulator 


To which logic gate does the truth table given below correspond? 


A B x 
| 
(a) Nano 0 0 0 
(b) AND 0 1 0 
(c) xoR 1 0 0 
(d) or 1 1 1 
. Digital circuits can be made by repetitive use of 

(a) AND gates (b) oR gates 
(c). NoT gates (d) NAND gates 


D. Numerical Problems 
1. 


If the input and output resistance in a common-base amplifier circuit are 
400 2 and 400 k@ respectively: (a) What is the voltage amplification when 
the emitter current is 2mA and a = 0.98? (b) Calculate the base and 
collector current. 

What is the voltage gain in a transistor if the emitter and collector currents 
are approximately equal? Assume that the emitting circuit impedance is 
100 Q and the collector impedance is 100 kQ. 
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3. Given an npn transistor with a common-base connection and œ — 0.98, 
determine the base current and the collector current when the emitter 
current is 40 mA. 

4. Fora common-base amplifier, the input resistance is 800 2 and output 
resistance is 600 kQ. 

(a) Determine the voltage gain if the emitter current is 12 mA and «æ = 0.97. 
(b) What is the power gain? 


5. The power gain for a common-base amplifier is 800, and the voltage ampli- 
fication factor is 840, Determine the collector current when the base current 
is 1.2 mA. 


15 
THE UNIVERSE 


15.1 INTRODUCTION 


From times immemorial, man has been watching with awe and amaze- 
ment the motion of the various heavenly bodies of the universe. The 
branch of science that deals with the study of the universe is called 
astronomy. Unlike other sciences, astronomy is an observational rather 
than an experimental science. The reason is that the astronomers on 
earth cannot control the various phenomena taking place on the 
surface or in the interior of the stars and also ininterstellar space. The 
conditions prevailing in the stars and in interstellar space are so 
diverse and so extreme that we cannot duplicate them in any labora- 
tory on the surface of the earth. 

The study of the universe began in ancient times when man observed 
the stars in the sky. On a clear night, several thousand stars are seen. 
If we observe the stars for a period of time, we find that they rise in 
the east, follow circular paths and set in the west, just as the sun does 
in the day. This led man to believe that the stars (including the sun) 
actually went round the earth. The Indian astronomer Aryabhatt (fifth 
century AD) was the first person to realize that it was the earth’s 
rotation about an axis that’ caused the apparent circular motion of 
the stars. 

Not all stars appear to move. The distant stars appear to remain 
fixed in space. This is due to the phenomenon called parallax. Suppose 
you are trayelling in a train. Ifyou observe two objects (such as trees) 
at different distances from the train, they seem to move relative to 
each other. The relative apparent motion in much less if the objects 
are ‘very [far away. It is for this reason that the distant stars do not 
seem to move. They are called “fixed stars”. 

Against the background of the fixed stars, a few heavenly bodies 
seem to move. They are the planets w! ich in Greek means ‘wanderers’. 
In order-to explain the motion of planets, the great Greek astronomer 
Ptolemy (first century AD) proposed the geocentric theory accord- 
ing to which the earth was stationary at the centre of the universe 
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and the planetsrevolved around 

it. He assumed that each planet 

Centre of moyed in a small circular path 

Ppiicre called the epicycle, the centre of 

which followed a circular path 

around the fixed earth (Fig. 15.1). 

The geocentric theory reigned 

Earth supreme for 1500 years until the 

(fixed) great astronomer Copernicus 

(1473-1543) proposed his heliocen- 

tric theory according to which the 

Fig. 15.1 The geocentric model of Sun was at rest and the planets 

planetary motion (including the earth) revolved 

around it. This model of the solar 

system is accepted even today. Following this model, scientists like 

Galileo (1564-1642), Kepler (1571-1630), Newton (1642-1727) and 

many others made remarkable contributions towards the understand- 
ing of the universe. 

It is indeed remarkable, as it is fascinating and reassuring, that 
some laws of nature which were discovered in laboratory experiments 
are valid everywhere in the universe. In other words, these laws are 
universal. Some examples of these laws are Newton’s law of gravita- 
tion and the law of conservation of momentum and energy. These 
universal laws have been of great help in the understanding of the 
universe. 

The electromagnetic radiations emitted by stars provide a link 
between the distant stars and earth. These radiations include Y-rays, 
x-rays, ultraviolet rays, the visible light, infrared radiation, micro- 
waves and radiowaves, These radiations have to pass through the 
atmosphere of the earth to reach us. Most of these radiations, with 
the exception of those in the visible region and the near-infrared region, 
are absorbed by the atmosphere. But, with the advent of artificial 
satellites, it is now possible to receive these radiations and study them 
from above the earth’s atmosphere. These studies give us very valuable 
information about many properties of the stars and planets such as 
their brightness, distances, masses, surface temperatures, composition, 
their motion and their evolution. 

In this chapter, our aim is to discuss some methods used in the 
study of heavenly bodies, to present the available information con- 
cerning stars, galaxies, quasars, pulsars, etc. based on recent space 
probes and to discuss the possible theories of the origin of the 
universe. 


Planet 
Epicycie eee 
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15.2 IMPORTANT CONSTITUENTS OF THE UNIVERSE 


There are three main constituents of the universe, which we consider 
one at a time. 


The Solar system 


The part of the universe in which we live is called the solar system. 
It includes the sun which is at the centre of the solar system along 
with planets (Mercury, Venus, Earth, Mars, Jupiter, Saturn, Uranus, 
Pluto and Neptune) which revolve around it in elliptical orbits. The 
solar system also includes the moon and the satellites of the planets 
and the asteroids, comets and meters. 


Stars 


Farther away from the solar systems are stars very much like the sun, 
The stars can occur as single stars, in pairs as binary stars, or in clus- 
ters like the Pleiades. On a clear night one can see about 2000 stars 
with the naked eye. But millions of stars can be seen with the help of 
telescopes. The distances between stars are enormous. Alpha Centauri 
which (after the sun) is the nearest star to us is at a distance of about 
4 light years from the earth. One light year is the distance travelled by 
light in one year with a speed of 3 x 108 m s~. Thus, one light year 
is a distance of about 9.46 X 10!5 m. The space between stars is almost 
completely empty, with traces of interstellar gas and dust. 


Galaxies 


A large group of stars is called a galaxy. We belong to agalaxy called 
the Milky Way which consists of a hundred billion stars including 
our Sun. There are billions of galaxies like the Milky Way. The gal- 
axies nearest to earth can be seen with the naked eye. Very distant and 
faint galaxies can be seen with large telescopes. Photographs taken 
with these telescopes show millions of faint galaxies. The galaxies are 
the building blocks of the universe. 


15.3 ASTRONOMICAL INSTRUMENTS 


The instruments used in astronomical investigations can be classified 
into two groups: (i) instruments such as telescopes that collect visible 
light or radiowaves emitted by heavenly bodies, and (iii) instruments 
such as photographic plates, photocells, spectrograph, etc. which are 
the recording instruments. Telescopes that collect visible light are 
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called optical telescopes while those that collect radiowaves are called 
radio telescopes. 

A radio telescope consists of a large parabolic metal reflector which 
focusses the incoming radiowaves from space on an antenna placed 
at its focus. But unlike visible light radiowaves are not visible and 
they do not affect a photographic plate. The antenna is connected to 
a radio receiver where the signals are amplified. The output of the 
amplifier is recorded in a recorder. The output is in the form of 
a trace on a sheet of paper- indicating the intensity of the incident 
radiation. 

The radio telescope at Jodrell Bank in the UK has a reflector of 
diameter 75 m. The reflector of the radio telescope at Ootacamund in 
India is a cylinder of 500 m length and 50 m width. The largest radio 
telescope is in Puerto Rico and has a diameter of about 300 m. 


Advantages of Radio Telescope Over Optical Telescope 


1, Due to the enormous size of the reflector, a radio telescope can 
detect very faint radio signals. It can detect a very faint galaxy which 
no optical telescope can. 

2. Radiowaves can pass through clouds and dust. Thus, a radio 
telescope can work even in cloudy conditions, 

3. Radio telescopes are much cheaper than optical telescopes. 

4. Radio telescopes can work as well during the day as they can 
during the night. 


Recording Instruments 


The most commonly used recording apparatus is the photographic 
plate. The permanent records of the image of the sun, the stars and 
the planets are used to measure the position, brightness and other 
features, such as the shape of the heavenly bodies. Photographic 
plates suffer from certain defects. The darkening of the plate is not 
proportional to the intensity of light. The comparison of intensities of 
light using photographic plates does not, therefore, give reliable 
information. Photoelectric cells are the most suitable for this purpose 
because the photoelectric current is proportional to the intensity of 
light. But with a photocell, one can observe only one star at.a time. 
Hence, a combination of photographic and photoelectric techniques 
is used in practice. The recording of the amplified signals in a radio 
telescope is done on a piece of paper ina radio recorder. 


: 
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15.4 THE STUDY OF THE SOLAR SYSTEM 


In the early seventeenth century, Kepler formulated three laws which 
describe the motion of the planets around the sun in the solar system. 
The orbits of these planets are very nearly circular or more appropria- 
tely elliptical. These laws together with Newton’s laws of gravitation 
are applicable to the motion of planets and other heavenly bodies. 
We shall now discuss how the physical properties, such as the distances 
of planets, their sizes, masses, etc., can be estimated on the basis of 
astronomical observations, 


Distance 


The following two methods can be used to estimate the distance of a 
heavenly body in the solar system. 

1. Triangulation Method This method is the same as that used by a 
land surveyor and has been refer- 
red toinclass XI. Suppose we wish 
to estimate the distance of, say, 
the moon M, from the earth (see 
Fig. 15.2). With the help of opti- 
cal telescopes, the position of the 
moon is simultaneously observed 
from two widely separated places A 
and B on the surface of the earth. 
The position is ascertained with 
reference to stars which may be 
treated to be at rest. Thus, knowing 
the position of M from two differ- 
ent places, the angle AMB (=¢) 
can be easily found. This angle 
iscalled the parallactic angle. 


¥ Stars N 
Po 


Fig. 15.2 Triangulation method 


Now 
$(in radian) = At ACB_ Arc(ACB) 
in radian) = Radius CM Radius(BM) of orbit 
where AM = BM = CM 
Thus CM = iE 


But CM ~ OM and arc ACB œ chord AB. This is so because the 
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distance of the heavenly body M is much larger than the radius of 
the earth. Thus 


AB 
OMRE 


Knowing AB and ¢ the distance OM can be computed. 


2. Radar Echo Method For nearer objects like the moon, the trian- 
gulation method gives fairly accurate results. For distant planets, this 
method does not give reliable results because the parallactic angle 4 
becomes too small to be measured accurately. In recent years, the 
distance of Venus has been accurately measured by the radar echo 
method, This method consists in sending radio signals to the planet. 
The waves get reflected from its surface. The reflected waves are 
picked up by sensitive receivers on earth. If t is the time taken for 
the waves to go to the planet Venus and come back, the distance S 
of the planet from the earth is given by 


where c(=3 x 108 m s~!) is the velocity of light. 
Once the distance of any planet from the sun is known, the distances 
of all other planets can be obtained from Kepler’s third law, 


a c 
ya T Constant 


where a is the semi-major axis and T is the period of revolution. The 
distance of the earth from the sun has been calculated from the 
measured value of the distance of Venus from the sun as shown in 
Example 15.1. 


EXAMPLE 15.1 The radar echo method gives the distance of Venus 
from the sun as 1.082 x 10!! m. The period of itsrevolution is 224.633 
days, If the period of revolution of the earth around the sun is 
365.257 days, estimate the distance of the earth from the sun. 


Solution; From Kepler’s third law we have 


3 3 
BSE AN 
Tz Ty 
where ay = 1.082 10!' m 


Ty = 224.633 days 
Te = 365.257 days 
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Hence 
2 
dk = ay ae 
2 
T% 
Te\23 
or a = avi 
Ty. 


Substituting for av, Te and Ty, we get 
ae = 1.49410"! m 

Thus the distance of the earth from the sun is 1.49410"! m. This 
distance is called the astronomical unit AU. Thus the distance of the 
earth from the sun is 1 AU where 1 AU = 1.49410"! m. Similarly 
the distance of Venus from the sun is 0.723 AU. 

Table 15.1 (column 2) at the end of this chapter gives distances of 
other heavenly objects. 


Size 
If the distance of an object like a planet or the moon is known, it is 
possible to determine the size of the object. Viewed through a teles- 


Moon cope, the image of every heavenly 
A object is a disc. The angle @ (in 
ARDS radian) between two extreme posi- 


tions on the disc with respect to 
a certain point on the earth is 
determined with the help of a 
i] telescope (Fig. 15.3). The angle @ 
i is called the angular diameter of 
the object. 
The linear diameter AB(= D) of 
the object is then given by 
D = distance X angular diameter 
Fig. 15.3 Size of the moon = s0 
Exampte 15,2 The angular diameter of the sun is 32 minutes of arc. 
If the distance of the sun from the earth is 1.5X10''m, find the 
diameter of the sun. 
Solution: 


Angular diameter 8 = 32 min = = degree 
32., 3.14 
= 60 180 
= 0.0093 rad 
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Distance $ = 1.5 101! m 


Linear diameter D= S8 
= 1.5 x 10"! x 0.0093 


=;1.4x 10° m 


which is about 109 times the diameter of the earth. Table 15.1 
(column 3) shows the sizes of some heavenly bodies. 


Rotation 


The earth revolves around the sun once in about | year and at the 
same time it rotates (spins) from west to east about its north-south 
axis once in about 24 hours. The other planets also rotate about their 
respective centres. The period of rotation of a planet is determined by 
observing the movement of the surface features (such as mountains, 
etc.) of the planets or that of cloud patches over the disc of the planet. 
Most planets (with the exception of Venus) rotate from west ‘to east. 
The rotation of Venus is retrograde, i.e. from east to west. This 
method cannot work for Mercury which does not show any surface 
markings or for Venus which is always covered with thick clouds. 
Their period of rotation can be determined by the radar echo method. 
Table 15.1 (column 4) shows the period of rotation of planets. 


Mass 


In the universe, one heavenly body revolves around another massive 
heavenly body. For example, planets revolve around the sun and the 
moon revolves around the earth. The centripetal force required by the 
lighter body to revolve around the heavier body is provided by the 
gravitational attraction between the two. For an orbit of a given 
diameter, the mass of the heavier body determines the speed with 
which the lighter body must revolve around it. Thus, if the. period of 
revolution of the lighter body is 
known, the mass of the heavier 
body can be determined. 

Suppose a lighter body (like the 
earth) of mass M2 revolves round 
a heavier body (like the sun) of 
mass Mi in a circular orbit of 
radius r (Fig. 15.4). Actually both 
Fig. 15.4 Motion about common bodies revolve around a common 

centre of mass centre of mass C. If ri and r2 are 
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the radii of revolution of the two bodies about the centre of mass, 
then from the definition of centre of mass, we have 
n M 


m, Mi 
where rı + r2 = r, as shown in the Fig. 15.4. Thus, we have 


Mz 


ri m 
aa Spal =i aril 
ie mtr Mi+ M2 
r Mı 
or e (ri r)Mi = r2o(M1 + M2) 
or rMı = (Mı + M2) 
rMı 
aA Ree 15. 
W 2 Mi F Mz Gea 
Similarly n= nite (15.2) 


If vı and v2 are the speeds of the bodies Mi and M2 around their 
respective orbit and if T is the period of revolution, we have 


fet an (15.3) 
and pay r (15.4) 


Now let us consider the gravitational force acting on one of the 
bodies, say, Mz. The gravitational force F exerted on M2 by Mi is 
given by 

MiM2 
F=G 72 
where G is the universal constant of gravitation. 

This force provides the necessary centripetal force exerted on M2 

so as to revolve it in a circular path of radius r2. The centripetal force 


Thus, we have 
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GM _ Ê 15.5 
or Salary (15.5) 
Using Eq. (15.4) in ue (15.5), we have 
2mr2 ys _ 4mrn 
G An -(7 EN pa 
Now substituting for r2 from Eq. (15.1) in this equation, we get 
4n? 73 
(Mı + M2) = Cn (15,6) 


In the case of a planet moving round the sun, the mass M2 of the 
planet is very small compared to the mass Mı of the sun. In such 
cases, Mı + M2 ~ Mi. Thus, from Eq. (15.6), we have 


d r 
VERTA 
Knowing the values of r, T and G; M1 can be determined. 


We notice that since the mass M1 of the sun is constant, Eq. (15.7) 
gives for a planet 


Mı = (15.7) 


ne c 
ya = Constant 


which is Kepler’s law of periods. 


EXAMPLE 15.3 The distance of the sun from the earth is 1.496 x 101! m 
and the period of revolution of the earth around the sun is 365.257 
days. Calculate the mass of the sun. Given G = 6.668 X 10-!! N m? 
kg. 


Solution: 
r = 1.496 x10" m 
T = 365,257X 24 x60 60 s 


42 r? 


G T 


Substituting the values of r, T and G, we get 


M == 


Mı = 1.99 10% kg 


Equation (15.7) can also be applied to a planet-satellite system in 
which M will be the mass of the planet and M2 that of its satellite. 

Table 15.1 (column 5) gives masses of the planets. If M is the mass 
of a planet and r its mean radius, then the mean density of the planet 
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and g, the acceleration due to gravity at its surface can be determined 
from the relations 


_ 3M 
P= Ga 
and 
GM 
E= m 


The values of P and g for planets are given in colimus 6 and7 of 
Table 15.1. 


EXAMPLE 15.4 The mass of the moon is 7.349 x 10” kg and its mean 
radius is 1.738 x 106 m. (i) Calculate its mean density. (ii) What is the 
acceleration due to gravity at its surface? (iii) What will be the weight 
of a man on the moon, if he weighs 60 kg on the earth? Given 
G = 6.668 1071! N m? kg7?. 


Solution: 
M = 7.34910” kg 
r= 1.738 10° m 
(i) Mean density p of the moon is given by 


p = 3M 3.34% 109 kg m 
grr? 


(ii) The acceleration due to gravity (g) on Moon’s surface is 


(iii) Let ge be the acceleration due to gravity on earth 
ge = 9.8 ms 
mgs’ 
= 60x 9.8 = 588 N 


Weight of man on Earth (We) 


Weight of the man on Moon (Wm) = mgm 
= 60 1.62 N 


= 97.2 N 


Thus, we find that the weight of a given body on earth is about six 
times the weight of the same body on the moor. 
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Surface Temperature 


The radiations from the sun fall on the planets that move around it. 
The intensity of solar radiations on the surface of a planet depends 
on its distance from the sun, varying inversely as the square of the 
distance. Only a fraction on the incident radiation is reflected by the 
planet. The rest is absorbed by it. Planets shine by the reflected light 
of the sun. As a result of absorption of radiations, the surface of the 
planet gets heated. The planet then starts emitting radiation which 
lies mostly in the infra-red and radiowave region of the electro- 
magnetic spectrum. By measuring the intensity of the radiation emitted 
by a planet, its surface temperature can be determined from Stefan’s 
law of heat radiations, namely, 


E = oT* 


It is clear that the planets farther away from the sun will be colder 
than those closer to it because the intensity of radiation received by 
a planet varies inversely as the square of its distance from the sun. 
Mercury, being closest to the sun, is the hottest. Venus is an excep- 
tion, because it has a very thick atmosphere of carbon dioxide which 
acts as a blanket and keeps it surface warm. 


Atmosphere 


The presence of an atmosphere around a planet or its satellite can be 
detected by observing the meteorological phenomena associated with 
clouds and storms, The composition of the atmosphere can be deter- 
mined with the help of a spectrograph. Clouds are good reflectors of 


light. Hence they help to increase the reflecting power of a planet.. 


The reflecting power of a heavenly body is called albedo. The albedo 
of Moon is 0.06 which means that the surface of Moon reflects 
only 6% of the incident intensity, implying thereby that Moon has 
practically no atmosphere. Mercury also has a low albedo (~0.07) 
and, therefore, has no atmosphere. The albedos of Venus, Earth, 
Jupiter, Saturn, Uranus and Neptune are high which shows that they 
have thick atmospheres. Venus (owing to a thick blanket of clouds 
surrounding it) reflects about 80% of the incident radiation. Mars 
and Pluto have very thin atmospheres, their albedo being about 0.1. 
As mentioned above, the nature of gases present in the atmosphere 
of a planet can be determined by studying the absorption spectrum 
of the radiation emitted by it with the help of a spectrograph. These 
studies have revealed that the atmosphere of Venus and Mars consist 
mostly of carbon dioxide and those of Jupiter and Saturn contain 
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hydrogen, helium, methane, etc. The atmosphere of the earth consists 
of 80% nitrogen, 20% oxygen with some carbon dioxide and water 
vapour. 


Other Objects in the Solar System 


Besides the planets and their satellites, the solar system includes 
objects called asteroids, comets, meteors and meteorites, 


Asteroids Asteroids are a group of small objects revolving round 
the sun between the orbits of Mars and Jupiter. More than 2000 
asteroids have been discovered. The largest among them has a dia- 
meter of about 700 km and is called Ceres. It circles the sun once 
every 44 years. The smallest asteroid may have a diameter of only 
about 100 m: They are pieces of rock which are believed to have 
broken away from planets, possibly due to the gravitational effect of 
Jupiter. 


Comets A comet consists of a small mass of rock-like material 
surrounded by large masses of substances, such as water, ammonia 
and ‘methane. These substances 
are easily vaporized. Comets have 
highly elliptical orbits around the 
sun. When a comet is very far 
away from the sun, it shows no 
tail. As it heads towards the sun, 
it begins to get elongated in the 
direction away from the sun as 
shown in Fig, 15.5. It then shows a tail which always points away 
from the sun, regardless of its direction of motion. 

You will learn in higher classes that radiation exerts pressure like 
a gas does. This is called the radiation pressure. The formation of the 
tail of a comet is due to radiation, pressure. As the comet approaches 
the sun, some of its substances are vaporized by the heat of the sun. 
The pressure exerted by the light of the sun on these vapours forces 
them away from the comet. 


Meteors and Meteorites If you scan the sky on a clear moonless 
night, you might see what is called a ‘shooting star’ or a meteor. 
Actually they are not stars but small pieces of rock or metal. 
Occasionally, the earth in its orbital motion around the sun, comes 
so close to one of these objects that the object is attracted towards 
the earth by the large gravitational pull exerted by the earth. As it 
enters the eatth’s atmosphere it is accelerated to extremely high speeds. 


Fig. 15.5 The orbit of a comet 
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Due to the friction of the air, the object is heated to very high tem- 
peratures and it begins to glow and gets completely burnt before it 
reaches the earth. These objects blazing through the atmosphere are 
called meteors. The larger objects may survive the heat produced by 
friction and may not be completely burnt. These blazing objects 
which manage to reach the earth are then called meteorites. 


15.5 THE SUN 


The sun is our nearest star. We shall see in Sec. 15.6 that the sun is 
a star of average size, mass and brightness. It looks big and bright 
only because it is much closer to us than the other much bigger and 
brighter stars. We have already seen how the distance and the mass 
of the sun are determined. The distance of the sun from the earth is 
1.496 x 10"! m which is called the astronomical unit (AU). The mass of 
the sun is 1.989 x 10% kg. The diameter of the sun is about 1.39 x 10° m 
which is approximately 109 times that of the earth. We shall now consi- 
der other important properties such as luminosity, temperature, etc. 


Surface Temperature of the Sun 


The temperature of the surface of the sun can be estimated by 
measuring what is called the solar constant. The solar constant S is 
the amount of radiant energy received per second by a unit area of a 
perfectly black body placed on earth with its surface perpendicular 
to sun’s rays. In class XI we learnt how radiant energy is measured. 
Experimental measurements have shown that the value of the solar 
constant is 1.3910? W m~2. This means that a surface area of J m? 
of a black body on earth held perpendicular to the sun’s rays receives 
1,39X 103 J of radiant energy per second. 

The total radiant energy emitted by the sun is, however, much 
larger, The earth receives only a small fraction of it which is directed on 
Radiation it. To calculate the total radiant 
ncident on energy, let us imagine a sphere of 

radius R equal to 1 astronomical 

Earth unit (i.e. the distance between the 
sun and the earth) with the sun at 

its centre (Fig. 15.6). The sun 

radiates energy in all directions. 

Now, if S is the solar constant, 

the total amount of radiant 

Fig. 15.6 Calculation of the surface energy E received per second by 


temperature of the sun the sphere of radius R is given by ` 


fi 


mG 


Sn 


~~. ae 
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E = surface area X solar constant 
= 4nR*S (15.8) 


Assuming that there is no loss of energy as it travels, the energy 
emitted by the sun per second must also be E. If T is its surface tem- 
perature, then, according to Stefan’s law, the energy emitted by a 
unit area of the sun per second, assuming the sun to be a black body 
is given by o7* where o is Stefan’s constant. Thus, if r is the radius 
of the sun, the total radiant energy E emitted by the sun per second 


is given by 


E = 4nro-T* (15.9) 
Equating Eqs (15.8) and (15.9) we have 
ih 
T= (4)"(4) 2 (15.10) 
r o 


Knowing R, r, S ‘and ¢ the absolute temperature T of the surface of 


the sun can be determined. 


EXAMPLE 15.5 Compute the surface temperature of the sun from the 


following data: 
Distance of the earth from the sun (R) = 
Radius of the sun (7) = 6.928 x 108 m 
Solar constant (S) = 1.39 103 Wm? 
Stefan’s constant (¢) = 5.73 x 1078 W m? K 


d substituting the values of 


1.496 x 101! m 


Solution: Using Eq. (15.10) above an 
R, r, Sand ø, we have 


R 1/2 S 1/4 
r=(7)" (=) 
= 5800 K 
EXAMPLE 15.6 Calculate the energy radiated per second by the sun. 
Use the data given in Example 15.5 above. 


Solution: 
E = (427r)S b 
= 47 X(1,.496% 1011)? x 1.39. x 10? 


= 3.9x 107 W 


This is called the solar luminosity. 
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Condition at the Centre of the Sun 


The temperature calculated above is the temperature of the outermost 
layer of the sun. This layer is called solar corona or chromosphere 
which is. transparent to visible light. The disc which we actually see 
when we look at the sun lies below the chromosphere and is called 
the photosphere which produces light. As we go deep below the surface 
layers of the sun, the temperature, pressure and density go on increas- 
ing due to the compression caused by the weight of the layers above. 
Calculations show that the temperature at the centre of the sun is as 
high as 14X 10° K. At such high temperatures, no substance can exist 
in a solid or liquid form. Hence the sun is gaseous all the way. About 
70% of the mass of the sun is hydrogen, about 28% helium and the 
test only 2% is composed of other heavier elements from lithium to 
uranium. The density of the sun increases from about 1074 kg m=} at 
the surface to about 10* kg m™? at the centre. The pressure at the 
centre of the sun is of the order of 2X 10!6 Nm=2, 


Energy Production in the Sun (Source of Solar Energy) 


What is the source of energy of the sun? This question baffled 
scientists for a very long time. There must be a source within the sun 
steadily supplying the energy it radiates, In the 19th century, 
Helmholtz and Kelvin suggested that the gravitational energy liber- 
ated during the slow contraction of the sun was the source of energy. 
Let us compute this energy. We assume, for simplicity, that the sun 
is a sphere of uniform density. It can be shown by a detailed calcula- 
tion that a uniform sphere of mass M and radius R Possesses gravita- 
tional potential energy = —3GM?/5R, where G is the gravitation 
constant. This energy is due to the work done in bringing each 
particle of the sphere from infinity to form the sphere. If the sphere 
shrinks from infinite radius to radius R, the gravitational energy 
released in this process is 


_ 3GM2 
kimi TER” 


Substituting the values of G, M and R, we obtain 
Eg = 2.4X 1041 J 


In Ex, 15.6 we have seen that the energy radiated per second by the 
sun is 


E = 3.9 x 102% J s-1 
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Assuming that the sun has been radiating energy at this rate since its 
birth, its age would be 

HENI 24 xa0OS 

Egat BOO Tier 
which is about 20 million years. This is much smaller than the age of 
the earth (about 4 billion years or more) as found by geophysicists. 
It is inconceivable that the earth was born much later the sun. Hence 
gravitational contraction cannot be the source of solar energy. i 

Thus, the sun has been radiating energy at the rate of 4x 1026 J s7! 

for billions of years. Such an enormous energy could not possibly be 
due to any chemical reaction, such as burning of coal or oil. Even if 
the entire: mass of the sun is assumed to consist of pure carbon, its 
complete combustion would yield radiant energy at the above rate 
for only a few thousand years. We know from Binstein’s mass-energy 
equivalence relation 


œ 6X101 s 


E = me 

that an enormous amount of energy is released in a nuclear process 
involving only a small quantity of mass m of the substance, since 
even for a small m, E can be very large due to a very large magnitude 
of the factor c? (c = 3108 m s~), It was, therefore, postulated that 
only a nuclear process could be responsible for the production of 
solar energy. There are two nuclear processes that release energy, 
namely, nuclear fission and nuclear fusion, The process of fission 
involves the splitting of heavier unstable elements (such as uranium) 
into lighter stable elements. This process was ruled out because the 
abundance of heavier elements in the sun is too small to account for 
its high rate of emission for so long a period. 

It was Hans Bethe of Cornell University, USA, who in 1939 pro» 
posed that the process of nuclear fusion could be the only source of 
solar energy. This process involves a fusion (fusing together) of 
lighter elements to form slightly heavier elements, The sun has an 
almost inexhaustible amount of light elements such as, hydrogen and 
helium which together constitute about 98% of the mass of the sun. 
Bethe suggested a set of nuclear reactions to account for the solar 
energy and it is called the carbon-nitrogen cycle, Recent experiments 
haye shown that another fusion process called the proton-proton cycle 
fi) is the most probable source of solar energy. In both these cycles, four 
hy hydrogen atoms fuse together to form a helium atom producing two 
i Positrons (positive electrons) and releasing energy according to the 

tg 


equation. 
41H —> $He + 2e% +Q 
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Now the atomic mass of four hydrogen atoms is 4.032 and that of 
one helium atom is 4,003. Thus, there is a loss of about 0.7 per cent 
of mass. This is converted into energy in accordance with Einstein's 
mass-energy relation stated above, Calculations have shown that the 
energy released in this process is enough to maintain the radiation of 
energy from the sun for billions of years. 


15.6 THE STARS 


As mentioned earlier, the sun is a typical star of average size, mass 
and brightness. There are millions of stars in the universe. Some of 
them are much more massive and brighter than the sun. In the follow- 
ing we shall discuss distances, radii, brightness and other aspects 
concerning stellar evolution. 


Stellar Distances 


Within the solar system the distances can be conveniently expressed 
in terms of the astronomical unit. Stellar distances, being much larger, 
are expressed in terms a much bigger unit, the light year. As stated 
earlier, one light year is equal to a distance of 9.46 X 1015 m. The 
distances of stars are also measured by the method of triangulation. 
For yery distant stars spectroscopic methods are used. The star nearest 
to the earth after sun is named Alpha Centauri. It is 4.3 light years 
away, i.e light starting from the star takes 4.3 years to reach us. The 
sun is only about 8 light minutes away from us. 


Brightness of Stars 

When we scan the sky on a clear night some stars look bright and 
others faint, A star looks bright either because it is intrinsically 
(really) bright or because it is closer to us. The sun looks the brightest 
Of all stars because it is closest to us, although it is really much 
fainter than many other stars which appear to be dimmer because 
of their ‘enormous distances, Thus, what we perceive is only the 
apparent brightness. 

The real brightness of stars is represented through a system of 
magnitudes, This system was started by the Greek astronomer 
Hipparchus about 2000 years ago. The brightest visible stars were 
called the first magnitude stars. Stars which are (half as bright were 
called the second magnitude stars and so on up to the sixth magni- 
tude stars which were the faintest stars in the sky. With the use of 
good telescopes, it is now possible to see very faint stars. Consequently, 
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the magnitude scale of Hipparchus has now been extended far beyond 
six. Photometric measurements show that the first magnitude stars of 
Hipparchus are actually about 100 times brighter than his sixth 
magnitude stars. The new magnitude scale is based on these measure- 
ments; it is defined such that a magnitude difference of 5 corresponds 
exactly to a factor of 100 in the amount of light energy reaching the 
earth, A difference in magnitude by 1, therefore, corresponds to a 
difference in the ratio of luminosity (or brightness) by (100)'/5 which 
is about 2.5. This means that, if two luminous objects have lumino- 
sities Lı and La, their magnitudes m and mare related as 

Ex. sq qeme-muys (15.16) 
La. 
Taking the logarithm of both sides, we get 


log n) ns F mi), iog 100 = im — m) 


Sroa a Ae, 25 tox (2) = —2,5 log (2) (15.17) 


This equation is used to define the magnitude m of the star. For this 
purpose, one of the luminous objects, is taken as a standard and its 
magnitude is taken to be m = 0 corresponding to its luminosity Lo. 
In terms of this standard, the magnitude m of a star of luminosity L 
is defined as 


mim =2:5 log (5) 05.18) 


From this definition it follows chat stars which are brighter than those 
of zero magnitude have negative m values. Thus, a magnitude of —5 
corresponds to brightness 100 times greater than that of the zero 
magnitude star. The value of m for the sun is about —26.5 while that 
for venus is about —4. 


EXAMPLE 15.7. Venus is about 104 times brighter than the dimmest 
visible star, If the magnitude of the dimmest star is +6, what is the 
magnitude of Venus? 


Solution: Mo eR a e 10 0) m=? 
Using Eq. (15.17), we have 
m = m — 2.5 log (2) 


= 6 — 2.5 log (10*) 
=6—25x4=—-4 
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Astronomers have classified and mapped a large number of stars, 
Calculations show that their absolute brightness varies in the range 
of about a million times to one millionth of the brightness of the sun. 


Stellar Spectra 


The spectrum of the sun has been extensively studied by spectros- 
copists and astronomers. The solar spectrum is a continuous spectrum 
on which dark lines (called Fraunhoffer lines) are superimposed as 
described in Chapter 11. Just like the sun, the stars also show a 
continuous spectrum on which dark absorption lines are superimposed. 

The continuous spectrum is pro- 
Reversing duced by the surface layers of the 
ever star which form what is called 
the photosphere of the star 
(Fig. 15.7). 

Like a black body, the photo- 
sphere of a star emits radiations 
Fig. 15.7 Formation of continuous of all wavelengths, MEDEA the 

and absorption stellar  ©OPtinuous radiation of the photo- 

spectra sphere passes through the topmost 

relatively cooler layer (called the 

reversing layer) of the star, the radiations of certain wavelengths are 

selectively absorbed by this layer, The dark absorption lines in the 

continuous spectrum correspond to these absorptions. The wave- 

lengths corresponding to the dark lines are characteristic of the sub- 

stances present in the reversing layer. Thus, we can identify the 

elements present in the stars by noting the positions of the absorption 
lines in their spectra. 

The spectra of all stars are identical. The spectrum of a star is 
related to its colour. Stellar spectra have been divided into seven 
principal classes, namely, O, B, A, F, G, K and M. The O and B type 
stars are blue and their spectra have helium lines. The A type stars 
are white and their spectra show hydrogen lines predominantly. The 
F and G type stars are green and yellow: their spectra show lines of 
ionised neutral metals. The K type stars are orange and M type stars 
are red in colour. Their spectra show absorption bands that indicate 
the presence of molecules of titanium oxide in them. 

The colour of a star is related to its surface temperature. This can 
be understood from Wien’s displacement law discussed in Class XI. 
According to this law 


AmaxT = Constant 
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where T is the temperature and A is the wavelength at which the 
intensity of radiation is maximum. Now the visible radiations are 
VIBGYOR (violet, indigo, blue, green, yellow, orange and red) with 
violet having the shortest wavelength and red the longest. From the 
displacement law, it is clear that very hot stars will predominantly 
emit radiation of short wavelengths. They, therefore, look indigo or 
blue. Less hot stars look green or yellow: whereas cooler stars look 
orange or red. Notice the colours of an iron ball when it is heated, 
When it is cold, it looks black. When heated, it first becomes red hot 
and on further heating the colour changes to yellow, then to white or 
blue. 

The surface temperature of a star can be estimated by measuring 
the wavelength at which the intensity of the emitted radiation is 
maximum and then using the displacement law. After knowing the 
temperature, the true chemical composition of the atmosphere of a 
star can be determined. H.N. Russell has done pioneering work in 
this field. He found that all stars have essentially the same composi- 
tion as that of the sun, i.e. mostly hydrogen and helium with very 
little traces of heavier elements. 


Stellar Radii 

Stars are so far away from the earth that even the largest stars when 
viewed with the most powerful telescopes appear as mere point images. 
The angular diameters of these images are so small that the method 
described in Sec. 15.4 cannot be used to measure them and we have 
to resort to indirect methods. 

We can use the Stefan-Boltzmann law of heat radiations to estimate 
the radius of a star, Assuming that the star emits radiation like a 
black body, then according to the Stefan-Boltzmann law, the amount 
of radiant energy emitted per second by a unit area of the surface of 
the star is given by #74 where ø is Stefan’s constant and T the surface 
temperature of the star. If r is the radius of the star, then the total 
energy radiated per second by its entire surface (477?) is given by 

E = (oT*)(4nr?) = 4n0r°T* (15.19) 

This equation will give the radius r of the star if its temperature T 
and intensity E are known. How these measurements are made has 
already been discussed above. For most stars, the radii range from 
about 20 solar radii to about a tenth of the solar radius. 


Giants and Super Giants There area few exceptions. The stars named 
Capella and Betelgeuse have radii equal to 50 and 220 times the 
radius of the sun. On account of their large size, the stars are called 


giants and super giants. 
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Dwarfs and White Dwarfs The most common stars like the sun are 
called dwarfs by comparison with giants. On the other extreme, very 
small stars like Sirius whose diameters are a fiftieth of that of the sun 
or less are called white dwarfs. 


Stellar Masses 


Many stars are binary systems. A binary system consists of a pair of 
Stars revolving around their common centre of mass. The masses of 
the stars in a binary system are determined by the application of 
Kepler’s law of periods as discussed in Sec. 15.4, 

Let us suppose that M; and M2 are the masses of the two stars ina 
binary system revolving about their common centre of mass C in 
orbits of radii rı and r2 (see Fig. 15.4). Then we have from Eq. (15.6). 

Mı + M2 = man 
where r = rı -+ 72, T their common period of revolution and G is the 
universal gravitation constant. For convenience let us take Sun’s mass 
as the unit of mass, the astronomical unit (AU) as the unit of distance 
and the year as the unit of time. It is easy to see that; in terms of 
these units, G = 472, so 


M a 
1+ M = T 
where Mı and M2 are in units of solar mass, r in AU and T in years, 

Let us consider a typical example. Sirius is a binary; its two compo- 
nents are separated by a distance r = rı + m = 20,3 AU. Observa- 
tions show that they tevolve about their common centre of mass in 
49.9 years. Thus T = 49.9 years. Substituting these values in the above 
equation, we have 


Mı + M2 = 3.35M 


where M is the mass of the sun. By locating the centre of mass, it is 
found that r2/rı = 2.35. Hence, we get 


Mi = 2.35M 
M2 = 1.00M 


Similar measurements have been made for about 100 binary systems. 
The masses of stars range from about 40M for the hottest O type stars 
to about 0.1M for the coolest M type stars, 
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Interiors of Stars 


If we divide the mass of a star by its volume, we getits mean density. 
The mean densities of dwarfs range from 10 kg m~ (O stars) to 
5x 104 kg m~? (M stars). As in the case of the sun, the temperature 
and density increase as we go deeper into the interior of a star. The 
central densities of dwarfs range from a few thousand kg m~? (O type) 
to about 104 kg m=? (M type). The central temperature is maximum 
for O and B type stars (30x 10° K) and minimum for M type stars 


(10 x 10° K). 


Stellar Evolution 


Like everything else in the universe, a star is born at a certain point 
of time, it lives for a certain length of time and eventually dies. 


Birth of a Star 


Interstellar space is filled with particles of dust and gas, The weak 
gravitational attraction between them draws them together to form a 
cloud. The life history of a star, according to widely accepted theory, 
begins when the cloud of dust and gas becomes large enough to contract 
under the effect of its own gravitational force. Due to compression, 
the cloud heats up. It begins to radiate (or lose) energy, which helps 
the cloud to contract further. Detailed calculations show that for a 
cloud to contract, its original mass must be at least one thousand solar 
masses. At a certain stage, the cloud explodes into smaller fragments, 
each of which continues to contract under its own weight. When the 
fragments become hot enough, they begin to radiate light from their 
surface. Each fragment becomes a self-luminous star. Thus, a cluster 


of stars is born. 


Death of a Star 


Each star of a cluster continues to contract until its core attains a 
temperature of about 10 million degrees. At these temperatures the 
nuclear fusion process, discussed in Sec. 15.5, starts. In this process, 
hydrogen is converted into helium and energy is released. This energy 
keeps the star shining for millions of years. The dwarfs, which form 
more than 90% of the stellar population, are in this stage of evolu- 
tion. This stage lasts until all the hydrogen fuel in the core of the star 
is exhausted. Our sun has already spent about 5 billion years of its 
life and it will take another 5 billion years for its hydrogen fuel to be 
exhausted. 
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When the hydrogen in the core of the star is exhausted, the star 
enters its old age. The nuclear process stops. The core of the star 
starts contracting again, This raises the temperature of the core which 
heats up the outer layers of the star, causing them to expand. Due to 
expansion, the outer layers cool. At this stage the size of the star 
becomes very big and its temperature falls, making it look red. It 
becomes what is called a red giant. With continued contraction of the 
core and the resulting rise in its temperature, helium in the star may 
become the fuel for thermonuclear reactions to form still heavier ele- 
ments in the star. Eventually with the depletion of the fuel elements, 
a violent explosion called nova or super nova may occur in which a 
large portion of the star’s envelope is thrown back into interstellar 
space. This is the death of the star. 

The core that remains behind may end up as one of the following 
three types of stellar corpses (or dead bodies). 


1. If the original mass of the star was less than 2M (where M is the 
mass of the sun), we get a dense white dwarf. As there is no nuclear 
fuel left in the dwarf, it changes colour from white to yellow to red as 
it cools. Finally it becomes black, and is lost to sight for ever. 

2. If the original mass of the star was between 2M and 5M, the 
recoil of the super nova explosion compresses the core to nuclear 
densities (~10!7 kg m=) giving rise to what is called a neutron star. 
Its mass is less than 2M and its radius is about 10 km. Neutron stars 
have very high magnetic fields (~ 108 T). 

3. If the original mass of the star was greater than 5M, the recoil of 
the super nova explosion is so violent that the core continues to 
collapse indefinitely giving rise to what is called a black hole. A black 
hole has a very small size but enormous surface ‘gravity, so much so 
that even a light signal (photon) cannot escape from its surface. On 
the other hand, any particle or photon that approaches it is attracted 
and swallowed. That is why such a body is called a black hole. 


Pulsars and Quasars 


Pulsars Although the existence of neutron stars was postulated over 
thirty years ago, it was only recently that their existence was confirm- 
ed observationally with the accidental discovery of what are called 
pulsars. The first pulsar (CP 1919) was discovered in 1967 by astro- 
nomers at Cambridge University in England. The radio receiver at 
their observatory received a weak radio signal which repeated with 
great regularity. It sent pulses at a regular interval of precisely 
1.33730115 s. Later about a dozen such objects were discovered. It is 
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generally believed that the pulsars are high density neutron stars 
having a very rapid rotation and a large magnetic field as stated 
before. 


Quasars 


Another very spectacular discovery in astronomy during the last 
twenty-five years is that of quasars—a short form for quasi-stellar 
radio sources. The first quasar discovered was named 3C 273. A quasar 
is an object that emits enormous power, of the order of 1053 W (or 
J s~!) which is equivalent to the energy of a million Suns. Spectro- 
scopic observations show that they move with very high speeds 
approaching 0.9 times the speed of light. It is believed that such an 
enormous power output of a quasar may be due to gravitational 
collapse. They appear as faint point images. About 150 quasars are 
known. 


15.7 THE MILKY WAY 


The universe consists of a very large number (about 10°) of galaxies, 
Each galaxy, in turn, has a large number of stars (about 101!) cluster- 
ed in it. The name galaxy has been derived from the word ‘gala’ which 
means milk, Our own galaxy is called the Milky Way. 


Size and Shape 


The Milky Way galaxy is in the form of a disc which is thicker near 

the centre and thinner towards 

ption Yeo the edges. Figure 15.8 shows a 

Sun section of this galaxy in the plane 

z of the paper. The diameter of the 

27x10. ` disc is about 105 light years. The 

P EO EE T about 

Fig. 15.8 Edge-on view. of the 5000 light years at the centre and 

Milky Way (schematic diminishes near the edges. The 

illustration) sun, which belongs to this galaxy, 

is situated in its central plane at 

a distance of about 2.7 x 104 light years from the centre of the galaxy 

(called the galactic centre). When seen through a telescope, it gives a 

cloudy appearance due to the presence of a very large number of stars 
in it. 
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Interstellar Matter 

On a clear night, we see several dark regions in the band of the Milky 
Way. The regions look dark due to the presence of dust clouds which 
hide from our view the stars lying behind them. The space between 
stars in the Milky Way is filled with dust and gas. Sometime the dust 
gets illuminated by a hot star and it begins to shine by light reflected 
from it giving rise to what is called a nebula. Orionis a bright nebula. 
About 90% of the interstellar matter is composed of hydrogen. 


Stellar Clusters 


The smaller assemblies of stars in a galaxy are known as clusters. 
There are two types of star clusters, namely, the galactic clusters and 
the globular clusters. Galactic clusters are groups of 100 to 1000 stars 
held in position by mutual gravitational forces. The cluster moves as 
a whole around the galaxy. Globular clusters are groups of about 
10,000 stars packed in a relatively small region. About 1000 globular 
clusters are known, All of them are more than 20,000 light years away 
from the sun. 


Structure 


The disc of the Milky Way has a spiral structure. Ordinary optical 
telescopes cannot be used to study the detailed structure because the 
field of view is blocked by interstellar dust clouds. But radiowaves can 
penetrate the clouds of dust. Tharefore, radio telescopes have recently 
been used to study the detailed structure. These studies have revealed 
that the central part of our galaxy looks like an amorphous spheroid, 
Outside the central nucleus are situated the spiral arms which are 
about 1,200 light years wide and are separated by gaps of about 
500 light years. The sun is situated near the edge of one such arm. 


Rotation 


A remarkable feature of the Milky Way is that it rotates about an 
axis passing through its centre. This rotation is not like that of a rigid 
rotator. Each star of the galaxy moves in an orbit with a speed that is 
determined by the gravitational attraction of the stars enclosed within 
its orbit. The sun is one of about 150 billion stars in the Milky Way. 
All the stars revolve round the galactic centre. The sun, moving at a 
speed of 250 kms~!, revolves about the centre in about 250 million 
year. 


The Universe 743 


Mass 


The mass of the Milky Way can be estimated as follows: If r is the 
distance of the sun from the galactic centre and 2 its speed round its 
orbit, the centripetal acceleration is v7/r. IfM is the mass of the Milky 
Way, the gravitational acceleration of the sun will be GM/r?. Equating 
the two we get 


vp 


G 


Substituting for v = 2.5 105 ms~!, r = 2.7 104 light years = 2.7 
x 10*x 9.46 x 10!5 ~ 3.5x 102m and} G = 6,67 10-!! Nm? kg, 
we get M œ 3x 10! kg, which is about 150 billion solar masses. From 
this, one may conclude the part of our Milky Way within the orbit of 
the sun consists of around 150 billion stars. 


15.8 COSMOLOGICAL THEORIES OF THE UNIVERSE 


The Expanding Universe 


There are millions of galaxies in the universe. It has been established 
by observations that these galaxies are all receding away from us and 
from one another at fantastic speeds. Thus, the universe is expanding. 
Let us take the analogy of a balloon with several ink dots on it. When 
the balloon is inflated, each ink dot moves away from the other during 
expansion. The distance between any two ink dots keeps on increas- 
ing as the expansion of the balloon is continued. However, there are 
two points of difference between the expanding universe and the 
expanding balloon. The balloon expands about its centre; but there is 
no centre about which the universe expands. Secondly, the ink dot 
becomes bigger as the balloon is inflated, but in the expanding uni- 
verse the sizes of the galaxies do not change; only the inter galactic 
distances increase. But how do we know that the universe is expand- 
ing? This question was answered by a well-known astronomer named 
Hubble. It is a matter of common experience that the frequency of the 
whistle of an incoming train appears to increase while that of a. 
departing train -appears to decrease. This is called the Doppler effect. 
This effect occurs in the case of light also. Thus the radiation from an 
approaching source of light should have a higher frequency (therefore, 
a shorter wavelength) and that from a receding source of light should 
have a lower frequency (or longer wavelength) than when the source 
is not in motion. Thus a receding source of light should show a shift 
towards the longer wavelength region (i.e. the red region) in the lines 
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of its spectrum. This is known as the red shift. In fact the speed of 
recession is estimated from the amount of red shift of the spectral 
lines. Hubble observed that the light from distant galaxies shows a 
red shift. Thus it follows that the galaxies are receding. He found that 
the speed of recession (v) is related to the distance (r) of the galaxy by 
the relation 
v= Hr 

This is known as Hubble’s law and the constant H whose value is 
17 kms“ per million light years is called Hubble’s constant. Thus, the 
higher the distance of a galaxy, the higher is the speed of its recession. 
Knowing the speed of recession from the red shift, one can determine 
the distance of a galaxy from Hubble’s equation. 

A natural question to ask is: What causes the expansion of the 
universe? This brings us to the question of the origin of the universe. 
The following three theories have been proposed to account for the 
origin and evolution of the universe. 


The Big Bang Theory 


This theory proposes that, in the remote past, all the matter now 
present in the universe was concentrated in a single extremely dense 
and hot (~ 10!2 K) fireball. Then an explosion somehow occurred 
about 20 billion years ago and the ball broke into large number of 
segments which flew off in all directions in the form of galaxies. 
According to Hubble’s law, the speed of recession ofa galaxy becomes 
equal to the speed of light at a distance of about 20 billion light years. 
No light from a galaxy at such a distance would ever reach us so that 
this distance becomes the boundary of the observable universe. Due 
to continuous recession, more and more galaxies would be lost from 
our view, as they approach this distance. 


The Pulsating Theory 


Some astronomers believe that the expansion of the universe cannot 
continue and is stopped by the gravitational pull and the universe 
begins to contract again. After it has contracted to a certain critical 
size, an explosion again occurs, According to this theory the expan- 
sion and contraction repeat after every 8 billion years. Thus, the 
outer boundary of the universe moves in and out (i.e. pulsates or 
oscillates) at regular intervals. 


The Steady State Theory 
This theory was proposed by astrophysicists named Bondi, Gold and 


go 
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Hoyle. According to this theory, the galaxies which have receded beyond 
the observable part of the universe are replaced by new galaxies which 
are continuously being formed out of the interstellar matter. This 
theory, therefore, suggests that the universe has always appeared as it 
does today and the rate of expansion has been the same in the past 
and will remain the same in future. Some kind of a steady state has 
been reached so that the total number of galaxies in the universe 
remains constant. 

There is not enough observational evidence to decide which of these 
theories is more plausible than the other. A fairly large number of 
cosmologists believe the Big Bang theory to be the most probable. The 
evidence in favour of this theory came. in the sixties. The ‘fireball’ 
which was extremely hot in the remote past must be steadily cooling 
due to expansion. Assuming that the radiation emitted from the fireball 
during the cooling process has a black-body spectrum, the wavelength 
at which maximum intensity occurs is related to temperature T by 
Wien’s law: AmaxT = constant. The temperature T of this radiation 
spread out over the entire universe can be shown to be about 3 K. In 
1965 Arno Penzias and Robert Wilson succeeded in detecting such an 
all-pervading radiation. This is the basis of the wide-spread acceptance 
of the Big Bang theory of the evolution of the universe. 

We now have a fairly good idea of the large scale structure and 
evolution of the universe, But a large number of questions still remain 
unanswered. For instance, we do not know how galaxies were formed, 


TABLE 15.1 Physical Properties of Planets of the Solar System 
1AU = 1.49610" metre, Rg = 6.378X10° metre, M, = 5.977x20™ kg, 
gg = 9.8 m s™° (subscript E refers to Earth) Abbreviations: d = day, 
h = hour, m = minute, 1 year = 365.257 days, 


Planet Period of Semi-major Radius, Rotation Mass, Mean 
revolution axis of (xR) period (Mg) density 
in years orbit (AU) (kg m=") 
Mercury 0,241 0.387 0,38 58.6d 0.056 5400 
Venus 0.615 0.723 0.96 243d 0,815 5100 
(retrograde) 
Earth 1,000 1,000 1.00 23h 86m 1,000 5520 
Mars 1.881 1.524 0.53 24h 27m 0.107 3970 
Jupiter 11.864 5.203 11.23 9h 50m 317.9 1330 
Saturn 29.46 9.540 9.41 10h 14m 95.0 700 
Uranus 84.0 19.18 3.98 10h 49m 14.6 1330 
(retrograde) 
Neptune 164.1 30.07 3.88 15h 17.2 1660 
Pluto 247 39.44 0.50 6.39d 0.11 4900 


ee ee ees 
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why the universe is so homogeneous and how exactly the universe 
was created in the first place. Hopefully these and other questions 
will be answered one day with improvements in observational and the- 
oretical cosmology. 


SUMMARY 


The branch of science that deals with the study of the universe is 
called astronomy. Astronomy is an observational science. The devices 
that an astronomer uses for this study include optical telescopes, 
radio telescopes, spectrograph, photographic plates, space probes, etc. 

The main constituents of the universe are the solar system, stars and 
galaxies. 

The solar system consists of the sun at the centre, nine planets 
(including the earth) revolving around the sun with 32 natural satel- 
lites that revolve around the planets. In addition, there are more than 
2000 asteroids and several hundred comets. 

The average distance between the sun and theearth is called astro- 
nomical unit (AU) IAU = 1.49610" m. 

The distances of the objects in the solar system can be measured 
by the method of triangulation and by the radar echo method. The 
mass of a planet can be obtained from the knowledge of its period of 
revolution and its distance from the sun. The composition of the 
atmosphere of a planet and its surface temperature are determined 
from the study of the spectrum of the radiation reflected from it. 

The sun is a typical star. It is one of about 100 billion stars in the 
Milky Way. The diameter of the sun is about 7x108 m and its sur- 
face temperature is about 6000 K. The process of thermonuclear 
fusion is responsible for the enormous energy radiated by the sun. 
Stellar distances are expressed in terms of light years. 1 light year 
= 9.46 x 105 m. 

A cluster of a large number of stars is called a galaxy. There are 
more than 10° galaxies in the universe. Our galaxy is called the Milky 
Way. Galaxies can be spiral, elliptical and irregular. Most galaxjes 
are spiral like our own galaxy. 

The branch of astronomy that deals with the origin, structure and 
evolution of the universe is called cosmology. The measurements of 
the red shift of spectral lines suggest that the universe is expanding. 
Three theories have been proposed to account for the origin and 
evolution of the universe. They are the big band theory, the steady 


d 
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state theory and the pulsating theory. The red shift observed for 
quasars and the other observations tend to favour the big band 
theory. 


EXERCISES 


Short-Answer Questions 


1. Name the planets in the solar system. 

2. What is a light year? 

3. Name the galaxy to which we belong. 

4. What is the surface temperature of the sun? 
5. What is a galaxy? 


Long-Answer Questions 


1. Distinguish between a planet and a star. 

2, Name the constituents of the solar system, How will you determine the: 
(i) distance, (ii) mass, (iii) size, (iv) period of rotation, and (v) surface 
temperature of a planet? 

3. Explain clearly why some planets have atmospheres while others do not. 

4, State the important physical properties of the sun. How is the surface 
temperature of the sun estimated? 

5. Discuss the possible source of solar energy. 

6. How is the surface temperature of a star computed? 

7. Narrate the complete life history of a star. 

8. How can we determine the composition of the outer layers of a star by 
studying its spectrum? 

9. Describe the structure and contents of the Milky Way. 

10. What is a galaxy? Distinguish between a normal galaxy and a radio galaxy. 

11. How can we find out that the universe is expanding? Briefly describe the 
three theories of the evolution of the universe. 

12. Write short notes on the following: (i) electromagnetic radiations, (ii) comets, 
(iii) asteroids, (iv) meteor, (v) meteorites, (vi) solar constant, (vii) photo- 
sphere, (viii) thermonuclear fusion, (ix) sunspots, (x) solar flares, (xi) pro- 
minences, (xii) absorption spectrum of a star, (xiii) red giants, (xiv) white 
dwarfs, (xv) nova and super nova, (xvi) neutron star, (xvii) black hole; 
(xviii) pulsars, (xix) quasars, (xx) galactic and globular clusters, (xxi) spiral 
galaxies, (xxii) radio galaxies, (xxiii) the red shift, and (xxiv) Hubble’s law, 


C, Multiple Choice Questions 


Choose the correct answer from the given alternatives. 
1. Which planet is closest to the sun? 


(a) Earth (b) Mercury 

(c) Mars (d) Jupiter 
2. Which planet is the farthest from the sun? 

(a) Saturn (b) Uranus 


(c) Neptune (d) Pluto 
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3. 


5. 


The Ecco of small pieces of rock revolving round the sun between the 
orbits of Mars and Jupiter are called 


(a) Meteors (b) Comets 
(c) Meteorites (d) Asteroids 
4, The density of matter in a neutron star is of the order of 
(a) 10° kgm=* (b) 10° kgm=* 
(e/ 1037 kgm-* (d) 10" kg m~? 
A light signal (photon) cannot escape from the surface of a 
(a) black hole (b) neutron star 
(c) white dwarf (d) red giant 


D. Numerical Problems 


1; 


10. 


Phobos is a satellite of Mars. The period of its revolution around Mars is 
0.319 days and its mean distance from Mars is 9.519 10° m, Assuming that 
the mass of Phobos is negligible compared to that of Mars, calculate the 
mass of Mars. Take G = 6.668 107 N m? kg™?. 


. The period of revolution of the moon around the earth is 27.32 days and 


its mean distance from the earth is 384,400 km. If the centre of mass of the 
earth-moon system is located at a distance of 4.75x10°m from the earth’s 
centre, calculate the mass of each. Given G = 6,668 x 10" N m° kg~*. 


. The period of revolution of Mars around the sun is 1.881 year and its mean 


distance from the sun is 1.524 AU. Calculate the mass of the sun (1 AU = 
1,496 x 104 m), 


a Calculate the valve of the solar constant on Mars -taking its distance from 


the sun as 1.524 AU. Also calculate the temperature of a black body on 
Mars. Solar constant on Earth = 1.388 10° W x m=, Stefan’s constant = 
5.669 x 10-° W m=? K=, 


. The total power emitted by the sun is 3.9 10% W. The mean distance of the 


sun from the earth is 1.496 x 10% m. Calculate the value of the solar cons- 
tant. 


. The moon subtends an angle of 57° at the base line equal to the radius of 


the earth. What is the distance of the moon from the earth? The radius of 
the earth = 6.378 x 10° m, 


. Compute the surface temperature of the sun from the following data: 


Distance of Mars from the sun = 1.524 AU 
Solar constant of Mars = 5.976 x 10° W m~ 
Stefan’s constant = 5.735 x 10-° W m=? K~‘ 

Radius of the sun = 6.928 x 10° m 


. Assuming that the faintest star visible to the naked eye has a magnitude 6, 


compare its brightness with that of planet Venus whose magnitude is 4. 


. The diameter of the planet Jupiter is 3580 km. What is its angular diameter 


when it is a distance of 8.25x 10° km from the earth? 
Suppose the sun suddenly shrank to half its present size. Find the gravita- 
tional potential energy released in this process. 


earo > 


APPENDIX A 


LINE, SURFACE AND 
VOLUME INTEGRALS 


It is worthwhile to recall the definition of an ordinary single integral 
which you are already familiar with. Suppose the function f(x) of a 
single real variable x is given (or known) for all values of x in an 
interval x = A to x = B, where A and B are the end-points on a 
linear interval. Then the integral 
B 
i fix) dx (A.1) 
A 
of the function f(x) from x = A to x = Bis defined as follows. We 
divide the interval from A to B into a very large number N of sub- 
intervals of very small lengths, as shown in Fig. A.1, where the end- 
point A is labelled Po and the end-point B is labelled Py and Pi, P2, 


P3, ... Py-1 are the intermediate points. The lengths of the subinter- 
vals are 4x1, 4x2, . . . 4xn-1, Axy as shown in the figure. 
Fo A Pe. Ps Prez Pres Pv 
A X x2 X3 Xu- XN B 
+e el -<e s 
Ax, An Ax, Aty Ary 


Fig. A.1 Definition of a simple integral of a single 
real variable 


We could, of course choose the intermediate points Pi, P2,..., 
Py-1 at equal distances such that all the subintervals have the same 
length; but it is not essential since ultimately we take the limit 4x > 0. 
Then we choose one point in each subinterval, say x1, x2, x3... XN—1, 
Xn; xı is a point in the first subinterval, x2 in the second, and so on. 
It does not matter where in a subinterval we choose this point, because 
if the subinterval is small enough (strictly speaking tending to zero). 
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the value of the function f(x) will be sensibly constant over a sub- 
interval. 

Next we multiply the value of the function fat a point x in a sub- 
interval by the length of that subinterval and add all such products for 
all the subintervals to get the sum 


In = f(xi)4x1 + fx2)4x2 +... + f(xn)4xn 
= F Sn) (A.2) 


where f(xn) is the value of the function at any point in the mth sub- 
interval whose length is xn and n takes on values 1,2,...,N;n =1 
for the first subinterval, n = 2 for the second, ... and = N for the 
Mth subinterval. . 

We then take the limit N -> œ and Axn —> 0, i.e. the number of 
the subintervals becomes larger and larger and the size of the subinter- 
val becomes smaller and smaller. In this limit, the sum Jy approaches 
a definite value which is called the integral Z of f(x) over the limits A 
and B (xo and xw), i.e. 


Boxy) 
n=N 
P= limit SOA = T(x) dx (A,3) 
N>% n=l 
ax, >0 A(=x0) 


The integral J may be regarded as some sort of an average value of 
f(x) between A and B multiplied by the length of the interval from A 
to B. 

Equation (A.3) defines the simplest integral, namely the integral of 
a function of a real variable over a linear interval (Fig. A.1). This 
mathematical definition of an integral can be generalized to the follow- 
ing more complicated situations: 


(a) The region of integration, instead of being a linear interval, 
could be (i)-a curve in a plane or in space (one-dimensional case), 
(ii) a surface (or area) in a plane or in space (two-dimensional case), 
or (iii) a volume in space (three-dimensional case), 

(b) The function to be integrated (i.e. the integrand) could be a 
vector function instead of a scalar function. 


The three cases (i), (ii) and (iii) lead us to the concepts of line, sur- 
face and volume integrals of scalar and vector functions. In each case 
the procedure to calculate the integral is the same—we divide the 
curve, surface or volume into a very large number of elements of very 
small sizes, multiply the value of the function at any point in an ele- 
ment by the size of that element, add up all such products for all the 


Line, Surface and Volume Integrals 751 


elements and see if the sum approaches a definite value as the number 
of elements tends to infinity and the size of each element terids to zero. 
That value is defined as the line, surface or volume integral. 


LINE INTEGRAL 


Consider two points A and B in, say the x-y plane and let L be a 
continuous curve between points A and B in the plane. Let r(x, y) be 
the position vector of a point in the curve. Let f(r) be a scalar function 
whose value is given for all points r(x, y). Divide the curve L into N 
small segments (not necessarily of the same length), as shown in 
Fig. A.2 where the end-point A is labelled Po, the end-point B is 
labelled Pw and P1, P2, P3,..., Pw-1 are the intermediate points. 


y Th R 
y 1 B 
N 
Ye 
yi 
Ox x9 XN x 


Fig. A.2 Definition of the line integral of a scalar 
function in a plane 


Each small segment gives a small two-dimensional vector: Alı for 
the first segment, Alz for the second, . . . Aly for the last segment as 
shown in the figure. Next we choose a point rı anywhere in the first 
Segment, a point r2 anywhere in the second, . . . and a point ry in the 
last segment. Here ri(x1, y1), r2(x2, y2),... ,tw(xn, yn) are the posi- 
tion vectors of the points chosen. Then we multiply the value of the 
function at that point in an element by the magnitude of the length 
vector of that element and construct the sum of all such contributions 
from all the segments. We get 


In = fri4h + f(r2)4h +... + f(ew)4ly 


n=N 


a: 22 MALIA 
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Finally we take the limit N > co and 47 —> 0. If the sum Jy tends 
to a definite value in this limit, then that value gives the line integral 
of f along the curve L, i.e. 


B 
yk Í fe) dl . (A.A) 
Meng b 


This is the definition of the line integral of a scalar function in two 
dimensions. The generalization to three dimensions is straightforward. 
If L is a curve in space from points A to B, the position vector r is a 
three-dimensional vector r(x, y, z) and hence all the small vectors 4l, 
Alz, .. . are also three-dimensional vectors and the points ri, r2,... 
ry are points in three-dimensional space and lie on the curve L, The 
above case of L being in a plane is thus a special case when all vec- 
tors are two-dimensional rather than three-dimensional. Hence the 
definition (A.4) is applicable irrespective of whether L is a curve in a 
plane or in space. 


EXAMPLE A:1_ Three points P, Q and R lie in the x-y plane and have 
coordinates, (0, 0), (1, 0) and (1, 2) respectively. Calculate the line 
integral of the function f(x, y) = x + y? along (a) the straight line 
from P to Q, (b) the straight line from Q to R, (c) the straight line 
from P to Q and then the straight line from Q to R and (d) the 
straight line from P directly to R. 


Solution: Figure A.3 shows the positions of points P, Q and R in the 
x-y plane, 


y 
2 Ri,2) 
1 
2t LA 
Bfe 
P Q 
00L (1,0) 2 X 
B 


Fig. A.3 


; 
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(a) The line integral to be evaluated is 
Q Q 
sg = J fŒ, y) dl =i (x + y?) dl, 


along the straight line from P to Q. 
Since y = 0 along this line, we have 


x=! 


(b) The line integral to be evaluated is 
R 


R 
Toon =| fx, yd! = | (x + 3?) di, 


along the straight line from Q to R. 


Since x = 1 along this line, we have 


R y=2 
Ta+R =f (+ 9)dy = J (1 + y?) dy 


y=0 

2 Si a 8 

STM 2 tg 
=i4 
Nee 


(c) The integral to be evaluated is 


R 
bae f ydl + | fix, y) al 
P Q 
= Ipsq + Jo>r 
Wride 1s 
=st+F=54 


(d) The integral to be evaluated is 
R R 
Tron = | fos al= f Ge + 941 
P P 


along the straight line from P to R. 
To evaluate this integral, we must first express x and yin terms of 
1. Consider a point A on the line at a distance / from the origin P. 
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The value of / is 0 at point P and V/5 at point R. These are the end- 
points of the line. The distance between them is V5. The x and y 
coordinates of the point A obviously are I/+/ 5 and QV. 5 respecti- 
vely. (See Fig. A.3). Putting x = I/V 5 and y = 2///5 in the inte- 
grand we have 

R 


Teor = Í (x + y*) dl 
P 


V5 iy 4/5 _ 11/5 
2 3 6 

Case (c) and (d) illustrate an important fact about line integrals, 
namely, that the value of a line integral between two points, in general 
depends upon the path of integration. Notice that in case (c) the path is 
from P to R via Q whereas in case (d) the path is from P directly to 
R. The value of the line integral in the two cases is different. Only in 
special situations is the line integral path-independent. For example, 
we have seen in chapter 2 that the line integral of the electrostatic field 
between two points is independent of the path between them but 
depends only on the end-points of the path. 


Generalization to Vector Functions 


Our definition (A.4) can be easily generalized to include vector func- 
tions also. Suppose we have a vector field F(r) specified at all points r 
in space. F(r) could be an electrostatic field E(r) or a magnetic field 
B(r) or any other vector field. 

Suppose a curve L is given along which the line integral of F(r) is 
to be evaluated (Fig. A.4). As before, we divide the curve L into a 
large number of small vector elements Alı, 4b, ..., Aly; but now 
construct the sum of the contributions in a different way by taking the 
dot products F(r1)-4h, F(r2)-4b . . . F(ry)-Aly, where F(r1), F(r2) .. - 
F(ry) are the values of the vector field at points in the first, second, 
. .. Nth elements respectively. The sum of the dot products is 


n=N 
Iw = Ffr) -Ala 


— 
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Fig. A.4 Calculation of the line integral of a 
vector field in space 


We then take the limit N > œ and 4/0. The sum Jw tends to a 
value 


B 
Í E(r)-dl (A.5) 
alay L 
which is the line integral of the vector field F(r) along the curve L 
between points A and B. The concept of the line integral of a vector 
field has been used in chapters 5 and 7. 

The dot product in (A.5) means that we take the product of the 
magnitude of dl and the tangential component of F(r) along L. If F 
represents a force on a particle (e.g. electrostatic force on a charge in 
an electrostatic field or gravitational force on a mass in a gravitational 
field) then the line integral of F over the path described by the particle 
is the work done by the force in moving the particle from a point A to 
a point B in the field. 

In terms of cartesian components in three-dimensional space (A.5) 
can be written as 

B 
f F(r)-dl = f fra, y, z)dx + F(x, y, z) dy + F(x, y, z) az} 
A XYZ 
(A.6) 
In the two-dimensional x-y plane (A.6) reduces to 


Í F-a = fira. ydx + F(x, y) o} (A.7) 
A xy 
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Exampie A.2 Two points A and B lying in the x-y plane are connect- 
ed by the straight line y = x. If F(x, y) = x — y? and F(x, y)=2xy, 
evaluate the line integral from A to B along the line y = x. The 
coordinates of A and B are (0, 0) and (1, 1) respectively. 


Solution: The line integral is 


ee yal 


I= J F(x, y)dx + f F,(x, y) dy 
x=0 y=0 
x=1 y= 
= Í (œ — y?) dx + f 2xy dy (i) 
x=0 y=0 


Putting y = x in (i) we have 


y=! 


af: (x — x?) dx + | 2y2 dy 
x=0 y=0 

_ x) x! ay! 

Te Does aN 


REO, oes 
= GOL A TRT S ETA 


EXAMPLE A.3 What will be the value of the line integral between 
points A and B in Example A.2 above if the two points are connected 
by a parabola y = x2? 


Solution: Putting y = x? in Eq (i), we have 


x=1 
T= f wma 2y3!2 dy 
x=0 
xt > x5 4 
pa ee ba pc, —ys/2 
| Misael ERA 
Le A ES E, 
i 2 E T 


ExampLe A.4 Suppose a radial force F(r) = Cr (where C is a posi- 
tive constant) acts on a particle at r in a plane. Find the value of the 
line integral of F(r) (a) along an arc of a circle with centre at the 
origin and (b) along a radial line from A to B at distances ra and rg 
from the origin respectively. x 


{ 
fi 
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ts [roa f re ate0s 8 


where F(r) cos ô is the tangential component of F(r) and 8 is the angle 
between the vectors F and dl 
(Fig. A.5). 

(a) F(r) = Cr means that, at 
each point in the plane, the vector 
F is proportional to the position 
vector of that pointr. Referring to 
Fig. A.5, for integration along the 
arc of a circle, the angle 0 = 90°, 
so that cos 0 = cos 90° = 0. 
Hence the integral 


[oa = 0 


along the arc of a circle about 
Fig. A.5 the origin. 
(b) For integration along the 
radial line from point A to point B, the vectors F and dl are parallel 
and the value of the line integral is 


B B 
PS | F(r)+ dl -f Cr dr cos 0° 
A A 


TB 
= cf rar= E(x or å) 
TA 


SURFACE INTEGRAL 


Consider a surface S in three-dimensional space. The surface may be 
open, for example a part of a sphere or a side of a cube; or it may be 
a closed surface, for example a surface enclosing some volume such as 
all sides of a cube or the total surface of a sphere or a surface of 
any arbitrary shape enclosing a volume. To define the surface integral 
of a vector function F(r) over the surface S, we divide S into a large 
number (N) of surface elements. In order to represent each element of 
surface geometrically, we recall how we represented a line element in 
a line integral, We represented each element by a length vector dl; the 
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magnitude | dl | is the length and the direction was fixed by knowing 
from which point to which point is the line drawn. Similarly, each 
elementary area of S around a 
point P on S is geometrically re- 
presented by an area vector dS. 
The direction of vector dS is 
taken to be along the outward 
drawn normal to S at point P 
(Fig. A.6). 

Let the N area element vec- 
tors be 481, 4S2,.... 4Sw around 
points Pi, P2,...,Pw on S. Their 
directions are along the outward 
POR e Calculation of a. surtaca DOTA to.S at points Pi, Pa,.. . 

integral of a scalar function PN. As before, we sum the scalar 
f(r) over a volume V product of F at each point in an 
area element and the area vector as 


N 
In = z E(r;)-4S; 
In the limit N -> œ and 4S —> 0, we get 
Is = f, F(r):dS (A.6) 


= (average value of the normal component of F) 
x (area of S) 


While discussing applications of Gauss’s theorem in chapter 2, we 
came across several examples of surface integrals of electric fields. 
The surface integral of electric field E(r) over any surface S, open or 
closed, is called the flux (¢z) of E through S. In chapter 7 we have 
seen that Faraday’s law of induction is expressed in terms of the flux 
($s) of the magnetic field through an open surface. 


Volume Integral 


The third type of integral we use in physics is the volume integral of 
a scalar function f(r) or a vector field F(r) over a volume V. For 
simplicity, we consider only the former. Suppose a scalar function 
f(x) is specified at all points r in volume V. We divide the volume 
V into a large number (N) of small volume elements Vi, V2, . .., Vin 
located around points P1, P2,..., Pw in volume V. Each volume 
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element is a scalar for it has no direction. As before, the volume 
integral of f(r) over volume V is 
given by (see Fig. A.7) 


he Í „Joar AD 


If fis the mass density of some 
material or the volume density of 
electric charge, then the volume 
integral Jy represents the total 
mass or total charge contained in 
Fig. A.7 Calculation of volume in- — volume V. 

CRION function. 0) We have seen that the concepts 
over a surface S a 
of the line, surface and volume 
integrals are geometrical generalizations of the ordinary one-variable 
integrals of functions of one argument. It must be clearly understood 
that the line and surface integrals of vector fields involve the tangen- 
tial and normal components respectively of the vector fields. In 
chapter 2 we have seen the usefulness of these integrals. For example, 
we saw how the line integral of an electrostatic field led to the con- 
cept of electric potential and potential difference. The properties of 
closed surface integral of electrostatic field led to Gauss’ theorem 
which considerably simplified the calculation of electric fields in some 
special situations. The open surface integrals of magnetic fields were 
used in chapter 7 to describe electromagnetic induction. 


TABLE OF PHYSICAL CONSTANTS 


APPENDIX B 


Mass of earth 


Faraday 


Constant Symbol Value 
Charge of electron or proton e 1,600 x 10-7" C 
Rest mass of electron m, 9.110 107* kg 
Rest mass of proton my, 1,6726 x 107** kg 
Rest mass of neutron My 1.6749 x 10-* kg 
Atomic mass unit u 1.6604 x 107% kg 
Universal gravitational constant G 6.673 x 10" Nm? kg~? 
Me 6.000x 10" kg 
Universal gas constant R 8.314 J K~! mol™ 
Avogadro constant N 6.022 x 10% mol"? 
Boltzmann constant k 1.380 x 107** JK~+ 
Mechanical equivalent of heat J 4.186 J cal~! 
Stefan Boltzmann constant o 5.670 x 107® W m~? K~* 
Speed of light in vacuum c 2.998 x 10° ms~! 
Planck's constant h 6.626 x 10-"* Js 
Permittivity of free space €o 8.854 x 107 Fm=? 
Permeability of free space to 1.257 x 10-7 Hm-~? 
F 9.6487 x 10t C mol-? 
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ANSWERS 


CHAPTER 1 


C. Multiple-Choice Questions 


1. (a), (c) 2. (b), (d) 3. (b) 4. (a) 
5. (a), (b), (c) 6. (b) 7. (a) 8. (d) 


D. Numerical Problems 


1. 9.1x 107? N 2. 2.6N, 37° with x-axis 3. 1.6g 4. 2.4x 1078s 
1.310’ ms“? 5. + 6.5x10-°C 6. 2electrons 7. 3.85x 1075 C, 
1.15x 107° C 8. 3.6x10* NC~ towards the empty corner. 9, —0.5pC 
10. +1.0 pC, 3.0 pC 11. 5.6X10-2C 12. (a) The bigger charge 
produces a field of 1.8% 10* NC- at the site of the smaller charge, the 
smaller charge produces a field of 7.2 x 10*NC~? at the bigger charge (b) 1.44 
x 10-* N (repulsive) 14. 1.0 10° NC- pointing vertically up 15. 2x 
10-7? NC-, vertically upward 16. 2.4x10-** N upward, 17. 2.0 

18, 1.375 m 19. 0.0624 N away from triangle perpendicular to opposite 
side. 


CHAPTER 2 


C. Multiple-Choice Questions 


1. (a) 2. (c) 3. (c) 4. (d) 5. (b) 6. (d) 
7. (b) 8. (b) 9. (d) 10. (b) 11. (b) 12. (a) 
13. (d) 14. (b) 15. (d) 16. (c) 


D. Numerical Problems 


1.1.7x10 V 2. 6.3xl0V 3.1200V 4. 900V 5. 9000 V, 
9x10 Vm- 6. 3600V 7. 3.7x10°ms-* 8. 2880V 9. —27.2 eV 
10. 6.0x105m 11. —0.9J 12. 1.110"? Vm™ 13. (a) 3.2x107® J, 
(b) 1.6x10-1 J, (c) proton. 14. 1.0x10-° C, 2.5x107tJ 15. 9x10-7‘C, 
1.8% 10-* C, 0.135 J, 0.27 J 16. 6x104 C, 6x107* C, 0.06J 0.03J 17. Q, 
= 2.0x10- C, Q, = 7.7x107* C, Vi = Va = 96 V 18. Q1 = Q, = 0, V, = 
V.=0 19. 43 pF 20. (a) 160 V, (b) 0.14 J, (c) 0.1285 21. (a) 1.8x 107C, 
44x108 J, 1.0x10° Vm“, (b) 2.5 22. 5004F 23. Q4TeR + r)/ 
(R? +r!) 24. (a) Q1 = Qa =9uC, Oe = Oa = 16 pC (b) Q, = 8.4 uC 
O. = 16.8 pC, Qs = 10.8 uC, Qu = 14.4 pC 25. 4uF 26. (@) G = 
8.9 pF, (b) Q = 89x10- C, (c) E = 1.0x10t Vm“, (d) E = 1.4x10° 
Vm, (e) V=57V, (f) C= 16 pF. 
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CHAPTER 3 


C. Multiple-Choice Questions 


1. (b) 2. (b) 3. (b) 4. (d) 5. (d) 
6. (a) 7. (b) 8. (c) 9. (b) 10. (a) 
11. (d) 12. (b) 13. (a) 14. (c) 15. (a) 
16. (c) 17. (c) 18. (c) 19. (c) 20. (a) 
21. (b) 22. (b) 


D. Numerical Problems 


1. 1.6A, from Bto A 2, (i) 600°C, (ii) 3.75x10™ electrons 3. 5.83x 10 
4. (i) 5.2% 10-* ms, (ii) 1.94x10"s 5.3x10-"s 6. 3Xx107° cm 7. 202 
8. 12 9. (i) 0.25A, (ii) 0.5 V, 0.75 V 10. 1.5 V,0.5Q 11. 1/273 K~? 
12. 250°C, Yes 13. 1/32 14. (i) 200, (ii) 0.23V 15. (i) 109, 

(ii) 142, (iii) 102, (iv) 102 16. (a) two rows of 12 cells in series, 

(b) (i) 0.375A, (ii) 9 V 17. 0.012 18. (a) From positive to negative 
terminal of the battery, (b) 2.5 V. 19. 22.5V 20. (a) 3.5A, (b) 7V 
21. 13.5V 22. 20009, 10002 23. 0.25A, 7.5V 24. 10/38 A, 35/38A, 
45/38 A, 45/38 A 25. (a) 1.53 V, (b) 60.0cm 26. (a) +33V, +32V, 
(b) A to B, (c) 222 


CHAPTER 4 


C. Multiple-Choice Questions 


1. (b) 2. (b) 3. (b) 4. (d) 5. (a) 
6. (a) 7. (d) 8. (c) 9. (c) 10. (d) 
11. (b) 12, (d) 13. (b) 14. (c) 15, (d) 
16. (b) 17. (d) 


D. Numerical Problems 


1.102 2, 200V 3. 14min 4. 1h 10min 39s 5, (i) 1210 Q 
(ii) Rs. 2.16 6. (i) 5 min 37.5s (ii) 24 min 7. 0.4°C 8. 400 °C 
9. 8min20s 10.3h20min 11.102 12. 5h 47 min 8s 

13. 75000 J 14. 6.359 15.25W 16.2.5 2,7% 17. (a) 1.5x107"V 
(b) 25V 18, 820°C 19. 1.0uV 20. 1.53 V 


CHAPTER 5 


C. Multiple-Choice Questions 


1. ©) 2. (d) 3. (a) 4. (b) 5. (c) 
6. (c) 7. (d) 8. (c) 9. (c) 10. (d) 
11. (d) 12, (c) 


SR 


k 


D. Numerical Problems 
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1. (i) 1.26 10-2 T (ii) 1.12x10-*T 2, 2.45x10-* T perpendicular to the 


wire 3. 1.4x 1078 T directed into the page, normal to it 


4.1.91 m 


§.3.7x10V 6. 1.2x10°° Nm, repulsive 7. 9,6x 10-*° N 

8. 4x10-* N along + x-direction 9. (a) 3.0N, (b) 2.12 N, (c) zero. 
10. 6 cm from the 12A wire 11. 3.75x10-** N 12. (a) 3.2xX10°° N 
parallel to current, (b) 3.2x10-!® N radially outward if the velocity is 
parallel to current, (c) zero 13. 3.3 cm 14. 210° ms“? 15. 0.5 T 
16.98A 17. 3x10"?Nm 18. 1.9r 19. (a) 0.16 N, 0.06N, 8.3 x 107° Nm 
(b) 0.16 N, 0.104 N, 4.8x 107? Nm (c) same torque 20. (a) 1.14 10~°T, 


into the page (b) 1.571078 s 


CHAPTER 6 


C. Multiple-Choice Questions 


1. (b) 2. (b) and (d) 3. (a) 4. (b) 
6. (d) 7. (a) 8. (b) 9. (a) 
11. (a) 12. (d) 13. (b) 14. (a) 
16. (c) 


D. Numerical Problems 


1, 10x10? T 2. 0,032 Nm 3. 0.064 Nm 
(ii) 6.3 cm 5. 5.76T 6. (a) 1.05 G (b) 12.6 cm 
8. 2000 9. 2.4 Nm 10. 10 JT"? 


CHAPTER 7 


C. Multiple-Choice Questions 


1. (b) 2. (d) 3. (a) 4. (b) 5. (d) 
7. (b) 8. (a) 9. (c) 10. (b) 11. (b) 


D. Numerical Problems 


5. (a) 
10. (c) 
15. (c) 


4. (i) 5.0 cm, 


7. 15° with B, 


6. (d) 
12. (d) 


1, (i) 2V, (ii) 0.2 A 2. (a) 50 V (b) zero; (c) 39.3 V 
3.2.0 Wb 4. (a) 0.87 V, (b)1.37V (c) (i) 1.2mV, (ii) 7.2x10°°N, 


(d) 369 mV: 5. (a) (i) 251.3 V, (ii) E= 251.3 sin 40 zt 


(iii) zero, 


(b) (i) 300, (ii) 50 Hz, (iii) 7/4, (c) 7 = 4 sin? 100 zt 
6. (a) 0.5mm (b) (i) 62.54C; (ii) 31.25 pC; 7. (@ Gi) 11V 


(ii) 44 kV; (iii) 19.36 kW; (b) (i) 500 (ii) 1.01 A; 


(ii) 0.11 8. (a) 1.28 mH, (b) Yes 9. (a) (i) 8J 
(b) (i) 2.1 mH (ii) 51.8 uH, 10. 0.53 V 


(c) (i) 45.5 
(ii) 0.05 H, 


11. (a) € = —M(dl/dt) = —Ma cos wt = —45.7 cos 100 rt volt 


(6) Emax = 15.7 V 
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CHAPTER 8 

C. Multiple-Choice Question 
1. (b) 2. (a) 3. (d) 4. (b) 5. (b) 
6. (©) 7. (d) 8. (b) 9. (b) 10. (c) 
11, (d) 12. (a) 13. (d) 


D. Numerical Problems 
1. (a) (i) 2A, (ii) 0.2 s, (iii) 10 As~}, (iv) 2 J; (b) (i) 0.78 A, 
(ii) 6.06 As+ (iii) 7.87 W, (iv) 3.1 W, (v) 4.77W; (c) (i) 0.27 A, 
(ii) 1.96 J. 2. (a) (i) 160 pF, (ii) 6.2 s, (iii) 38.8 kQ (iv) 64%, 
(b) (i) 62.5 2, (ii) 86.5% 3. (a) 0.84 H (b) 41.4° 4. (a) 12 9, 
(b) 1.59 H, (c) 89°, (d) 1.2Hz 5. (a) 11.7V, (b) 219.7 V, 
(c) 3° (d) 2002.82 (e) I = 0.16 sin (314t + 7/60), (f) 0.11 A 
6. (i) 257 Q, (ii) 0.86 A, (iii) Vg =171 V, Vz, = 273 V, 
(iv) 39° 7. V, = 183V, Va=57V, V,=1471V 8. (a) 24V, 
(b) 96 V, (c) zero, (d) 64 Hz 


CHAPTER 9 


C. Multiple-Choice Questions 
1. (b) 2. (a), (b) 3. (d) 4. (d) 5. (a), (b) 6. (c) 


D. Numerical Problems 


1. 0.07 A 2. 28x107 T_ 3. Jy = 1.5X 10-8 A opposite to the direction 
of electric field, B between plates is zero at all points 4. 5.0 pA 
5. 0.15 A 6. 6.5x10-" T tienes 8. (a) 1.5x 10° Vm 


(b) 10x107" Jm-* 


CHAPTER 10 

C. Multiple-Choice Questions 
1. (©) 2. (b) 3. (c) 4. (d) 5. (a) 
6 (d) 7. (a) 8. (b) 9. (d) 10. (d) 


D. Numerical Problems 


1. 5.2x10¢ms? 2, 4500 A, 3750Å 3.1.5 4. 18cm 5. 5.5x107m 
6. 5.5mm 7. (a) 0.45m, (b) 0.6 mm, (c) 0.75 mm 8. (a) 0, 
(b) K/4 9. 2.4x10"*mm 10.8 11. 1.0mm_—_12. 1.225 10-F cm?, 
0.082 Wm-* 
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CHAPTER 11 


C. Multiple-Choice Questions 


1. (c) 2. (c) 3. (b) 4. (c) 5, (d) 6. (a) 
“7. (b) 8. (a) 9. (c) 10. (c) 11. (b) 12. (d) 
13. (a) 14. (c) ' 


D. Numerical Problems 


1. 70° pe Nh 3. 82.3 cm, 5m 4. 1.2 cm 5, 26.4 cm 
6. 37.5 cm 7. 1ms* 8. 114° 9.60cm 10. 1.41 11. 1.53 
14, 60 cm 15. 19.2 cm 16. (a) 37.5 cm, 7.5 cm (b) 50 cm, 10cm 
17. 1.4 cm 18. 30cm, —60 cm 19. 2.7 20. 5,120 cm, 1 cm, 


CHAPTER 12 

C. Multiple-Choice Questions 
1. (a) 2. (b) 3. (a) 4. (b) 5. (d) 6. (b) 
7. (a) 8. (c) 9. (d) 10. (c) 


D. Numerical Problems 


1. 0.02m 2. 1.8x1071 C kg? 3. 1.12x107* m, 7.28x 10718 C 

4. 2.9eV 6. 0.69 V, no photo-emission from the second tube 7. 2.5 V 

8. 6000 : 1 9. 1.99x10"J 10. 1.99x10°°m 11. (a) 1.21 x 10**Hz 
(b) 2.48x 10-7 m (c) 8.56 10"? J, (d) 5.35 V 12. 1.89 10718 J 
13. 5.93 10° ms7, 1.71 x 107° J 


CHAPTER 13 


C. Multiple-Choice Questions 


1, (d) 2. (b) 3. (a) 4. (d) 5. (d) 6. (b) 
7. (c) 8. (a) 9. (b) 10. (a) 11. (c) 12, (a) 
13. (d) 14. (c) 15. (a) 


D. Numerical Problems 


Lis 106 A 2. 0.85 eV, 3.4 eV, 6.16 10"* Hz, 4.87x 10-7 m, yes 

3. 6.57x10-" m, yes 4. 0,058m 5. 25.2g 6. 4.23MeV 7. 100 days 
8. 1.88 10s 9. 1.4x10* years 10. (a) 1.99 years, (b) 9.9710" Years 
11. 6,56x 10715 cm? 12. 0.6 Ci 13. 2.60 107?! per gram, 0.11 Ci, 
15. 0.36 kg, 16. 8.78 days 17. 26.7 MeV, 1.56x 10-13 kgs? 18, 3.76 10" N 
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CHAPTER 14 
C. Multiple-Choice Questions 
1. (©) 2. © 3. (d) 4. (d) 5, (b) 6. (a) 
7. (d) 8, (a) 9. © 10. () 11. (b) 12. (a) 
- 13. (a) 14. (b) 15. (d) 


D. Numerical Problems 


1. (a) 980, (b) 0.04 mA , 1.96 mA 2. 1000 3. 0.8 mA, 39.2 mA 
4. (a) 727, (b) 706, 5, 24mA 


CHAPTER I5 — 


C. Multiple-Choice Questions 
1. (b) 2. (d) 3. (d) 4. (c) 5. (a) 


D. Numerical Problems 


1. 5.977xX10" kg 2. 7.45x10® kg, 5.97 x10% kg 3. 1.998 x10% kg 
4, 5.976x 10! W m“™?, 320,4 K 5. 1.388x10° Wm? 6. 3.844x 108 m 
7, 596K 8, 1:10" 9, 35,7” of arc. 10. 24x10% J 
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